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GeometryAlgorithms

We discussconvex hulls, triangulations,theverificationof geometricstructures,Delaunay
triangulationsand Delaunaydiagrams,Voronoi diagrams,applicationsof Delaunayand
Voronoi diagrams,geometricdictionaries,line segmentintersection,polygons,andclose
with a glimpseat higher-dimensionalcomputationgeometry. For eachproblemwe in-
troducethe requiredmathematicsandderive algorithmsand their implementations.The
books[Meh84b, Ede87, PS85,Mul94, Kle97, BY98, dBKOS97] provide a wider view of
computationalgeometry.

The chapterusesresultsof all precedingchaptersandis, in this sense,the culmination
point of the book, e.g., we use lists and arraysfrom the basicdata types, integersand
rationalsfrom thenumbertypes,dictionaries,mapsandsortedsequencesfrom theadvanced
datatypes,graphsandgraphalgorithms,embeddedgraphs,andthegeometrykernels.

Computationalgeometryis a very rich areaandLEDA certainlydoesnot provideevery-
thing thereis to it. Othergoodsourcesof geometricsoftwareareCGAL [CGA] andthe
LEDA extensionpackages[LEP].

10.1 ConvexHulls

Theconvex hull problemin theplaneis oneof thesimplestgeometricproblemsandhence
agoodstartingpoint for ourexplorationof geometryalgorithms.It will allow usto address
five importantthemesin asimplesetting:

� Thesweepparadigm: In thisparadigmtheinputpointsarefirst sortedaccordingto the
lexicographicorderandthenthedesiredgeometricstructureis constructed
incrementallyduringasinglesweepover thepoints.Wewill deriveandimplementa
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Figure10.1 A convex andanon-convex set.

Figure10.2 A point set,its convex hull, andits width. Thefigurewasgeneratedwith the
xlman-demovoronoi demo.Thewidth of point setsis discussedin Section10.1.3.

sweepalgorithmfor convex hulls. Wewill seemoreapplicationsof thesweep
paradigmin latersections.

� The(randomized)incrementalconstructionparadigm: In this paradigmtheinput
pointsareconsideredoneby onein eitherarbitraryor randomorderandthedesired
geometricstructureis constructedincrementally. Wewill deriveandimplementan
incrementalalgorithmfor convex hulls.

� Thecarefulhandlingof degeneracies: Theliteratureoncomputationalgeometry
frequentlymakestheso-calledgeneral positionassumptionwhich statesthatonly
inputsareconsideredfor which noneof thegeometricpredicatesrequiredby the
algorithm(recallthattheevaluationof ageometricpredicatecallsfor theevaluationof
thesignof anexpression)everevaluatesto zero.For example,theincremental
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Figure10.3 Two point setsandtheir convex hulls. Thehulls arerepresentedascyclic listsof
points,namely� 0 � � 1 � � 2 � � 3 for theexampleon theleft and � 0 � � 1 for theexampleon theright.

algorithmfor convex hulls usestheorientationpredicateandhencethegeneral
positionassumptionexcludesall inputscontainingthreecollinearpoints.Of course,
wedonotwantto excludeany inputsandhencecannotmake thegeneralposition
assumption.Droppingthegeneralpositionassumptiontypically requiresamore
carefulformulationof thealgorithms.Thesweepaswell astheincrementalalgorithm
for convex hulls will work for all inputs.In fact,all algorithmsin this chapterdo.

� Verificationof geometricstructures: Geometricprogramsrequirechecking.Although
theconvex hull problemis oneof thesimplestgeometricproblems,theprograms
derivedin thissectionwill benon-trivial. Wewill seehow to partiallychecktheoutput
of convex hull programsin Section10.3.

� Theimportanceof exactgeometricprimitives: In theprecedingchapterwe introduced
therationalgeometrykernel;in this sectionwewill profit from it.

A setC is calledconvex if for any two points p andq in C theentireline segmentpq is
containedin C, seeFigure10.1.Theconvex hull conv Sof a setSof pointsis thesmallest
(with respectto setinclusion)convex setcontainingS. A point p � S is calledanextreme
point of S if thereis a closedhalfspacecontainingS suchthat p is theonly point in S that
lies in theboundaryof thehalfspace.A point p � S is calleda weakextremepoint of S if
thereis a closedhalfspacecontainingS suchthat p lies in theboundaryof thehalfspace.
Clearly, an extremepoint is alsoa weak extremepoint, but theremay be weakextreme
pointsthatarenotextremepoints.Thepoint p in Figure10.3is anexample.

From now on we restrictour discussionto the plane. If S containsno threecollinear
pointsthenevery weakextremepoint is alsoextreme,i.e., underthe generalpositionas-
sumptionthereis no needto distinguishbetweenweakextremepointsandextremepoints.
We definethe convex hull problemasthe problemof computingthe extremepointsof a
finite setof pointsasa cyclically orderedlist of point, seeFigure10.3. Thecyclic orderis
theclockwiseorderin which theextremepointsappearon thehull.
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Figure10.4 Adding point p. Wedeterminethetwo tangentsfrom p by aclockwiseand
counter-clockwisewalk alongthecurrenthull startingat themostrecentlyaddedpoint q.

Thefunction

#%$'&)(%*,+.-0/)132%4657-81'93:3; <,=.>'>@?BA'C,DE&)(F#%$3&G(%*,+.-7/G132%48HI>EJLK
computestheconvex hull of thepointsin L andreturnsits list of vertices.Thecyclic order
of theverticesin the resultcorrespondsto theclockwiseorderof theverticeson thehull.
Thealgorithmusesrandomizedincrementalconstructionandits expectedrunningtime is
O M n lognN .
10.1.1 The SweepAlgorithm
Thesweepalgorithmfor convex hulls consistsof thefollowing threesteps:

� Theinput pointsaresortedin increasinglexicographicorder.

� Theconvex hull is initializedwith thetwo lexicographicallysmallestpointsin L.

� Theremainingpointsareconsideredin increasinglexicographicorderandtheconvex
hull is updatedfor eachpoint. Assumethat p is thenext point to beconsideredand
thatwehavealreadyconstructedtheconvex hull of theprecedingpoints.Thenew hull
canbeobtainedfrom theold hull by constructingthetwo tangentsfrom p. The
constructionof thetangentsis simplesincep is guaranteedto seethepoint q added
just beforep. Weonly have to walk from q in clockwiseandcounter-clockwise
directionalongthehull in orderto determinetheotherendpointsof thetangents,see
Figure10.4.

Wenow turn thisstrategy into aprogram.WeassumethatthesetS is givenasalist L0 of
points. We allow multiple occurrencesof points. We follow thegeneraloutlineabove and
proceedin threesteps.We first make a local copy L of L0 andsort L. Next we initialize
thelist of hull verticeswith thefirst two points(in thesortedversion)of L, andfinally, we
addall otherpointsof L. We call the resultingprogramCONVEX HULL S sinceit uses
thesweepparadigmto computeconvex hulls.
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O
convex hull.cPRQ#%$'&)(%*,+.-0/)132%4S57-81'9':0;%T8<,=%>3>%T'UV?RA'C)DW&G(X#7$3&)(%*,+%-7/)132%4,HY>0Z.J[ #%$3&)(%*)+.-7/)13274I5'<@K#%$3&)(%*)+.-7/)132746>]\^>0ZVK>`_R&8Cba'(@?cJLKO

initialize hull with two pointsPO
addall otherpointsPa7db(be7a8D]5'<@Kf

Wepreparefor thesweepby sortingthepointsaccordingto thelexicographicorder. A point
p precedesa point q in the lexicographicorder if eitherits x-coordinateis smalleror the
two x-coordinatesareequalandits y-coordinateis smaller. Thedefault orderingon points
is thelexicographicorderingandhenceL g sortMhN rearrangesL in thedesiredway.

We cannow startbuilding the hull. We begin with the first two pointsin L andmake
themthe verticesof thefirst hull. As saidabove we representthehull asa linear list CH
thatcontainsthehull verticesin clockwiseorder. Thelist is to beinterpretedasacyclic list.
Wemaintainanitem last vertex into thelist; it containsthepoint addedlast.
O
initialize hull with two pointsPiQ$,jk?l>`_mdGn7o0(3p@?cJqJIa7db(8e7abD]5'<@K
+.-0/)132]#3r%&)(7T)osK5'<s_mr,o3o.d)D%tu?R#3r7&)(%T)oX\]>s_vo.C,os?wJ3JLKx3x a7dGnyCbz7dqt8e3o%#%$bA'rb(0d%&IC'jFj.$)a.&)(qo.C%${D7(|'} $8#3d~?��v>`_mdGn7o0(3p@?cJ�H'H�#'r%&)(%T)o]\'\^>`_ } d3r'tu?wJqJX>`_�o.C,os?cJWK$,jk?l>`_mdGn7o0(3p@?cJqJIa7db(8e7abD]5'<@K
#%$'&)(%T7$)(0dGn�#3r%&G(%T8z7dba'(7db�q\^5'<`_�r,o3o.d,D7tu?R#3r%&G(%T)oX\]>`_�o.C,os?cJ'JLK
We processtheremainingpoints. If thenext point p is equalto the lastpoint addedwe

donothing.If thecurrenthull consistsof only two verticesandthenew point p is collinear
with theseverticeswe replacethesecondvertex by p. Otherwise,we determinetwo items
upitemanddownitem in CH which correspondto theotherendpointsof thetwo tangents
startingat p. To determineup itemwescanthehull in counter-clockwisedirectionstarting
at last vertex. If thepoint storedat thepredecessorof upitem, thepoint storedat up item,
and p do not form a right turn we move upitem to its predecessorvertex. We determine
downitemby thesymmetricprocedure.

After having determinedupitemanddownitemwe updatethehull. We deleteall items
strictly betweenup itemanddownitemandinsert p insteadof them.Notethatupitemand
downitem areguaranteedto bedifferentsincep seesat leastoneof theedgesincidentto
themostrecentlyaddedvertex.
O
addall otherpointsP�Q+.-0/)132qosKj0C8a7r3#3#V?�os��>EJ[ $,j�?lo�\3\^#3r%&)(%TGo�JqA'C,D0(y${D3e.d�K x3x t8e3o.#7$bA'rb(7d�o.C%${D7(
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#3r%&)(%TGo]\�osK$,j�?i5'<`_m#'d,D7�3( } ?cJ�\3\]��H3H�AbC3#3#%${D%d3rba@?i5b<`_ } dbr'tu?wJW��5'<`_v(7r7$,#�?cJL��oLJ'J[ 5'<���#'r%&)(%T8z0dba3(7db�3�I\qosK�A'C,D7(.${D3e.dVK fx3x ( } d�${D7(7dba0d%&)(y${D0�FA'r%&,dx3x A'CGn7o3e0(7dIe3oyT7$G(7dGn#%$3&)(%T0$)(7dGnqe3oyT7$)(0dGn�\�#'r%&)(%T8z0dba3(7db�uK|'} $8#3d�?%��ay$)� } (%T8(be7a8Ds?i5'<��v5'<`_�A8p7A'#7$8A3T{o7a7dbtV?�e3o%T7$)(0d{nhJ)�u��5'<`��e3oyT7$G(7dGny�u��oLJ3J[ e3o.T7$)(7dGn]\�5'<`_mA8p%A'#%$8A3T)o7a7dbtu?�e3o.T0$)(3dGn�JWK fx3x A'CGn7o3e0(7dqt0C | D.T7$)(7dGn#%$3&)(%T0$)(7dGn^t0C | DyT0$)(7dGn�\]#3r%&G(%T8z7dba'(7db�@K|'} $8#3d�?%��#3d'j'(7T8(be7abD�?i5'<���58<`_�A)p%Ab#%$8A'T7&weyA3A�?�t3C | DyT7$G(0d{n�J)����5'<���t0C | DyT7$)(0dGny�u��oLJ3J[ t0C | DyT7$)(0dGn�\^5'<`_�A8p7A'#%$bA3T0&{eyA3A�?�t3C | DyT7$G(0d{n�JEK fx3x e3o%t0rb(0d } e.#3#|'} $8#3d�?�t0C | DyT0$)(7dGn���\^5b<`_�A8p%Ab#%$bA3T7&ceyA3A�?�e'o.T7${(7dGnhJ'J[ 5'<s_�t0d3#0T0$)(7dGn�?�5'<`_�A)p%Ab#%$,A3T7&weyA'A�?�e'oyT3$)(7d{nhJ'JLK f#3r%&)(%T,z7dba3(7d8�q\^5'<`_R${DE&8dba3(@?�os��e3oyT0$G(7dcn��Rrbjb(0dba.JLKf
Therunningtime of theconvex hull programis O M n lognN . It takestime O M n lognN to sort
the points lexicographically. After that everythingis linear asthe following amortization
argumentshows. Adding a point to thehull takesconstanttime plus time proportionalto
thenumberof pointsremovedfrom thehull. Sinceany point candisappearfrom thehull
at mostonce,the total time to addall pointsis linear. The runningtime of the algorithm
is never betterthan n logn sinceit takes �IM n lognN time to sort the points. The sweep
algorithmfor convex hulls is dueto Andrew ([And79]); it refinesan earlieralgorithmof
Graham([Gra72]).

Theconvex hull programmakesuseof theprimitivesprovidedby thegeometrykernels.
Therationalkernelguaranteesthatall geometricprimitivesbehaveaccordingto theirmath-
ematicalspecificationandhencebinding theprogramwith the rationalkernelwill yield a
correctexecutable.The programmay behave incorrectly if boundwith the floating point
kernel.Considerthefollowing example.

Wecomputetheconvex hull of theset �{Mi� M   1 ¡0� M N)¡0M 0 ¡ 0NG¡0M M ¡ M   1N)¡0M 0 ¡0� 2Nc¢ for
M £ 2m andincreasingvaluesof m. All four pointsareextremeandhencethe following
programwill print “everythingwentfine”, whenexecutedwith therationalkernel.O
convex hull andkernelP¤Qj0C8a¥?w$cD7(Yn¦\]�'ZuK§n¨*F©'ZuK§nyª'ªyJ[ t0C,e3«.#'dY¬�\]#'t0db�8os?{�_�ZV��n�JLK/)132%T82'®'+3:�/G¬@?m¬WJLK+.-7/)132Xo�?B¯7/G¬]ª¦W�°¯0/G¬WJ¦��±V?iZu�lZyJL�²a@?w/{¬���/G¬�ª³'JW��&h?�Zu�´¯'�.JLK#%$3&)(%*)+.-7/)132746>@K>`_mr,o3o%d,D%tu?�oWJLK§>s_mr,o3o.d)D%tu?i±yJWKµ>`_mr)o3o.d,D%tV?�aEJLK�>`_mr,o'o.d,D%tu?¤&0JLK#%$3&)(%*)+.-7/)13274I5'<^\�50-81'93:0;7T8<,=.>3>7T'UV?�>.JLK$,j�?�5'<`_�#3d,D7�3( } ?cJ���\F¶¦J
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[ A'C)e7(�*3*�·)¸)Dy¸)D%#3d,D7�3( } \¨·Y*3*�5'<`_m#'d,D7�3( } ?cJ6*3*�·Ij0Cba n¦\�·Y*3*6n�Ka7d8(be7abD]ZuKff
A'C)e7(�*3*¦·G¸)Dy¸)D.d8z7dba3p3( } ${D7� | d,D0(]j%${D.dE·EK

However, whenexecutedwith thefloatingpoint kerneltheprogramwill print#3d)D7�3( } \]¹^j0C8a n¦\]�3ºV�
sincethefloatingpointkernelbelievesthatthetriple M p ¡ q ¡ r N is collinearfor m » 27.

10.1.2 IncrementalConstruction
We will next describean alternative algorithm to computeconvex hulls. The algorithm
is basedon the paradigmof (randomized)incrementalconstruction. The algorithmhasa
worstcaserunningtime of O M n2 N , anaveragerunningtime of O M n lognN , anda bestcase
runningtime of O M nN .

Thealgorithmstartsby searchingfor threenon-collinearpointsa, b, andc. If thereare
none,thenall pointsarecollinearandtheverticesof thehull aresimply the lexicographi-
cally smallestandlargestpoint.
O
convex hull.cPR¼�QO

ch edge classP#%$'&)(%*,+.-0/)132%4S57-81'9':0;%T8<,=%>3>%T7/,5V?BAbC,DE&G(Y#%$3&)(7*,+.-7/)1'2%48HX>yJ[ $,j�?�>`_m#3d)D7�3( } ?wJ6*]�%JIa0db(be7abD^>uK#%$3&)(%*)+.-7/)13274I5'<@K
+.-7/)132^rF\F>`_ } d3rbtu?cJL�§«�\]>s_�(7r%$8#�?cJLK+.-7/)132]A��²osK
$,j�?°rF\3\X«�J [ j0C8a7r3#3#V?�os��>EJI$,j½?�o¾��\^r.J [ «�\�osK¿«7a7d3r8À@K f�f
$,j�?°rF\3\X«�J [�x3x r3#3#Yo.C7${D7(y&Yrba0d]d'±,e.r3#5'<s_mr,o3o.d)D%tu?Rr.JWKa7d8(be7abD]5'<uKf
${D7(]Cbay$8d)D7(@Kj0Cba7r3#'#V?BA���>yJY$,j�?�?iCbay$8d,D0(�\�C8ay$8d,D7(0rb(y$8C,D�?RrV��«s�RA7J3J���\^Z¦J�«7a7d'r8À�K
$,j�?°Cbay$,d,D7(F\3\FZ³J[�x3x r3#3#Yo.C7${D7(y&Yrba0d]AbC3#3#%${D%d3rbaj0C8a7r3#3#V?�os��>EJ [ $,jk?�A'CGn7o.r8a7dV?�os�ir.J6*�Z¦JXrF\�osK$,jk?�A'CGn7o.r8a7dV?�os��«LJ64�Z¦J�«�\�osKf5'<s_mr,o3o.d)D%tu?Rr.JWKµ5'<s_mr,o3o.d)D%tu?�«LJWKa7d8(be7abD]5'<uKfx3x rV�²«���r,D7t�AFrba7dXD.Cb(�A'C'#3#%${D.d'rba
$,j�?°Cbay$,d,D7(]*�Z¦JX#3d't0r3T7& | r,o�?�«s�BA%JWKO
full-dimensionalcase:initializationP
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Figure10.5 Theinitial convex hull consistsof thepointsa, b, andc. Whenpoint p1 is added
theedgese1 ande2 aredeletedfrom thehull andtheedgese4 ande5 areadded,andwhen p2 is
addedto thehull theedgese3 ande4 aredeletedfrom thehull andtheedgese6 ande7 areadded.
Theboundaryof thecurrenthull consistsof edgese7, e5, ande6 in counter-clockwiseorder.
Every edgeever deletedfrom thehull pointsto thetwo edgesthatreplacedit, e.g.,e3 ande4

point to e6 ande7.

j0Cba7r3#'#V?�os��>yJ [ O
full-dimensionalcase:insertionof pP fO

full-dimensionalcase:prepareresultandclean-upPa7db(be7a8D]5'<@Kf
We cometo the interestingcasethat not all pointsin L arecollinear. We have already

determinedthreenon-collinearpointsa, b, andc. Theirorientationis positive,i.e.,thethree
pointsform acounter-clockwiseorientedtriangle.

Thealgorithmmaintainsthecurrenthull asacyclically linkedlist of edgesandalsokeeps
all edgesthat ever belongedto a hull. Every edgethat is not on thecurrenthull anymore
pointsto the two edgesthat replacedit. More precisely, assumethat S is thesetof points
alreadyseenandthat p is a point outsidethe currenthull CH M SN . Thereis a chainC of
edgesof the boundaryof CH M SN that do not belongto the boundaryof CH M S Á pN . The
chainis replacedby thetwo tangentsfrom p to theprevioushull. All edgesin C aremade
to point to thetwo new edges,seeFigure10.5.

We usea classch edge to representconvex hulls. Every edgestoresits two endpoints,
threelinks succ, pred, and link to otheredges,anda booleanflag outside. We uselink to
collectall edgesinto a linearlist in theorderof theircreation;everyedgepointsto theedge
createdjust beforeit andlast edge pointsto theedgecreatedlast. Theonly purposeof this
linearlist is to helpin thedestructionof edges.
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Thebooleanflagoutsideindicateswhetheranedgebelongsto thecurrenthull or not. All
edgesin thecurrenthull form acyclic doublylinkedlist with succpointingto theclockwise
successorandpred pointing to the clockwisepredecessor. All edgesthat do not belong
to thecurrenthull anymoreusetheir succandpred fields to point to the two replacement
edges.
O
ch edge classPRQA'#'r%&3&qA } T'dbt'�7dVK&)(0rb(y$bAFA } Tbd't'�7d%Â6#3r%&)(%Tbd't'�7dX\qDW$8#�KA'#'r%&3&qA } T'dbt'�7d [o3e'«.#%$bA@Ã

+.-7/)132 &8C)e7a%A'dV�Ä(0rba3�7db(uKA } T'd'tb�7d%Âq&{e.A3A��µo7a7dbtu�Å#%${D0À�K«.C3C3# C,e0(y&3$,t0d�K
A } T'd'tb�7dV?BA'C)DW&)(6+.-7/)132'H^rV�°AbC,DW&)(q+.-0/)1323HX«LJ~Ã´&8C,e7a%AbdV?Rr.JL�µ(7rba3�7d8(@?�«LJ[ C,e0(y&3$,t0dY\](3abe%dVK#%$cD0À]\�#3r7&)(%T'd'tb�7dVK#3r7&)(%T'd'tb�7dX\F( } $3&hKf

Æ8A } T'd't'�0dV?cJ [3ff K
In order to initialize the datastructurewe createthe edgesM a ¡ bN , M b ¡ cN and M c ¡ aN , store
themin anarrayT , andturn theminto adoubly-linkedcyclic list. We initialize lastedge to
nil beforedoingany of this,suchthatthelist of all edgeshasthecorrectanchor.
O
full-dimensionalcase:initializationPiQ#3r7&)(%T'd'tb�7dX\qDW$8#VK
A } T'd't'�7d7Â62���¹'�uK2���Z3�F\FD.d | A } T'd't'�7d�?RrV��«LJWK2��RG�F\FD.d | A } T'd't'�7d�?�«s�BA%JWK2����'�F\FD.d | A } T'd't'�7d�?BA��Rr.JWK${D0(¦$hKj0C8a@?w$Y\]ZVK�$�*^��K�$,ª'ªyJÇ2��i$)�7¯347&{e.A3AY\F2��i$,ªE{�uK2����'�7¯347&ceyA3AY\F2���Z3�VK
j0C8a@?w$Y\³EK�$�*^¹�K�$,ª'ªyJÇ2��i$)�7¯34)o7a0d'tq\F2��i$b¯.{�uK2���Z3�7¯34)o0a7d'tq\F2����'�VK

Wearenow readyto dealwith theinsertionof apoint p. Weproceedin two steps.Wefirst
determinewhetherp is outsidethecurrenthull andthenupdatethehull (if p is outside).

In orderto find out whetherp lies outsidethecurrenthull, we walk throughthehistory
of hulls. We first find out whetherp canseeoneof theedgesof the initial triangle: p lies
outsidethe initial triangleif thereis anedgee of the initial trianglesuchthat p lies to the
right of theedge.

More generally, p is outsideoneof theintermediatehulls CH M SN if thereis anedgee on
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CH È SÉ
q

p
e

r0

r1

Figure10.6 e is a (counter-clockwise)edgeof thecurrenthull andp lies to theright of it; e is
replacedby r0 andr1 whenthepointq is added.If p liesneitherto theright of r0 nor to theright
of r1 then p lies in theshadedregionandhencein CH Ê S Ë q Ì .

its boundarysuchthat p lies to the right of the edge. If e is an edgeon the boundaryof
thecurrenthull then p lies outsidethecurrenthull. If e is not anedgeon theboundaryof
thecurrenthull, let r0 andr1 bethetwo edgesthatreplacede whenCH M SN wasenlargedto
CH M S Á q N . p is outsideCH M S Á q N if it lies to theright of eitherr0 or r1, seeFigure10.6.
O
full-dimensionalcase:insertionof pPRQ${D0(¦$X\]ZVK|'} $8#3d~?w$�*^¹�H3HÍ��ay$)� } (%T8(be7a8Ds?�2��i$)�0¯343&8C,e0a7AbdV��2��i$)�0¯'48(7r,a3�0d8(u��oLJ6JF$,ª3ªuK$,jk?w$X\3\]¹.J [�x3x o¨$cDW&3$,t0d]$cDW$)(y$8r'#Y(3ay$8r)D7�7#3dA'C,D0(y${D3e.d�Kf
A } T'd't'�7d7ÂYd^\F2��i$,�VK
|'} $8#3d~?.�Äd0¯34'C,e0(y&3$,t0d%J[ A } T'd'tb�7d%Â�a0Z^\]d0¯34)o7a0d'tuK$,j�?´ay$)� } (%T8(be0abDs?�a0Z0¯340&8CGe7a%A8dV�ma0Z0¯'48(3rba3�0d8(u��oEJYJXd^\Fa0ZuKd3#%&8d [ A } T'd'tb�7d%Â�aWI\]d0¯347&{e.A3A�K$,j�?´ay$)� } (%T8(be0abDs?�aW)¯340&8C)e0a%A8dV��aE)¯'48(3rba3�0d8(u��oLJ6JXd^\FaWWKd3#%&8d [ d^\qDW$8#VK¿«7a0d3r8À�K fff
$,jk?RdF\3\qDW$8#.JXA'C,D0(y${D3e.d�K x3x o³${DW&3$,t3dFA)e7a3a7d)D7( } e.#3#O
insertionof p: p is outsidecurrenthull P

Assumenow thatp liesoutsidethecurrenthull andto theright of thecounter-clockwisehull
edgee. Wedetermineall edgesvisible from p by walkingalongthehull in bothdirections.
This is exactlyasin thepreviousalgorithm.Let low bethefirst predecessorof e thatis not
visibleandlet high bethefirst successorthatis not visible.

Wethenaddthenew tangentsbetweenlow andhighandmarkall edgesthatweredeleted
from thehull asinsideandmake thetwo new tangentsthereplacementedgesof all deleted
edges.
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O
insertionof p: p is outsidecurrenthull PRQx3x A'CGn0o3e7(7d�·¤e'o3o.dbaL·°(0r,D7�7d,D0(~?�os� } $)� } ¯340&8C,e7a%Abd.JA } T'd't'�7d7Â } $)� } \]d0¯347&{e.A3A�K|'} $8#3d~?RCbay$,d,D7(7rb(.$8C,Ds? } $)� } ¯b47&8CGe7a7A'd�� } ${� } ¯'4,(0rbab�7db(u��oWJ�*b\FZyJ } $)� } \ } $)� } ¯340&{eyA3A�Kx3x A'CGn0o3e7(7d�·G#'C | dbaL·°(0r,D7�7d,D0(~?�os�R#'C | ¯348(0rba3�7db(yJA } T'd't'�7d7ÂY#3C | \�d3¯34)o7a7dbtuK|'} $8#3d~?RCbay$,d,D7(7rb(.$8C,Ds?R#'C | ¯343&8C,e3a%AbdV�i#'C | ¯348(0r8a'�7d,(@��oWJ°*b\^ZyJX#3C | \]#3C | ¯34Go7a7d'tuKd^\�#3C | ¯347&{e.A3A�K x3x dF\�&{eyA3A'd7&3&8CbaFCbj�#3C | dbt'�7dx3x r't3tqD.d | (7r)D7�7d,D7(.&°«.db( | d3d,D�#3C | r,D7t } $G� }A } T'd't'�7d7ÂYd0T'#�\�D%d | A } T'd't'�0dV?R#3C | ¯348(7r,a3�7d8(u��oLJEKA } T'd't'�7d7ÂYd0T } \�D%d | A } T'd't'�0dV?�os� } $)� } ¯b47&8C)e0a7A'd7JLKd0T } ¯347&{e.A3AY\ } $)� } Kd0Tb#0¯34)o7a0d'tq\]#3C | K} $G� } ¯34)o0a7d'tq\]d0T'#0¯'47&{eyA3AI\�d0T } K#3C | ¯347&{e.A3A \]d0T } ¯'4)o7a7d'tX\�d0Tb#VKx3x nErbabÀ�dbt'�7d%&�«.db( | d3d,D]#'C | r)D%t } $)� } r%&�·8${DW&'$,t0dE·x3x r,D%t^t0d'j%${D.dXa7d'j%${D.dGnEd)D7(y&
|'} $8#3d~?RdÎ��\ } $)� } J[ A } T'd'tb�7d%Â6±^\�d3¯347&{eyA'A�Kd0¯34)o7a0d'tq\]d0T'#VKd0¯347&{e.A3AY\]d0T } Kd0¯34'C,e0(y&3$,t0dI\]j3r3#%&8dVKd^\^±uKf
Having computedthe hull we preparethe outputanddeleteall edges.We preparethe

outputby runningaroundthehull onceandwecleanupby deletingall edges.
O
full-dimensionalcase:prepareresultandclean-upP�QA } T'd't'�7d7ÂY#0T'd't'�0dq\�#3r7&)(%T'd'tb�7dVK5'<s_mr,o3o.d)D%tu?R#0Tbd't'�7d0¯b47&8CGe7a7A'd7JLKj0C8a@?BA } Tbd't'�7d%Â�d^\]#0T'dbt'�7d0¯340&{eyA3A�K¿dÏ��\�#0Tbd't'�7dVKÄd^\�d0¯347&{e.A3A%J5'<`_mr,o'o.d,D%tu?id0¯347&8CGe7a%A8d.JWKx3x A'#3d'r,DFe3o
|'} $8#3d~?R#0T'dbt'�7d.J[ A } T'd'tb�7d%ÂIdF\�#3T'd't'�7d�K#0T'd't'�0dq\�#0Tbd't'�7d0¯'4'#%${D0À@Kt0d3#3db(0d�dVKf

Whatis therunningtime of theincrementalconstructionof convex hulls?
Theworstcaserunningtime is O M n2 N sincethetime to inserta point is O M nN . Thetime

to insertapoint is O M nN sincethereareatmost2 M k   1N edgesaftertheinsertionof k points
andsinceeveryedgeis lookedatatmostoncein theinsertionprocess.

Thebestcaserunningtime is O M nN . An examplefor thebestcaseis whenthepointsa,
b, andc spanthehull.
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The averagecaserunningtime is O M n lognN aswe will show next. What arewe aver-
agingover? We considera fixed but arbitraryset S of n pointsandaverageover the n!
possibleinsertionorders. The following theoremis a specialcaseof the by now famous
probabilistic analysisof incrementalconstructionsstartedby ClarksonandShor [CS89].
Thebooks[Mul94, BY98, MR95,dBKOS97] containdetailedpresentationsof themethod.
Thereadermayskip theproof of Theorem1. Why do we includea proof at all given the
factthatthemethodis alreadywell treatedin textbooks?Wegiveaproof becausethecited
referencesprovethetheoremonly for pointsin generalposition.Wewantto dowithout the
generalpositionassumptionin this book.

Theorem 1 Theaverage running time of the incrementalconstructionmethodfor convex
hulls is O M n lognN .
Proof We assumefor simplicity that thepointsin S arepairwisedistinct. The theoremis
truewithout this assumption;however, thenotationrequiredin theproof is moreclumsy.

The running time of the algorithm is linear if f all points in S arecollinear. So let us
assumethatScontainsthreepointsthatarenotcollinear. In thiscasewewill first construct
a triangleandtheninserttheremainingpoints.Let p beoneof theremainingpoints.When
p is inserted,we first determinethepositionof p with respectto the initial triangle(time
O M 1N ), thensearchfor a hull edgee visible by p, andfinally updatethehull. The time to
updatethehull is O M 1N plus someboundedamountof time for eachedgethat is removed
from the hull. We concludethat the total time (= time summedover all insertions)spent
outsidethesearchfor a visiblehull edgeis O M nN .

In thesearchfor avisiblehull edgeweperformtestsrightturn M x ¡ y ¡ pN wherex andy are
previouslyinsertedpoints.Wecall atestsuccessfulif it returnstrueandobservethatin each
iterationof thewhile-loopatmosttwo rightturntestsareperformedandthatin all iterations
except the last at leastonerightturn test is successful.It thereforesuffices to boundthe
numberof successfulrightturntests.

For anorderedpair M x ¡ y N of distinctpointsin S we useKx Ð y to denotethesetof points
z in S suchthat rightturn M x ¡ y ¡ zN is true plus1 thesetof pointson the line through M x ¡ y N
but not betweenx andy, seeFigure10.7. We usekxy to denotethecardinalityof Kx Ð y, Fk

to denotethe setof pairs M x ¡ y N with kxy £ k, FÑ k to denotethe setof pairs M x ¡ y N with
kxy Ò k, and fk and f Ñ k to denotethecardinalitiesof Fk andFÑ k, respectively. Wehave

Lemma 1 TheaveragenumberA of successfulrightturn testsis boundedby kÓ 1 2 f Ñ k Ô k2.

Proof Considera pair M x ¡ y N with kxy £ k. If somepoint in Kx Ð y is insertedbeforeboth
x andy areinsertedthen M x ¡ y N is never constructedasa hull edgeandhenceno rightturn

1 Thesetto bedefinednext is emptyif S is in generalposition.Theprobabilisticanalysisof incremental
constructionsusuallyassumesgeneralposition.We donotwantto assumeit hereandhencehave to modify the
proof somewhat.
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y

x

Figure10.7 Kx Õ y consistsof all pointsin theshadedregionplusthetwo solid rays.

testsM x ¡ y ¡0�ÖN areperformed.However, if x andy areinsertedbeforeall pointsin Kx Ð y then
up to k successfulrightturntestsM x ¡ y ¡ zN areperformed.
Theprobabilitythatx andy areinsertedbeforeall pointsin Kx Ð y is

2!k! Ô M k   2N !
sincethereare M k   2N ! permutationsof k   2 pointsout of which 2!k! have x and y as
their first two elements.Thustheexpectednumberof successfulrightturntests M x ¡ y ¡ zN is
boundedby

2!k! Ô M k   2N ! × k £ 2 × k Ô M k   1NGM k   2NÙØ 2Ô M k   1NGg
Theargumentaboveappliesto any pair M x ¡ y N andhencetheaveragenumberof successful
rightturntestsis boundedby

kÓ 1

2 fk Ô M k   1NGg
Wenext write fk £ f Ñ k � f Ñ kÚ 1 andobtain

A Ò
kÓ 1

2 M f Ñ k � f Ñ kÚ 1 N Ô M k   1N�£
kÓ 1

2 f Ñ k M 1Ô M k   1N�� 1Ô M k   2NiN
£

kÓ 1

2 f Ñ k Ô MiM k   1NGM k   2N�N)g
It remainsto bound f Ñ k. Weuserandomsamplingto deriveabound.

Lemma 2 f Ñ k Ò 2e2n × k for all k, 1 Ò k Ò n.

Proof Thereareonly n2 pairsof pointsof S andhencewe alwayshave f Ñ k Ò n2. Thus,
theclaim is certainlytruefor n Ò 10or k » nÔ 4.
Soassumethatn » 10 andk Ò nÔ 4 andlet R bea randomsubsetof S of sizer . We will
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fix r later. Clearly, theconvex hull of R consistsof at mostr edges.On theotherhand,if
for some M x ¡ y N�� FÑ k, x andy arein R but noneof thepointsin Kx Ð y is in R, then M x ¡ y N
will beanedgeof theconvex hull of R. Theprobabilityof this eventis

nÚ i Ú 2
r Ú 2

n
r

» nÚ kÚ 2
r Ú 2

n
r

¡
wherei £ kx Ð y. Observethattheeventoccursif x andy arechosenandtheremainingr � 2
pointsin R arechosenfrom S ÛÜ� x ¡ y ¢yÛ Kx Ð y. Theexpectednumberof edgesof theconvex
hull of R is thereforeat least

f Ñ k ×
nÚ kÚ 2

r Ú 2
n
r

g
Sincethenumberof edgesis at mostr wehave

f Ñ k × n � k � 2

r � 2
Ô n

r
Ò r

or

f Ñ k Ò r × n

r
Ô n � k � 2

r � 2
£ r × n M n � 1N

r M r � 1N ×
[n � 2]r Ú 2

[n � k � 2]r Ú 2
¡

where[n] i £ n M n � 1Nu×)×)×GM n � i   1N . Next observe that

[n � 2]r Ú 2

[n � k � 2]r Ú 2
Ò [n]r

[n � k]r
£ r Ú 1

i Ý 0

n � i

n � k � i
£ r Ú 1

i Ý 0

1   k

n � k � i

£ exp
r Ú 1

i Ý 0

ln M 1   k Ô M n � k � i N�N Ò exp M r k Ô M n � k � r N N ¡
wherethe last inequalityfollows from ln M 1   x N Ò x for x » 0 andthe fact that k Ô M n �
k � i N Ò k Ô M n � k � r N for 0 Ò i Ò r � 1. Settingr £ nÔ M 2k N andusingthe fact that
n � k � r » nÔ 4 for k Ò nÔ 4 andn » 10,weobtain

f Ñ k Ò e2n2 Ô r £ 2e2nk g
Puttingour two lemmastogethercompletestheproofof Theorem1

A Ò 4e2

kÓ 1

nk Ô k2 £ O M n lognNGg

Therearetwo importantsituationswhentheassumptionsof thetheoremabovearesatis-
fied:

� Whenthepointsin Saregeneratedaccordingto aprobabilitydistribution for pointsin
theplane.

� Whenthepointsarerandomlypermutedbeforetheincrementalconstructionprocessis
started.We thenspeakabouta randomizedincrementalconstruction.
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CONVEX HULL RIC realizestherandomizedincrementalconstructionof convex hulls.O
convex hull.cPR¼�Q#%$'&)(%*,+.-0/)132%4657-81'93:3;%T8<,=.>'>%T8Þy/,5V?BAbC,DE&G(Y#%$3&)(7*,+.-7/)1'2%48HX>yJ[ #%$3&)(%*)+.-7/)132746>W6\]>uK>W�_vo.d8a,n7e7(7d�?cJLKa7db(be7a8D]57-81'93:3;%T8<,=.>'>%T7/,5u?�>W'JEKf
#%$'&)(%*,+.-0/)132%4657-81'93:3;%T8<,=.>'>@?BA'C,DE&)(Y#%$3&)(%*)+.-7/)132748HX>EJ[ a7db(be7a8D]57-81'93:3;%T8<,=.>'>%T8Þy/,5�?�>EJEK f

It is importantto understandthedifferencebetweenIC and RIC.Theformeris adetermin-
istic procedurewhoseaveragerunningtime is O M n lognN if theassumptionsof Theorem1
aresatisfied. The latter is a randomizedalgorithmwhoseexpectedrunning time for any
input is O M n lognN . Table10.1shows the difference.We generateda list L of n random
pointsfor eachof threedistributions:randompointsin theunit square,randompointsin the
unit disk, andrandompointscloseto theboundaryof theunit circle. We alsogenerateda
secondinput setLSby sortingL lexicographically. On therandominputs IC doesslightly
betterthan RIC becausethelatterdoessomethingthatis unnecessaryfor randominputs:it
randomlypermutesaninput thatis alreadyrandom.However, for thesortedinputsthesitu-
ationis completelydifferent. RIC behavesaboutthesameasfor randominputs.However,
IC behavesmuchworse. For the pointson the circle the behavior seemsto be quadratic

andfor thepointsin thesquareandthedisk thebehavior seemsto benß for someà6á 1.
For this reasonRIC is to bepreferredover IC.

Wenext comparethesweepline algorithmwith therandomizedincrementalconstruction
algorithm. Table10.2shows theresults.Observe thatwe usemuchlarger inputssizesfor
this table. The randomizedincrementalalgorithmis fasterthanthe sweepalgorithmfor
inputswith only few hull verticesandis somewhatslower for pointson theunit circle. Ob-
serve thattheproof of Theorem1 impliesthattherunningtime of randomizedincremental
constructionis o M n lognN if a randomsubsetof theinput pointshasa smallconvex hull.

Therearemany moreconvex hull algorithmsthansweepand(randomized)incremental
construction.Schirra[Sch98] discussesimplementations.

10.1.3 The Width of a Point Set
The width of a point set L is the minimal width of a stripecontainingall pointsin L. A
stripe is the region of the planebetweentwo parallel lines. Minimum width stripesare
illustratedin thexlman-demovoronoi-demo,seeFigure10.2.ThefunctionÞ3â'2 23®'+3:�ãE/{ä023<@?BAbC,DW&)(F#7$3&)(%*,+%-7/)132%4,HY>@�l>y/)1b:0H^#yW�l>y/)1':3H^#3�.J
assumesthatL isnon-emptyandreturnsthesquare2 of theminimumwidthstripecontaining
L andtheboundariesof thestripe.

We show how to computethe minimum width stripeby the so-calledrotating caliber
method. Westartwith apartialcharacterizationof theminimumwidth stripe.
2 We returnthesquareof thewidth insteadof thewidth becausethischoiceavoidstheuseof squareroots.
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IC RIC

K n Gen V Random Sorted Random Sorted

S 4000 0.29 18 0.09 0.27 0.11 0.13

S 8000 0.64 23 0.16 0.76 0.22 0.21

S 16000 1.34 29 0.33 2.53 0.42 0.41

D 4000 0.27 59 0.1 0.45 0.11 0.1

D 8000 0.59 66 0.17 1.26 0.23 0.2

D 16000 1.25 87 0.43 3.48 0.5 0.41

C 4000 9.32 4000 0.32 15.57 0.34 0.37

C 8000 18.87 7995 0.7 65.93 0.75 0.71

C 16000 37.62 1.599e+04 1.47 253.4 1.53 1.57

Table10.1 A comparisonof incrementalandrandomizedincrementalconstruction:We
generatedn pointsaccordingto oneof threedistributions,eitherpointswith randominteger
coordinatesin [ å R æçæ R], or randompointswith integercoordinatesin thediscwith radiusR
centeredat theorigin, or randompointswith integercoordinatesthatlie approximatelyon the
circle with radiusR centeredat theorigin. WeusedR è 16000.Thecolumnsshow from left to
right thekind of thepoint set(S for pointsin asquare,D for pointsin thedisc,andC for points
on acircle), thenumbern of points,thetime to generatethen points,thenumberof verticesof
thehull, therunningtime of theincrementalalgorithm( IC), andtherunningtime of the
randomizedincrementalalgorithm( RIC). For bothalgorithmsthefirst columngivesthetime
for randominputsandthesecondcolumngivesthetime for lexicographicallysortedinputs.
Observe thebadbehavior of IC on sortedinputs.Also observe thatthetime to computethehull
is usuallysmallerthanthetime to generatethepoints.

Lemma 3 Let S be a minimumwidth stripe containing L. Thenone of the boundaries
containsanedgeof theconvex hull of L andtheotherboundarycontainsat leastonevertex
of theconvex hull of L.

Proof Clearly, bothboundariesof S mustcontainat leastonevertex of theconvex hull of
S. Assumethat neitherboundarycontainsan edgeof the convex hull andlet p andq be
thetwo verticesof theconvex hull of L thatarecontainedin theboundaryof S. Sincethe
boundaryof L containsno edgeof theconvex hull we canrotateboth linesaroundp and
q, respectively. Let é be theacuteanglebetweenthesegment pq andtheboundaryof S
incidentto p, seeFigure10.8.Then

widthM SNê£Îë pq ë7× sin é
andhencethewidth decreaseswhen é is decreased.
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Sweep RIC

K n Gen V Random Sorted Random Sorted

S 20000 1.72 25 1.68 1.54 0.55 0.55

S 40000 3.77 29 3.6 3.26 1.26 1.43

S 80000 7.92 31 7.72 6.98 2.06 2.07

D 20000 1.62 106 1.75 1.59 0.55 0.56

D 40000 3.49 109 3.76 3.33 1.17 1.25

D 80000 7.32 152 8 7.02 2.42 2.58

C 20000 47 1.999e+04 1.82 1.67 2.13 2.12

C 40000 94.68 3.994e+04 3.96 3.57 4.46 4.41

C 80000 188.8 7.979e+04 8.6 7.78 10.31 10.04

Table10.2 Therunningtimesof thesweepalgorithmandtherandomizedincremental
constructionalgorithmfor convex hulls. Themeaningof thecolumnsis thesameasfor
Table10.1.

p

q
l2

l1

width

ì

Figure10.8 ThestripeSwith boundariesl1 andl2 containsall pointsof L , but neitherboundary
containsanedgeof theconvex hull of L . Rotatingits boundariesdecreasesthewidth of the
stripe.

Weconcludefrom thelemmaabovethattheminimumwidth stripeis definedby anedge
of theconvex hull andthevertex of maximumdistancefrom theline supportingthis edge.
Thenext lemmaconstrainsthepartof theconvex hull wherethisvertex of maximaldistance
maylie.

Lemma 4 Let í 0, í 1, . . . , í kÚ 1 betheverticesof theconvex hull of L, let l £ l M�í kÚ 1 ¡0í 0N be
the line passingthrough í kÚ 1 and í 0, and let í m be thevertex of maximaldistancefroml .
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î
m

î
k ï 1

î
0

î
1

l

l ð
Figure10.9 Illustrationof theproofof Lemma4.

Let l ñE£ l M�í 0 ¡0í 1N , let í mò bethevertex of maximaldistancefroml ñ . Thenm Ò mñ Ò k � 1.
Alsomñ is minimalsuch that í mò ó 1 hassmallerdistanceto l ñ than í mò .
Proof ConsiderFigure10.9. All vertices í i with 1 Ò i Ò m arecontainedin thetriangle
with corners í 1, í m, andthe intersectionbetweenl ñ andthe line parallel to l through í m.
Any point in this trianglehassmallerdistanceto l ñ than í m. Thusm Ò mñ Ò k � 1.

For thesecondclaim considerthedistancebetweenl ñ and í i asa functionof i andasi
rangesfrom 1 to k � 1. It followsfrom convexity thatthis functionis first strictly increasing
thenreachesits maximumfor eitheroneor two verticesandis thenagainstrictly decreasing.

It is easyto derive analgorithmfrom theprecedinglemma.We determinefor eachhull
edgepq thevertex m of maximaldistancefrom the line l M p ¡ q N . We initialize p andq to
thefirst two hull verticesandfind m by asearchoverall vertices.Wethenscanoncearound
theconvex hull of L in orderto checkall otheredges.

We maintainthesquareof thewidth of thecurrentlybeststripein minsqrwidth andthe
boundariesof thestripein l1 andl2.
O
width.cPRQÞ3â'2%T823®'+':�ãE/Gä023<u?BA'C,DW&G(�#%$3&G(%*,+.-7/G132%48HI>@�l>y/)1':0H]#yE�l>./)1':0H^#3�%J[ $,j�?´>`_md{n7o7(3p@?wJXJdba'a7Cba%T } r,D%t0#3d8a@?{W�c·wãy/Gä'23<Yr,o3o.#7$8d%&YC,D.#8p^(0CqD.C)Dy¯'dGn7o0(3p]&8d8(y&%·bJLK#%$3&)(%*)+.-7/)13274I5'<^\�50-81'93:0;7T8<,=.>3>u?�>EJLK

$,j�?�5'<`_�#3d,D7�3( } ?cJ�\'\¦FJ[ #yI\]#3��\]>y/)1b:�?�>`_ } d3r'tu?cJW�ô9':75'2%-8Þu?w/)132%T,23®'+3:�?cbJL�w/{1327T,2'®'+3:u?{bJ'J3JWKa7d8(be7abD]ZuKf
$,j�?�5'<`_�#3d,D7�3( } ?cJ�\'\]��J
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[ #yI\]#3��\]>y/)1b:�?i5'<`_ } d3r'tu?wJL��5'<`_�(7r7$8#V?cJ3JWKµa7db(8e7abD]ZuK f#%$3&)(%T0$)(7dGnqoyT7$)(^\�5b<`_�j.$)a.&)(@?cJLK#%$3&)(%T0$)(7dGn^±7T7$)(^\�5b<`_�A8p%Ab#%$bA3T7&ceyA3A�?�oyT7$G(yJWK#%$3&)(%T0$)(7dGnYnWT7$)(^\�±0T7$)(@K#%$3&)(%T0$)(7dGn�$)(@K
>y/)1':�#V?i5b<���oyT7$G(0�u�i5'<`��±0T7${(0�yJEK
Þ3â32%T82'®'+3:Inh$cDyT7&,±'a7T | $,t'( } \^ZuKlÞ3â32%T82'®'+3:�&,±ba%Tbt.$3&G(@Kx3x j.${D%t�z7dba'(7db� | $)( } nyrb�y$wnEr'#qt.$3&)(7r)DyA'dXj'a0CGn�#j0Cba7r3#'#0T7$)(7d{nh&h?w$)(V�i5'<.J[ $,jk?^?w&,±'a%T8t.$3&)(�\]#�_R&)±'a%Tbt.$'&)(@?i5'<`�i$)(3�.J'J°4Ynh$cDyT7&,±'a7T | $,t'( } J[ nh${DyT0&,±'a%T | $,t'( } \�&)±'a%Tbt.$'&)(@KnWT7$)(^\�$)(@Kff#y6\�#VKÅ#3�F\^>./)1':�?i5b<��õnWT7$G(0�u�§5'<���±7T0$)(0�F¯�5'<���o.T7$)(0�yJWKO
rotatecaliberaroundCHPa7db(be7a8DXnh${DyT7&)±'a%T | $)t'( } Kf

Let r be the successorvertex of q. We want to determinethe vertex mñ with maximal
distancefrom l ñ £ l M q ¡ r N . The last sentenceof the lemmaabove implies that mñ is the
closestsuccessorof m (inclusive) suchthat the successorof mñ hassmallerdistanceto l ñ
thanmñ .
O
rotatecaliberaroundCHPBQt0C x3x nECbz7d^A'r3#7${«.dbaq(0CqD.d8�3(]d't'�7d[ #%$'&)(%T7$)(0dGn]a%T7$G(]\^5'<`_mA8p%A'#%$8A3T7&{eyA'A�?i±0T0$G(EJEK>y/G1':�#V?i5'<���±7T7$)(0�V�i5'<���a0T7$)('�yJWKÞ3â'2%T823®'+':]A)e7a%T0&,±'a%Tbt%$3&)(q\]#�_R&)±'a%Tbt.$'&)(@?i5'<`�õnWT0$G(3�yJLK#%$'&)(%T7$)(0dGnFD.d | T{nWT7$)(q\XnWT0$)(@K$)(]\^5'<`_�A8p7A'#%$bA3T0&{eyA3A�?�nWT7${(EJWK

|'} $8#3d�?^?w&,±'a%T8t.$3&)(�\]#�_R&)±'a%Tbt.$'&)(@?i5'<`�i$)(0�%J3J°4b\�AGe7a%T7&,±ba%Tbt.$3&G(�J[ D.d | TcnWT7$)(�\�$)(@K�$)(^\�5b<`_�A8p%Ab#%$bA3T7&ceyA3A�?B$)(EJWKA)e7a%T0&,±'a%Tbt%$3&)(q\�&,±'a7Tbt.$3&)(uKf
$,jk?�A)e7a%T7&)±'a%Tbt.$'&)(�*6nh${D.T7&,±'a%T | $,t'( } J[ nh${DyT0&,±'a%T | $,t'( } \�AGe7a%T7&,±ba%Tbt.$3&G(@K#yI\�#VK´#3��\]>./)1':�?i5b<���D.d | T{nWT7${(0�u��5'<���a7T7$)(0�F¯�5'<���±7T7$)(0�.JLKf
oyT0$)(^\]±7T0$)(@K²±7T7$G(]\Fa%T7$G(@K§nWT7$)(^\qD.d | T{nET7$)(@Kf |'} $8#3d�?ÄoyT7$)(Ï��\^5'<`_�j%$)ay&)(@?wJqJLK

Therunningtime of thewidth computationis thetime to computetheconvex hull plusan
amountof time that is linear in the numberof verticesof the convex hull. It takeslinear
time to computethevertex of maximaldistancefrom thefirst hull edgeandit takeslinear
time to computethevertex of maximaldistancefor all otheredges.Thelatterfollows from
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the observation that both the edgeandthe vertex of maximaldistance“travel aroundthe
convex hull once”.

Exercisesfor 10.1
1 Designanexamplewheretherunningtime of CONVEX HULL IC is quadratic.
2 Designanexamplewheretherunningtime of CONVEX HULL IC is linear.
3 Redothe proof of Theorem1 underthe assumptionthat the expectednumberof hull

edgesin theconvex hull of r randompointsis r 1Ú ß for someöµ÷ 0.
4 Modify eitherconvex hull algorithmsuchthatit returnsall pointsthatlie ontheboundary

of theconvex hull.
5 Let P andQ betwo disjointconvex polygonsgivenby theircyclic list of vertices.Write

a programthatcomputesthecommontangentsof P andQ.
6 Use the solution of the previous exerciseto computethe convex hull by divide-and-

conquer. Sort the points lexicographicallyand split them into two halves. Compute
the hull of both halvesrecursively. Merge the two hulls by constructingthe common
tangents.

7 Generaten randompointsin theunit squareandcomputetheir convex hull. Do so for
differentvaluesof n andderiveaconjectureconcerningtheexpectednumberof extreme
pointsin asetof n randompoints.Try to proveyourconjectureor doa literaturesearch
to find out whatis known abouttheproblem.Do thesamefor randompointsin theunit
disk.

10.2 Triangulations

A triangulationof S is a partitionof theconvex hull of S into triangles.This assumesthat
not all pointsof S arecollinear. Eachtrianglein the partition hasthreepointsof S asits
verticesandany two trianglesin the partition areeitherdisjoint, or sharea vertex, or an
edgeandtwo vertices.Theunionof all trianglesis theconvex hull of S, seeFigure10.10
for two examples.What is a triangulationof conv S if all pointsof S arecollinear? It is
simplyapartitionof conv S into line segments3, seeFigures10.10and10.11.

Triangulationsareaversatiledatastructure.Wewill usethemfor point locationqueries,
nearestneighborqueries,andrangequeriesin Section10.6anddescribetheir usein inter-
polationnow. Assumethatwe aregiven thevaluesof somefunction f at somefinite set
S of pointsandwantto interpolate f for all pointsin theconvex hull of S. Triangulations
offer anelegantway to approachthis problem.We computea triangulationT of S andlift
it to three-dimensionalspace.More precisely, for every triangle M p ¡ q ¡ r N of T we define

3 More generally, if Shasaffine dimensiond thena triangulationof S is a partitionof conv S into d-dimensional
simplices.A d-dimensionalsimplex is theconvex hull of d ø 1 affinely independentpoints.Thus,trianglesare
two-dimensionalsimplicesandline segmentsareone-dimensionalsimplicesandhencea triangulationof a
one-dimensionalsetS is apartitionof its convex hull into line segments,a triangulationof a two-dimensionalset
is a partitionof its convex hull into triangles,anda triangulationof a three-dimensionalsetis thepartitionof its
convex hull into tetrahedra.
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Figure10.10 A triangulationof a two-dimensionalandof aone-dimensionalpoint set.

Figure10.11 A triangulationcomputedby thefunctionTRIANGULATE POINTSdiscussedin
this section.

a triangle MiM p ¡ f M pNiNG¡0M q ¡ f M q N�N)¡0M r ¡ f M r N�NiN in three-space,seeFigure10.12. In this way
we obtaina surfacein three-space.In orderto determinethe interpolatingvalueat a point
x � conv Swe determinetheheightof theinterpolatingsurfaceabove x andreturnit. This
requiresusto find thetriangleof T containingx (a point locationquery)andto determine
theheightat x by linearinterpolationfrom theheightat theverticesof thetrianglecontain-
ing x. Assumethatx lies in thetrianglewith verticesp, q, andr . We write x asa convex
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Figure10.12 A trianglein theplaneandits lifting to three-space.

combinationof p, q, andr , i.e.,

x £ cp p   cqq   cr r ¡
wherecp   cq   cr £ 1 andcomputef M x N as

f M x N`£ cp f M pNV  cq f M q NV  cr f M r N)g
The coefficientscp, cq, andcr arecalledthebarycentriccoordinatesof x with respectto
thetriangle M p ¡ q ¡ r N .

We next discusshow to representtriangulations.We representtriangulationsasstraight
line embeddedplanemaps;embeddedgraphsarethesubjectof Chapter8 andwe recom-
mendthat you readthe first four sectionsof that chapterbeforeproceeding.Let T be a
triangulationof asetSof points.WeuseagraphG of typeGRAPH� POINT¡ int � to repre-
sentT ; G hasthefollowing properties,seeFigure10.14:

� Thenodesof G arein one-to-onecorrespondenceto thepointsin S. For a node í of G
thepoint in Scorrespondingto it is storedasG[ í ].

� G is adirectedgraphwhoseedgeswill becalleddarts. Weusetheworddartinstead
of edgein orderto distinguishtheedgesof therepresentinggraphfrom theedgesof
therepresentedgeometricobject.Thedartsof G comein pairs.For everydart
e £ÍM�íy¡! N of G thereverseddarteR £ÏM" ô¡0í8N is alsoa dartof G. Moreover, the
memberfunctionreversalmapseachdartto its reversal,i.e.,Gg reversalM eN�£ eR and
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cyclic adj succ

e

cyclic adj pred

Figure10.13 Therelationshipbetweenthecyclic orderingof theadjacency list A Ê �)Ì of anode�
andthecounter-clockwiseorderingof theedgesincidentto G[ � ].

Gg reversalM eR N`£ e. Wecall apair consistingof adartandits reversalauedge(=
undirectededge).Theuedgesof G correspondto theedgesof T andadart Mií.¡! N of
G correspondsto theorientededgeM G[ í ] ¡ G[  ] N of T .

� For eachnode í of G thelist A Mií,N of edgesoutof í is orderedcyclically. For anedge
e with sourceí thefunctions
# _mA8p%A'#%$8A r't%$ &{eyA3A�?Rd.JLK# _mA8p%A'#%$8A r't%$ o7a7d'tV?Rd.JLK

returnthecyclic successorandthecyclic predecessorof e in A M�í8N . Thecyclic ordering
of theedgesin A Mií,N agreeswith thecounter-clockwiseorderingof theedgesincident
to G[ í ] in thetriangulation,i.e.,Gg cyclicadj succM eN is thenext dartoutof í in
counter-clockwisedirectionandGg cyclicadj predM eN is thenext dartoutof í in
clockwisedirection,seeFigure10.13.

� Theprecedingitemsguaranteethatthefacesof thetriangulationcorrespondto the
facecyclesof G. For eachcounter-clockwisetriangle M G[u] ¡ G[ í ] ¡ G[  ] N of the
triangulationtheedgesM u ¡0í8NG¡0Mií.¡! N)¡0M" ô¡ uN form a facecycleof G. Thereis alsoa
facecyclecorrespondingto theunboundedfaceof T . As a facecycle is traversedthe
facelies to theleft of thefacecycle. Thefunctions
# _�j0r0A'd A8p%A'#3d &{eyA3A�?Rd.JLK# _�j0r0A'd A8p%A'#3d o7a7d'tV?Rd.JLK

supporttheconvenienttraversalof thefacecyclesof a map.They give thesuccessor
andpredecessorof e in thefacecyclecontaininge, respectively. Thefacecycle
successoris thecyclic adjacency predecessorof thereversalof e, seeFigure8.10.

� Eachdarthasanintegerlabel(availableasG[e]) thatgivesinformationaboutthedart.
Thelabelscomefrom theenumerationtype
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Figure10.14 A graphG representinga triangulation.For eachedgeof thetriangulationthere
aretwo dartsin G, e.g.,theedgeG[ � ]G[ � ] is representedby thedartse1 è]Ê � � �`Ì and
e2 è]Ê � � �)Ì . Wehave G æ reversalÊ e1 ÌWè e2 andG æ reversalÊ e2 ÌWè e1. For eachdartits nameis
shown nearthesourceof thedartandto theleft of thedart.Thelist A Ê �`Ì of edgesoutof � is a
cyclic shift (it is notspecifiedwhich)of Ê e5 � e3 � e2 Ì . Thetwo trianglescorrespondto theface
cycles Ê e1 � e3 � e9 Ì and Ê e5 � e7 � e4 Ì . Theunboundedfacecorrespondsto thefacecycleÊ e6 � e2 � e10� e8 Ì .

d,D'ebn�t0d3#3r,e'D.rbp d't'�7d $cD%j0C [ äE/Gâ # Þ3â'¬ :3ä # :]\^Zu�ÄäE/)â # Þ3â'¬ ä3â3Þ32^\]ZV�1%-,1 äE/)â # Þ3â'¬ :3ä # :]\¦W�Å17-81 äE/)â # Þ3â'¬ ä0â3Þ32^\¦W�<,=%>3> :3ä # :]\��V�l<,=.>'> ä0â3Þ32^\]�f K
definedin � LEDAÔ geoglobalenumsg h � . Wediscussthemin Section10.4.

A dart is calleda hull dart if theunboundedfaceof G lies to its left. If hull dart is any
hull dart,thefollowing linesof codetraverseall hull darts.d'tb�7dFd]\ } e.#3# t0rba3(@Kt0C [ d]\ # _�j0r0Abd A8p%Ab#3d &{e.A3A�?Rd.JWK f |b} $8#3d~?RdÎ��\ } e.#3# t0rba3(EJWK

We next extend the hull programof the precedingsectionto a triangulationprogram.
This algorithmwasfirst describedin [Meh84a]. Again, we startby sortingthepointslexi-
cographically. Thenwe setup thetriangulationof thefirst two pointsandfinally addpoint
by point to thetriangulation.
O
triangulation.cP�Q${D%#%${D.d�${D7(]#3dbj'(%T)«.d)D%tu?BA'C)DW&)(�+.-7/)1'23HXos��A'C,DW&)( # Þ'â'+0<%*,+%-7/)132@�¤${D7(74,H # �A'C,DE&)(^d't'�7d8H�d%J[ a7db(be7a8D½?RCbay$8d)D7(7rb(y$,C,Ds?�os� # �i&)C,e0a%Abd�?Rd7J)�u� # �v(7r,a3�7d8(u?id.J)�%J°4FZyJWK f
d'tb�7dq23Þy/)â31 # =.>3â32b:.T,+.-7/G1320UV?iA'C,Dy&)(Y#%$3&)(%*)+.-7/)132748HX>0ZV� # Þ3â'+0<%*)+.-7/)132u�w${D7(%4)H # J[
# _�A'#3d'rba@?cJLK
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$,j�?�>0Zs_md{n7o7(3p@?wJ3J°a7d8(be7abD�DW$,#VK#%$3&)(%*)+.-7/)132746>]\^>0ZVK>`_R&8Cba'(@?cJLK$,j�?´>`_md{n7o7(3p@?wJXJXa0db(be7abD�DE$8#VKx3x ${DW$)(y$,r3#%$'&0d # | $G( } r�&3$cD7�7#3d�d'tb�7d�&)(7rba3(.${D7�Frb(^( } d�j.$Gay&)(qo.C%${D0(+.-7/)132^#'r%&)(%T)o]\F>`_vo%C,os?cJLK x3x #'r%&)(Fzy$3&3$G(7d'tIo.C7${D7(D.C't0d #'r%&)(%T8zF\ # _vD%d | T)D.Cbt0dV?R#3r7&)(%T)oEJLK x3x #'r%&)(�${DW&8d8a3(7d'tID%C't0d|'} $8#3d�?%��>`_mdGn0o7(3p@?cJ�H3H�#3r%&)(%TGo]\3\^>s_ } d3r'tV?cJ3J�>`_�o.C,os?cJWK$,j�?.��>`_md{n7o7(3p@?wJ3J[ #3r7&)(%T)o]\F>`_vo.C)os?cJLKD.Cbt0dqz�\ # _vD.d | T)D.C't3dV?R#3r%&G(%TGoLJWKd'tb�7dq��\ # _vD.d | T'd't'�0dV?R#3r%&G(%T,z@�mzu�iZ%JLKd'tb�7dqp�\ # _vD.d | T'd't'�0dV?�z@�R#'r%&G(%T,zu�iZ%JLK# _i&8db(%T8a0dbz7dbay&,r3#V?��V��pyJLK#3r7&)(%T8zF\Fz@Kf
O
triangulatepoints:scanremainingpointsPf

In orderto facilitatetheadditionof pointswemaintainthedartelast; it is thehull dartthat
leavesthemostrecentlyaddedvertex. Let p bethepoint to beaddedandlet eupande low
be hull dartssuchthat exactly the hull verticesbetweenthe target of eup andthe source
of e low arevisible from p, seeFigure10.15.All edgese betweeneup andelow aresuch
that p, thesourceof e, andthe targetof e form a left turn, but eup andelow do not have
this property. Moreover, eup is a properfacecycle predecessorof elast, andelow is a
facecyclesuccessorof e last. Thusit is easyto determineeupande low. For example,the
formeris thefirst properfacecycle predecessore of e last suchthat p, thesourceof e, and
targetof e donot form a left turn.

Having determinedeup we walk to elow andextendthe triangulationby addingedges
betweení , where í is a new nodecorrespondingto point p, andthe hull verticesvisible
from p. We mustbecarefulto addthenew edgesin a way that reflectsthe triangulation.
We iterateover the hull dartsbetweeneup inclusive andelow exclusive, startingat eup
andwalking towardselow. Considerany suche andlet esuccbe its facecycle succes-
sor. We addthedart M sourceM esuccN)¡0í,N after esuccto A M sourceM esuccN�N andwe append
the dart M�íy¡ sourceM esuccN�N to A Mií,N . Observe that this way of addingdartsbuilds A M�í8N
in counter-clockwiseorderandaddsthe dart M sourceM esuccN)¡0í,N at the properpositionto
A M sourceM esuccNiN .

Theupdatestepjust describedworkscorrectlyevenif thenew point is collinearwith all
precedingpoints.In this situationonly a line segmentis addedto thetriangulation.O
triangulatepoints:scanremainingpointsPRQ+.-0/)132qosKj0C8a7r3#3#V?�os��>EJ[ $,j�?�o�\'\�#3r7&)(%T)oLJYAbC,D7(y${D'e.dVKd't'�7dFdF\ # _m#3r%&G(%T'r't!$3T'd't'�7d�?R#'r%&G(7T8z.JLK
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Figure10.15 Edgese last , e up, ande lo� .

#3r%&)(%T,zF\ # _�D.d | T)D%C't0dV?�oWJLK#3r%&)(%TGo]\�osKx3x | r3#8À�e3o�(7CXe3o3o.dba�(0r,D7�7d,D0(t0CFd]\ # _�j0r0Abd0T3A8p%Ab#3d0T)o7a3d'tu?�d.JWK |'} $8#'d�?R#3d'j'(7T)«.d,D%tV?�os� # �id%J3JLKx3x D.C | d^\]d0T)e3ox3x | r3#8À]t0C | D�(0C]#3C | dba�(7r,D0�7d,D7(^r,D7t^(3a.$8r,D7�be%#3rb(7dt0C [ d't'�0d]&{eyA3A3TbdF\ # _�j3r0A'd0T3A,p%A'#3d0T0&{eyA'A�?id.JEKd't'�0dX��\ # _vD.d | T'd't'�7d�?w&{eyA3A'TbdV��#3r%&G(7T,z@��r'j'(0d8au�iZyJEKd't'�0dXp�\ # _vD.d | T'd't'�7d�?R#3r%&)(7T,z@�B&8C,e0a7AbdV?B&{eyA'A'Tbd.JL�mZyJWK# _R&,db(%T8a7d8z7dbay&8r'#V?m�@��pEJLKdF\�&{e.A3A3T'dVKf |'} $,#3d�?R#3d'jb(%T)«.d,D7tu?�os� # �Rd%J3JWKf
O
markedgesof convex hull asHULL DARTSP

In the piecesof codeabove we labeledall new edgeswith zero. We now relabelall hull
dartsassuch.Thelastedgeaddedto thetriangulationis a hull dartandall otherhull darts
arereachedby tracingthefacecycle containingit. Thelabelingof thehull dartswill prove
usefulin thesectiononDelaunaydiagrams.

Wereturnahull dart.
O
markedgesof convex hull asHULL DARTSPRQd'tb�7d } e.#3#0T8t0rba3(�\ # _m#'r%&)(%T'dbt'�7dV?cJWK$,jk? } e%#3#0Tbt0r8a3(EJ[ d't'�7dFdF\ } e%#3#0Tbt0r8a3(@Kt0C [ # ��db��\]<,=.>'>%T,ä0â3Þ'2@K
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K n Gen V Hull Hull check Triang Triangcheck

S 20000 0.44 25 1.71 0 3.1 23.7

S 40000 0.92 29 3.65 0 6.43 47.35

S 80000 1.84 35 7.52 0 13.04 94.31

D 20000 0.41 91 1.9 0 3.13 24.72

D 40000 0.73 123 3.6 0 6.26 47.29

D 80000 1.47 147 7.72 0 13.15 94.36

C 20000 47.3 19992 1.69 0.17 2.62 21.19

C 40000 95.59 39958 3.59 0.42 5.47 42.01

C 80000 190.9 79756 8.08 1.32 11.65 86.39

Table10.3 Therunningtimesof thesweepalgorithmsfor convex hullsandtriangulations.We
generatedunsortedlistsof n pointsaccordingto thesamedistributionsasin Table10.1.The
meaningof thefirst four columnsis asin Table10.1.Thecolumn“Hull” shows thetime to
computetheconvex hull, thecolumn“Hull check”shows thetime to verify thatany three
consecutive verticesof CH form aright turn, thecolumn“Triang” shows thetime to computethe
triangulation,andthecolumn“Triangcheck”shows thetime to run Is TriangulationÊ G Ì .
dF\ # _�j0r0A'd0T'A8p%A'#3d3T7&{eyAbA�?id.JWKf |'} $,#3d�?RdÎ��\ } e.#3#0Tbt3rba3(EJLKf

a7d8(be7abD } e.#'#0Tbt0rba'(@K
Table10.3comparestherunningtimesof thesweepalgorithmsfor convex hulls andtri-

angulations.Wegeneratedn randompointsin asquare,adisc,andonacircle,respectively,
Thetriangulationalgorithmtakesabouttwiceaslongastheconvex hull program.Thetable
alsoshows thetime for partiallycheckingtheoutputof eitherprogram.For theconvex hull
programwe checked that any threeconsecutive verticesform a right turn andin the case
of triangulationswe calledthechecker Is TriangulationM G N , which will bediscussedin the
next section.

Both checksareonly partial. In thecaseof triangulationswe do not checkthatexactly
the input pointsappearasverticesof the triangulation. This omissioncould be corrected
by theuseof a dictionary. In thecaseof theconvex hull programwe do not verify thatall
input pointslie insidetheproducedconvex chain. This is anomissionwhich is not easily
corrected;theobviousapproachtakesquadratictime.

Exercisesfor 10.2
1 Write a programthat verifiesthat the nodesof a GRAPH� POINT( int � agreewith the

pointsin a list � POINT� . Add this to thecheckof thetriangulationprogram.
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2 Extendtherandomizedincrementalconstructionof convex hulls to anincrementalcon-
structionof triangulations.

10.3 Verification of GeometricStructur es,Basics

We have by now seenprogramsto computeconvex hulls, minimum width stripes,and
triangulations.The programsarenon-trivial andwe will seemorecomplex programsin
latersections.Althoughwe wrotethedocumentationandthecorrectnessproofsin parallel
to the developmentof theseprograms,we neverthelessmademistakes,someminor, like
testingfor positive orientationinsteadof non-negative orientation,and somemajor, like
assumingthat every setof pointscontainsthreenon-collinearpoints. Visual debugging,
i.e., displayingtheoutputof a geometriccomputation,wasan indispensibleaid in getting
theprogramscorrect,but visualdebugginghasits limits. Visualdebuggingis mostuseful
in theplane;alreadydisplayinga partitionof three-spaceis next to impossible.Also, the
representationunderlyinga geometricobjectmay be incorrect,althoughthe object itself
“looks correct”.

Oneof ourkey experienceswasthedevelopmentof aprogramto computeconvex hulls in
arbitrarydimensions.It tooksometimeto gettheprogramsworkingfor pointsin theplane,
butaftersometimeit producedconvex hullswhich“lookedright”. Wemovedto three-space
anda few hourslatertheconvex hulls in three-spacelookedright. Wegot adventurousand
tried anexamplein seven-dimensionalspace.Theprogramranto completionandclaimed
that it hadcomputedthe convex hull. Given our pastexperiencewe hadevery reasonto
believe the contrary. At that time we hadno way to checkthe resultof the convex hull
computation. We teamedup with somecolleguesand wrote [MNS ó 96]. In this paper
we discusshow to verify convex hulls, triangulations,Delaunaydiagrams,and Voronoi
diagrams.Alternativecheckersarediscussedin [DLPT97].

In this sectionandin Sections10.4.3,10.4.6,and10.5.3we derive proceduresto verify
propertiesof geometricgraphs. A geometricgraphis a straightline embeddedmap. Ev-
ery nodeis mappedto a point in the planeandevery dart is mappedto the line segment
connectingits endpoints.We startwith proceduresto checkthat theedgesaroundvertices
arecyclically ordered,that facecyclesdefineconvex polygons,andthata graphdefinesa
convex subdivision or a triangulation. In later sectionswe will extendthesefunctionsto
checkDelaunaytriangulations,Delaunaydiagrams,andVoronoidiagrams.

We use geograph as a templateparameterfor geometricgraphs. Any instantiation
geographinst of geographmustprovidea function93:05'2%-8Þ]d't'�0d z7d0A,(7Cba@?BAbC,DW&)(Y�7d3C �3a0r,o } $cDW&)(3H # ��A'C,DW&G(^d't'�7dbH]d.J
that returnsa vectorfrom the sourceto the target of e. We will usetwo instantiationsof
geograph in this chapter: GRAPH� POINT¡ int � for triangulations,Delaunaytriangula-
tions,andDelaunaydiagrams,andGRAPH� CIRCLE¡ POINT� for Voronoi diagrams.In
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thefirst case,thepositionof a node í is givenby thepoint G[ í ] andhencetheedgevector
functioncanberealizedas
O
GRAPH

O
POINT,intP : edgevectorfunctionPiQ&)(0rb(y$bAY93:75b2%-8Þ^d't'�0d0T8z7d0A,(7Cba@?BAbC,DE&)( # Þ'â'+0<%*,+%-7/)132@�¤${D7(%48H # �´A'C)DW&)(]d't'�7d8H�d%J[ a7db(be7a8D # � # _�(0rba3�7db(u?Rd.J)�Y¯ # � # _R&8C)e7a%A'dV?id.J)�uK f

In thesecondcase,thepositionof a node í is givenby thecenterof thecircle G[ í ]. We
will definethecorrespondingedgevectorfunctionin thesectiononVoronoidiagrams.

All functionsthatcheckpropertiesof geometricgraphsarecollectedin thefile
O
geo check.tPRQO

comparingedgesbyanglePO
cyclically orderedlistsPO
verifyingtheorderof adjacencylistsandtheconvexity of facesP

in directoryLEDA/templates.This file mustbeincludedto useany of thesefunctions.

10.3.1 MonotoneandCyclicallyMonotoneSequences
Let x £ M x1 ¡ x2 ¡0g)g)gG¡ xn N be a sequenceof elementsfrom someorderedset; x is called
non-decreasingif xi Ò xi ó 1 for all i , 1 Ò i Ø n, andx is called increasingif xi Ø xi ó 1

for all i , 1 Ò i Ø n, x is calledcyclically non-decreasingif f somecyclic shift of x is non-
decreasing,andx is calledcyclically increasingif f somecyclic shift of x is increasing.The
notionsnon-increasing,decreasing,cyclically non-increasing,andcyclically decreasingare
definedanalogously.

ThefunctionsIs C NondecreasingandIs C Increasingcheckwhetherasequenceis cycli-
cally non-decreasingor increasing.They take a list L of elementsof sometype T anda
compareobjectcmpfor typeT .

The implementationis simple. We iterateover the elementsof L andcompareevery
elementwith its cyclic successor. We counthow oftenthesuccessoris smaller(smalleror
equalfor thesecondfunction). If thecountreachestwo, thesequenceviolatestheproperty.

O
cyclicallyorderedlistsP¤Q(7d{n7o.#3rb(0dF*3A'#3r%&'&62%4«.C'C3#�/3&bTb57T,17C,D%t0d3A8a7d3r%&'${D0�@?iA'C,Dy&)(Y#%$3&)(%*,2%48Hq>@��A'C,DE&)(]#3d't0r0T'A{n7oyT)«%r%&8d0*82048HXA{n7oLJ[ #%$3&)(%T0$)(7dGn�$)(@K${D7(qD3ebn7«%dba%T'C'j0T'#3d%&3&°\^ZuK

j0Cba7r3#'#0T7$)(7d{nh&h?w$)(V��>EJ$,jk?�A{n7os?�>`��>`_�A8p7A'#%$bA3T3&{eyAbA�?¤$)(yJG�u��>��i$G(3�.J°*^Z�J6D'ebn7«.dba7T'C'j7T'#'d%&3&,ª3ª�K
a7db(be7a8D½?�D3ebn7«%dba%T'C'j0T'#3d%&3&�*F�.JLKf

(7d{n7o.#3rb(0dF*3A'#3r%&'&62%4«.C'C3#�/3&bTb57T0/{DyA8a7d'r%&3${D7�u?BAbC,Dy&)(Y#%$3&)(7*82%48H�>@�´A'C)DW&)(]#3d't0r3T3A{n7oyTG«.r%&8d0*,2%4,HXA{n7oWJ[ #%$3&)(%T0$)(7dGn�$)(@K
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${D7(qD3ebn7«%dba%T'C'j0T'#3d%&3&,d'±6\]ZuK
j0Cba7r3#'#0T7$)(7d{nh&h?w$)(V��>EJ$,jk?�A{n7os?�>`��>`_�A8p7A'#%$bA3T3&{eyAbA�?¤$)(yJG�u��>��i$G(3�.J°*b\^Z¦J6D3ebn7«.d8a%T'C'j7Tb#3d%&3&8d8±3ª3ª�Ka7db(be7a8D½?�D3ebn7«%dba%T'C'j0T'#3d%&3&)d'±Y*^�%JLKf

The functionsIs C Nonincreasingand Is C decreasingaredefinedanalogously. We leave
their implementationto thereader.

10.3.2 ComparingEdgesbyAngle
For a non-zerotwo-dimensionalvector í let é Mií,N betheanglebetweenthepositive x-axis
and í , i.e., theangleby which thepositive x-axishasto beturnedcounter-clockwiseuntil
it alignswith í . Thegeokernelsprovide functions${D0(�A'C{n7o.rba7d «7p r,D0�7#3dV?BAbC,DW&)(I93:75'2%-,Þ3H�zWW�BAbC,DW&)(X9':75'2%-8Þ'Hqz7�.J
that comparevectorsby angle,i.e., the functionsreturn � 1 if v1 precedesv2, 0 if v1 and
v2 definethesameangle,and   1 if v1 succeedsv2. Thezerovectorprecedesall non-zero
vectorsin theorderingby angle.

In ageometricgraphG thefunctionedgevectorM G ¡ eN returnsthevectorfrom thesource
to the target of edgee. The compareobject cmpedgesbyangle comparesthe edgesof
any geograph G accordingto the vectorsdefinedby the edgesof G. It is derived from
ledacmpbase� edge� , hasa constructorthat takesa geometricgraphG andstoresa refer-
enceto it in theobject,anda functionoperatorthat takestwo edgese and f andcompares
themaccordingto thevectorsdefinedby them.
O
comparingedgesby anglePmQ(7d{n7o.#3rb(0dF*3A'#3r%&'&6�7d3C0T8�'a7r,o } 4A'#'r%&3&qA{n7oyTbd't'�7d%&8T)«7p%T'r)D7�0#3duÃÜo'e3«.#%$bAq#'d't0r0T3Acn7oyT)«.r7&8d0*'d't8�7d34 [

A'C,DW&)(��0d3C0T8�3a0r,o } H # Ko3e'«.#%$bA@Ã
A{n7oyT'dbt'�7d%&bTG«7p%T'r,D3�7#3d�?BAbC,Dy&)(6�7d3C0T,�3a7r,o } Hq�EJ�Ã # ?��yJ [3f${D7(]C,o.dba0rb(7Cba@?wJL?BA'C,DE&)(Yd't'�7dbH^d��°A'C)DW&)(]d't'�7d8HFjyJ�AbC,DW&)([ a7d8(be7abD�A'C{n7o.rba7d3T)«7p%T'r)D7�7#3d�?Rdbt'�0d3T8z3d0A8(0C8au? # �Rd.JW�§d'tb�7d0T8z7d3A8(7Cba@? # �ijyJ3JEK ff K

10.3.3 Counter-ClockwiseOrderedAdjacencyLists
Thefunction«.C'C3#�/3& 535bã -,a0t0dba7dbtu?BA'C,DE&)(Y�0d3C �3a7r)o } H # J
returnstrue if for all nodesí theneighborsof í arein increasingcounter-clockwiseorder
aroundí , andthefunction«.C'C3#�/3& 535bã -,a0t0dba7dbt +%#3r)D.d ¬%r)os?BA'C,DE&)(q�7d3C �3a7r,o } H # J
returnstrueif, in addition,G is aplanemap.Thefunction



32 GeometryAlgorithms

z7C7$,t^U0-8Þ32 :'ä # :%UV?m�7d3C �3a7r,o } H # J
reorderstheadjacency lists suchthat for every node í of G theedgesin A M�í8N arein non-
decreasingorderby angle.

All threefunctionsareveryeasyto implement.For thefirst function,wedefineacompare
objectcmpto comparethedartsof G by angle,andthencheckwhetherthedartsoutof every
node í arecyclically increasing.Thesecondfunctioncalls thefirst andcheckswhetherG
is aplanemap,andthethird functionsortsthesetof dartsandthenrearrangestheadjacency
lists.
O
verifyingtheorderof adjacencylistsandtheconvexity of facesPRQ(7d{n7o.#3rb(0dF*3A'#3r%&'&6�7d3C0T8�'a7r,o } 4«.C'C3#�/3&bTb5358ã.T3-8a0t3dba7d'tu?RA'C)DW&{(Y�0d3C0T8�3a0r,o } H # J[ D.C't0dqz@KA{n7oyT'dbt'�7d%&bTG«7p%T'r,D3�7#3d'*8�0d3C'T8�3a3r,o } 46A{n0os? # JLKj0Cba7r3#'#0T)D.C't3d%&h?�z@� # J$,jk?��i/3&bTb50T7/{DyA8a0d3r%&3${D3�@? # _mC)e7(7Tbd't8�7d%&L?mzyJL�iA{n7oWJ6JYa7db(be7a8D]j0r3#%&8d�K

a7db(be7a8D^(3abe.dVKf
(7d{n7o.#3rb(0dF*3A'#3r%&'&6�7d3C0T8�'a7r,o } 4«.C'C3#�/3&bTb5358ã.T3-8a0t3dba7d't7T)+%#'r,D7d0T,¬0r,o�?BAbC)DW&{(Y�7d'C0T8�3a7r)o } H # J[ a7db(be7a8D�/3&bT,+%#'r,D.d0T,¬7r,os? # JÅH3H�/3&bT8535bã.T3-,a0t0dba7dbtu? # JWK f
(7d{n7o.#3rb(0dF*3A'#3r%&'&6�7d3C0T8�'a7r,o } 4«.C'C3#�/3&bTb5358ã.T,ã%d3r,À%#bp%T3-,a0t3dba3d'tu?iA'C)DW&G(I�0d3C0T8�3a0r,o } H # J[ D.C't0dqz@KA{n7oyT'dbt'�7d%&bTG«7p%T'r,D3�7#3d'*8�0d3C'T8�3a3r,o } 46A{n0os? # JLKj0Cba7r3#'#0T)D.C't3d%&h?�z@� # J$,jk?��i/3&bTb50T817C,D%t3d0A8a7d3r0&3${D3�@? # _�C)e7(0T'd'tb�0d7&h?�zEJL�RAcn0oLJ6JIa7db(be7a8D]j0r3#%&8d�K
a7db(be7a8D^(3abe.dVKf

(7d{n7o.#3rb(0dF*3A'#3r%&'&6�7d3C0T8�'a7r,o } 4«.C'C3#�/3&bTb5358ã.T,ã%d3r,À%#bp%T3-,a0t3dba3d't7TG+%#'r,D%d3T,¬0r,os?RAbC)DW&{(Y�7d'C0T8�3a7r)o } H # J[ a7db(be7a8D�/3&bT,+%#'r,D.d0T,¬7r,os? # JÅH3H�/3&bT8535bã.T,ã7d3r8À%#bp7T3-8a3t3d8a7d't�? # JWK f
(7d{n7o.#3rb(0dF*3A'#3r%&'&6�7d3C0T8�'a7r,o } 4z7C7$,t^U0-8Þ32%T):3ä # :%U�?��7d3C0T,�3a0r,o } H # J[ A{n7oyT'dbt'�7d%&bTG«7p%T'r,D3�7#3d'*8�0d3C'T8�3a3r,o } 46A{n0os? # JLK#%$3&)(%*bd't'�7d04�>�\ # _mr'#3#0T'd'tb�7d%&h?cJWK>`_R&8Cba'(@?BA{n7oWJLK# _R&8Cba'(%T'd't'�0d%&h?�>EJEKf

10.3.4 ConvexFaces
We definefunctionsthat checkfor convexity of faces. Considerany facecycle f of a
geometricgraphG; f definesa closedpolygonalchainC in theplane.We want to know
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Figure10.16 A strictly convex counter-clockwisepolygonalchain,aweaklyconvex clockwise
polygonalchain,andachainwhich is not simple.

whetherthepolygonalchainis theboundaryof aconvex region. More precisely, wecall C
a weaklyconvex counter-clockwisepolygonalchain if C is simple,i.e., doesnot intersect
itself,andtheregionto theleft of C is convex. Wecall C astrictly convex counter-clockwise
polygonalchainorsimplyconvexcounter-clockwisepolygonalchain if, in addition,any two
consecutive edgesof C do not have the samedirection,seeFigure10.16. For clockwise
chainstheregion to theright of C mustbeconvex.

In a convex subdivision, e.g.,a triangulation,the facecyclesof all boundedfacesform
convex counter-clockwisepolygonalchains,andthefacecycleof theunboundedfaceforms
aweaklyconvex clockwisepolygonalchain.

Let p0, p1, . . . , pkÚ 1 bethepointsassociatedwith thenodesof C.

Lemma 5 C is a counter-clockwiseweaklyconvex polygonalchain iff the sequences £M p1 � p0 ¡ p2 � p1 ¡0g)g)g{¡ p0 � pkÚ 1 N is cyclicallynon-decreasing.

Proof If C is acounter-clockwiseweaklyconvex polygonalchainthens is clearlycyclically
non-decreasing.

Assumenext that s is cyclically non-decreasing.Thenno pair of consecutive vectors
formsa right turn andtheanglesbetweenall pairsof consecutive vectorssumto 2) . We
concludethatC is simple,i.e, doesnot intersectitself, andthattheregion to theleft of C is
convex.

Thefunctions«.C'C3#�/3& 535bã 53C,D7z7db� *7r0A'd 5'p%A'#3d�?BA'C,DW&G(X�7d3C �3a7r,o } H # �BA'C,DE&)(^d't'�7dFd.J«.C'C3#�/3& 535bã ã7d3r8À%#bp 50C,D7z0db� *7r3A'd 5'p%Ab#3dV?BA'C)DW&)(X�0d3C �3a7r)o } H # ��A'C,DW&G(^d't'�7dFd.J«.C'C3#�/3& 5bã 50C)D7z7db� *7r0A'd 5bp%A'#3dV?RA'C,DW&)(Y�7d3C �'a7r,o } H # �°A'C)DW&)(]d't'�7dFd.J«.C'C3#�/3& 5bã ã%d'r8À%#bp 50C,D7z7d8� *7r0Abd 5'p%A'#'dV?BA'C,DE&)(X�7d'C �3a7r,o } H # ��A'C,DW&)(]d'tb�7d�d.J
returntrue if the facecycle of G containinge hasthestatedproperty, i.e., if thefacecycle
formsa cyclically increasing,non-decreasing,decreasing,or non-increasing,respectively,
sequenceof edgesaccordingto thecompare-by-anglesordering.

We give the implementationof thefirst function. We collect theedgesof thefacecycle
in a list L, defineacompareobjectcmpthatcomparesedgesof G, andthencheckwhether
L is cyclically increasing.
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O
verifyingtheorderof adjacencylistsandtheconvexity of facesPR¼�Q(7d{n7o.#3rb(0dF*3A'#3r%&'&6�7d3C0T8�'a7r,o } 4«.C'C3#�/3&bTb5358ã.Tb50C,D0z7db�%T+*0r0Abd0T,5'p%A8#3d�?BAbC)DW&{(Y�7d'C0T8�3a7r)o } H # �°A'C)DW&)(^d't'�0dbH]d.J[ #%$3&)(%*bd't'�7d04�>@Kd't'�7dFdy6\]dVKt0C [ >`_mr)o3o.d,D%tV?Rdy'JLKdy6\ # _�j0r0Abd0T3A8p%Ab#3d0T7&{e.A3A�?Rd.bJLKf |'} $8#3d�?´dy���\�d�JLKA{n7oyT'dbt'�7d%&bTG«7p%T'r,D3�7#3d'*8�0d3C'T8�3a3r,o } 46A{n0os? # JLKa7db(be7a8D�/3&bTb57T0/{DyA8a7d'r%&3${D7�V?�>@�iA{n0oLJWKf

10.3.5 ConvexSubdivisions
A geometricgraphG is aconvex planarsubdivision, if G is aplanemapandif thepositions
assignedto thenodesof G defineastraightline embeddingof G in whichall boundedfaces
arestrictly convex andin which theunboundedfaceis weaklyconvex.

Thefunction«.C'C3#�/3& 50C,D7z0db� U,e'«%t.$)zy$'&3$8C,Ds?RA'C,DW&{( # Þ3â'+0<%*)+.-7/)132u�w${D7(%4,H # J
returnstrueif G is aconvex planarsubdivision,andthefunction«.C'C3#�/3& 23ay$8r)D7�be.#3r8(y$8C,Ds?RA'C)DW&{(Y�0d3C �3a7r)o } H # J
returnstrue if G is a convex planarsubdivision in which every boundedfaceis a simplex.
More precisely, if all nodesof G lie on a commonline, thenevery facecycle of a bounded
faceis simply a pair of anti-paralleledges,andif thenodesof G do not lie on a common
line, theneveryboundedfaceof G is a triangle.

Both functionsareimplementedin termsof thefunction«.C'C3#�/3& 50C,D7z0db� U,e'«%t.$)zy$'&3$8C,Ds?RA'C,DW&{( # Þ3â'+0<%*)+.-7/)132u�w${D7(%4,H # �«.C3C3#8H�$'& (3ay$8r)D7�be.#3r8(7d'tyJ
thatreturnstrueif G is a convex subdivision andsetsis triangulatedto trueif, in addition,
G is a triangulation.

Wediscussthetheorybehindthelatterfunctionandthengiveits implementation.If G is
aconvex subdivision,thenthefollowing conditionsarecertainlysatisfied:

� G is aconnectedplanemap.

� All nodesof G havecounter-clockwiseorderedadjacency lists.

� If all verticeslie onacommonline, i.e., theunderlyingpoint sethasaffinedimension
lessthan2, thenG is apathwhich reflectstheorderingof its verticeson theline.

� If theunderlyingpoint sethasaffinedimension2, theneachfaceis eitherabounded
counter-clockwiseorientedconvex polygonor aclockwiseorientedweaklyconvex
polygon.Thereis only onefaceof thelatterkind.
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Lemma 6 If G satisfiesthefour conditionsabove, thenG is a convex planar subdivision.

Proof Assumefirst thatall verticesof G lie ona line l andlet í 1, í 2, . . . , í n betheordering
of theverticeson l . Thenthepointsassignedto adjacentverticesmustbedistinct, í 1 andí n musthave degreeone,and í i musthave neighborsí i Ú 1 and í i ó 1 for 1 Ø i Ø n. The
numberof edgesof G is 2n � 2 wheren is thenumberof nodesof G.

Assumenext thatnot all verticesof G lie on a commonline. Let R betheregion that is
enclosedby theuniquefacecycle f whichis aweaklyconvex clockwisepolygon.Weclaim
thatall verticesthatarenotpartof f lie in theinteriorof R. Assumeotherwise.Thenthere
mustbeavertex í thatis notpartof f andadirectiond suchthat í is amaximalvertex of G
in directiond (notethatwe said“a maximalvertex” andnot “the maximalvertex”). Sinceí is maximaltheremustbea pair of edgesincidentto í which spananangleof at least )
andhenceí mustbepartof a weaklyconvex chain.Thus í belongsto f , acontradiction.

Every facecycle of G different from f definesa counter-clockwiseorientedconvex
polygonalregion in the plane. We needto show that theseregionsform a partition of R.
Considerapoint p moving in theplanesuchthatit avoidsverticesof G. Whenever p crosses
adirectededgee it will enteranotherregion (namely, theoneto theleft of reversalM eN ) ex-
cept when reversalM eN belongsto f . This shows that all points in the interior of R are
coveredby thesamenumberof regions. Also, sinceall verticeson theboundaryof R are
part of f , exactly oneboundedregion is incidentto eachedgeof f . Altogetherwe have
shown thattheregionsdefinedby thefacecyclesdifferentfrom f partition R. Thenumber
of edgesof G mustbeat least2n sinceeverynodemusthavedegreeat leasttwo.

We turn to the implementation.We first checkwhetherG is a connectedplanemapin
which all adjacency lists arecounter-clockwiseordered. Thenwe comparem andn. If
m £ 2n � 2 wemustbein thesituationthatall verticesof G arecollinearandif m á 2n � 2
wemustbein thesituationthattheunderlyingpointsethasaffinedimension2.
O
subdivisioncheck.cPi¼§Q&)(0rb(y$bAI«.C3C'#,*7r3#%&8d�?BA'C,DW&G(]&)(3a.${D7�3H�&0J[ A'dba3a�*3*�·8/3&8Tb50C,D7z0db�%T'U,e'«%t.$)z%$3&'$8C)D�ÃÄ·q*3*]&hKla7db(8e7abD]j0r3#7&8dVK f
«.C'C3#�/3&bTb50C)D7z7db�%TbU,e3«%t.$Gzy$'&3$)C,Ds?iA'C)DW&G( # Þ3â'+0<%*)+.-7/)132u�w${D7(%4)H # �«.C3C3#8H�$'&bT8(3ay$,r,D7�be.#'rb(7d'tyJ[ $3&bT8(3a.$8r,D7�be%#3rb(7d't6\F(3abe.d�K
$,j�?¦�i/3&8Tb50C,D3D%d0A8(7d'tV? # J6JXa0db(be7abD-*0r3#%&8dV?{· # $3&6D.Cb(�A'C,D'D.d0A8(7dbtW·bJLK
$,j�?¦�i/3&8Tb535bã.T'-8a0t0dba0d't0T,+0#3r,D7d0T)¬%r)o�? # JYJa7d8(be7abD-*7r'#%&8dV?G· # $3&6D.Cb(]r^5'5bã.¯'Cba3t0dba7d't�o.#3r,D%dInyr,o�·bJLK
${D7(qD�\ # _vD'ebn7«.dba7T'C'j7T)D%C't0d%&W?cJWK${D7(Yn¦\ # _vD'ebn7«.dba7T'C'j7T'dbt'�7d%&W?cJWK
A{n7oyT'dbt'�7d%&bTG«7p%T'r,D3�7#3d'* # Þ3â8+0<%*G+.-0/)1'2u�w$wD7(%464]Acn7os? # JWK
$,j�?Än�\3\^�%Â{D�¯^�.J [ O

ICS: collinear pointsP fO
ICS: affinedimensionis twoPf
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If m £ 2n � 2, thefact thatG is a connectedbidirectedgraphguaranteesthatG is a tree.
It thereforesufficesto checkthatthereis novertex of degreethreeandthatfor everyvertex
of degreetwo thetwo incidentedgespoint in oppositedirections.
O
ICS: collinearpointsPRQD.Cbt0dqz@K
$,jk?ÄD³*b\�FJXa7db(8e7abD^(3abe%dVK
j0C8a7r3#3#0TGD.C't0d%&L?�z@� # J[ $,j�? # _mC)e7(0t0db�u?�zEJ64F��JYa7d8(be7abD-*7r'#%&8dV?G· # $3&qrF(3a0d3dY«3e7(�D.Cb(]r�A } r%${D�·8JLK$,j�? # _mC,e0(0t0db�@?mzEJ�\3\¦'JXA'C,D0(y${D3e.d�K
d't'�7dFdy6\ # _�j.$)a.&)(%T'r't%$0T'd't'�0dV?mzEJW�µd'�^\ # _m#3r7&)(%T'r't%$0T'd't'�0d�?�zEJEKD.C't0d | \ # _�(7rba3�7d8(@?Rdy'JWKD.C't0dYe�\ # _�(7rba3�7d8(@?Rd3�.JWK$,j�? # ��z3��\3\ # � | �/.%. # ��z0�F\3\ # ��e%��Ja7d8(be7abD-*7r'#%&8dV?G·BD.C't0d%&�rb(�d'±8e.r'#Xo%C%&3$)(y$,C,DW&%·bJWK$,j�?�A{n7o�?RdyW� # _�a7dbz7d8ay&,r3#�?Rd3�7J3J���\]Z�Ja7db(be7a8D-*7r3#%&8d�?G·{t.$)a0d0A8(y$8C)DID%Cb(�C)o3o.C%&3$G(7dE·bJLKfa7d8(be7abD](3abe%dVK

It remainsto dealwith thesituationthattheaffinedimensionof theunderlyingpointsetis
2. Wetraceall facecyclesof G. Onefacecyclemustbeaweaklyconvex clockwiseoriented
polygonandall otherfacecyclesmustbestronglyconvex counter-clockwisepolygons.We
makethedistinctionby consideringthreeconsecutivenodesof afacecycleanddetermining
their orientation. If the orientationis positive, the facecycle must be a stronglyconvex
counter-clockwisepolygon,andif theorientationis non-positive,thefacecyclemustbethe
boundaryof theunboundedface.

If the numberof edgesof the facecycle is three,the orientationtest itself guarantees
strongconvexity andthereis noneedto tracethefacecycle to checkconvexity.
O
ICS: affinedimensionis twoPRQd'tb�7dFdVKd'tb�7d0T'rba'a7rbp%*)«%C3C3#046A'C,DE&3$,t0dba0d'tu? # ��j0r3#%&)d.JLK«.C'C3#Fr3#ba7d3rbt'p%T7&8d'd,DyT)e3D'«.C)e3D0t0d't3Tbj3r0Abd6\^j0r3#7&8dVKj0C8a7r3#3#0Tbd't'�7d%&L?RdV� # J[ $,j�?¦�mA'C)DW&3$,t0d8a7d't`��db�FJ[�x3x A } d3A,ÀF( } d�j0r0Abd�(0CF( } d^#'d'j'(]C'j]d+.-0/)132^rF\ # �i&,C,e7a%A'd�?Rd.J)�uK+.-0/)132X«�\ # ��(0rba3�7db(u?Rd.J)�uK+.-0/)132]A�\ # ��(0rba3�7db(u? # _�j0r3A'd3T3A,p7A'#bd0T7&ce.A'A�?�d.J3JG�VK${D0(�C8ay$8d,D7(F\]Cbay$,d,D7(7rb(.$8C,Ds?Rr���«s�BA0JLK${D0(�D�\^ZuKd'tb�7dFd'ZF\�dVKt0C [ A'C,DW&3$)t0dba7d'ts��d'�I\^(3a8e.dVKd^\ # _�j0r3A'd0T3A8p7A'#3d0T7&ceyA'A�?id%JLKD%ª3ªuKf |'} $8#'d�?°dÎ��\�dbZyJLK

$,jk?´Cbay$8d,D0(]4FZ�J
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[ $,jk?²D�4^¹�J[ $'&bT8(3ay$,r,D7�be.#'rb(7d't6\�j3r3#%&8dVK$)j½?��i/3&bT8535bã.Tb53C,D7z7db�7T+*0r0Abd3Tb58p%A'#'d�? # ��d.J6Ja7db(8e7abD-*7r3#7&8dV?G·¤D%C,Dy¯3A'C)D7z7db��«.C,e'D%t0d't�j0r3A'dE·bJLKffd3#7&8d[ $,jk?�r3#8a7d3r't'p7T7&8d3d,D.T)e3D3«7C,e'D%t3dbt7T,j0r0AbdqJa0db(be7abD-*0r3#%&8dV?{·c( | CXj3r0A'd%&I±8e%r3#%$,j'pFj3Cbaqe3D3«.C,e'D%t0d'tqj3r0A'dE·bJWKr3#ba7d'r't'p%T7&,d3d,DyT)e'D3«%C,ebD%t0d8t7T8j0r3Abd�\](3a8e.dVK$,jk?��i/'&bTb5bã.T)ã%d3r8À%#8p%Tb50CGD7z0db�7T'*7r'A'd0T85bp7A'#bdV? # �id%JIJa0db(be7abD-*0r3#%&8dV?{·¤e3D3«.C)e3D%t0d't6j0r3A'd�$3&ID%Cb( | d3r8À%#8p]A'C,D7z7d8�L·bJLKfffa7d8(be7abD](3abe%dVK

Exercisesfor 10.3
1 Improve the implementationof Is CWWOrderedandthe functionscheckingconvexity

of faces.In our implementationwe first constructa list of edgesandthencheckthis list
for cyclic monotonicity. Avoid theconstructionof thelist.

2 Improve the theoryunderlyingIs Convex Subdivision. Is it necessaryto checkwhether
theedgesin A 021!3 areCCW-orderedor doesthis propertyfollow from theconditionthat
all boundedfacesarecounter-clockwisestronglyconvex polygonalchains?

3 ExtendthefunctionIs Convex Subdivisionsuchthatit worksfor geographandnotonly
for GRAPH� POINT( int � .

10.4 DelaunayTriangulations and Diagrams

A point setmay in generalbe triangulatedin many differentways. Dependingon theap-
plicationonetriangulationis preferableoveranother. A triangulationthatis usefulin many
contexts is theso-calledDelaunaytriangulation. A triangulationof a point setS is called
Delaunayif the interior of the circumcircleof any triangle in the triangulationcontains
no point of S. Figure10.17shows a Delaunaytriangulation. The voronoi demoandthe
point setdemoin xlmanillustrateDelaunaydiagrams.

In this sectionwe will first show the existenceof Delaunaytriangulations. The exis-
tenceproof is constructiveandyieldsasimplealgorithmsfor theconstructionof Delaunay
triangulation,the so-callingflipping algorithm. We give an implementationof the algo-
rithm basedon the so-calledincircle test, a powerful geometricprimitive. The Delaunay
triangulationof a point set is in generalnot unique(if the point set containsco-circular
points); it has,however, a substructurewhich is unique,the so-calledDelaunaydiagram.
WecharacterizeDelaunaydiagramsandgivesomeapplicationsof Delaunaydiagramsand
triangulations.
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Figure10.17 A Delaunaytriangulation.Thefigurewasproducedwith thevoronoi demoin
xlman.

10.4.1 DelaunayTriangulations and theFlipping Algorithm
Our immediategoal is to prove that Delaunaytriangulationsexist. Considerthe simplest
situationfirst, four points p, q, r , and s forming the cornersof a convex quadrilateral.
Therearetwo triangulationscorrespondingto thechordspr andqs, respectively, seeFigure
10.18. We show that at leastoneof the two triangulationsis Delaunay. Assumethat the
triangulationcorrespondingto thechordpr isnotDelaunay, saybecauses is containedin the
circumcircleof triangle 4 (p ¡ q ¡ r ). Thenq is alsocontainedin thecircumcircleof triangle
4 (p ¡ r ¡ s). We canobtainthecircumcircleof triangle 4 (p ¡ q ¡ s) from thecircumcircleof
4 (p ¡ q ¡ r ) by reducingthe sizeof the circle while simultaneouslyinsistingthat it passes
through p andq. This shows that r is outsidethe circumcircleof triangle 4 (p ¡ q ¡ s) and
thattheradiusof thecircumcircleof 4 (p ¡ q ¡ s) is smallerthantheradiusof thecircumcircle
of 4 (p ¡ q ¡ r ). Thesymmetricargumentshows that p is outsidethecircumcircleof triangle
4 (q ¡ r ¡ s) andthat the radii of both circlesin the Delaunaytriangulationaresmallerthan
theradii of thecirclesin theothertriangulation.

Let usnext turn to point setsof largercardinality. We show thatany triangulationwhich
is not Delaunaycontainstwo adjacenttriangles,i.e., trianglessharinganedge,that form a
convex quadrilateralandsuchthatthecircumcirclesof bothtrianglescontainthethird vertex
of the other triangle. Clearly, a triangulationwhich is not Delaunaycontainsa triangle,
say 4 (p ¡ q ¡ r ) whosecircumcircleis non-empty. Assumew.l.o.g. that thereis a point s
containedin theregion R formedby thechordpq andthecirculararcconnectingp andq
andnot containingr , seeFigure10.19.Considertheothertriangleincidentto edgepq. If
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Figure10.18 Thetwo triangulationsof aconvex quadrilateral.
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s
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Figure10.19 A triangle 5ÜÊ p� q � r Ì with non-emptycircumcircle.Region R is shown shaded.

thethird vertex of this triangleis alsocontainedin R, wehave identifiedthedesiredpair of
triangles.If thethird vertex, sayt , is outsideR thens is alsocontainedin thecircumcircle
of triangle 4 (p ¡ q ¡ t) ands is closerto 4 (p ¡ q ¡ t) thanto 4 (p ¡ q ¡ r ). Here,thedistanceof a
point to atriangleis thedistanceto theclosestpointof thetriangle.Werepeattheargument
with triangle4 (p ¡ q ¡ t) andpoints. After afinite numberof stepswemustarriveat thefirst
case.

Wehavenow shown thatany triangulationthatis notDelaunaycontainsaconvex quadri-
lateralformedby two adjacenttrianglessuchthat the triangulationof this quadrilateralis
not Delaunay. Thedeletionof thecommonedgeof both trianglesandthe insertionof the
other diagonalof the quadrilateralis called a diagonal-flip or simply flip. A flip makes
thetriangulationlocally Delaunayandalsodecreasesthesumof theradii of thecircumcir-
clesof all triangles.We have thusarrivedat theso-calledflipping algorithmfor Delaunay
triangulations:
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T £ sometriangulation;
while (T is notDelaunay)6

find a pair of adjacenttrianglesthatform a convex quadrilateralandwhosetriangula-
tion is notDelaunay;

flip thediagonalof thequadrilateral;7

Thealgorithmterminatessinceeveryflip reducesthesumof theradii of all circumcircles
and henceno triangulationcan repeat. The maximal numberof flips performedby the
flipping algorithmis �IM n2 N . Weaskyou in theexercisesto constructaworstcasepointset.
Theupperboundfollows from thefactthatoncea segmentpq is flippedaway it will never
bereintroducedinto thetriangulation.Theflipping algorithmis dueto Lawson([Law72]).

For pointsin convex position4 thereis alsoa so-calledfurthestsiteDelaunaytriangula-
tion. In a furthestsiteDelaunaytriangulationof a setS thecircumcircleof any trianglehas
nopointof S in its exterior. Theflipping algorithmcanalsobeusedto constructfurthestsite
Delaunaytriangulation.Westartwith anarbitrarytriangulationof a setof pointsin convex
positionandflip aslong asthe triangulationis not furthestsite Delaunay. Of course,this
timeweflip thediagonalof a convex quadrilateralif thethird vertex of theothertriangleis
outsidethecircumcircle.

When it is necessaryto emphasizethe differencebetweenordinaryDelaunaytriangu-
lationsandfurthestsite Delaunaytriangulationswe call the former nearestsite Delaunay
triangulations.Somealgorithmswork for nearestandfurthestsiteDelaunaytriangulations.
In thesealgorithmsweusetheenumerationtyped,D'ebn�t0d3#3r,e'D.rbp z7Cba7C,D%C%$ ÀE$cD%t [ 1':3â3Þ':%Ub2u�8*,=.Þ32'<':%Ub2 f K
definedin LEDA/geo global enums.hto distinguishbetweenthe two kinds of triangula-
tions.

As in the precedingsectionwe usethe type GRAPH� POINT¡ int � to representtrian-
gulations. For every node í of G the associatedpoint is given by G[ í ]. For every edge
e of G, G[e] is an integer in the enumerationtype delaunayedgeinfo. In the Delau-
nay triangulationall hull dartsare labeledHULL DART, andevery otherdart is labeled
either DIAGRAM DART or NON DIAGRAM DART. A non-hull dart is labeledDIA-
GRAM DART if the circumcirclesof the trianglesincident to it are distinct and is la-
beledNON DIAGRAM DART otherwise. The reversalsof hull dartsare labeledDIA-
GRAM DART.

Thefunctionsz7C7$,tqä3:0>3â,=%13â3® 23Þy/)â31 # ? A'C,DE&)(^#%$3&)(7*,+.-7/)1'2%48HX>u� # Þ'â'+0<%*,+%-7/)132@�¤${D7(74,H # JLK
z7C7$,t9* ä3:0>3â,=%13â3® 23Þy/)â31 # ?BA'C,DE&)(�#%$'&)(%*,+.-0/)132%48HY>@� # Þ3â'+3<%*,+.-7/G132@�w${D0(%48H # JLK

computethenearestsiteandthefurthestsiteDelaunaytriangulationof a list L of points.

4 A setSof pointsis in convex positionif every point in S is a vertex of theconvex hull of S.
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10.4.2 The Flipping Algorithm
We turn theflipping algorithminto a program5. The flipping algorithmworks for nearest
andfurthestsiteDelaunaytriangulations.

Weassumethatwestartwith atriangulationG in whichall hull dartsarelabeledwith the
labelHULL DART andin which all otherdartshave a labeldifferentfrom HULL DART.
The algorithm terminateswith a Delaunaytriangulationand returnsthe numberof flips
performed.For furthestsite triangulationswe assumefurther that theverticesof G arein
convex position.

The algorithm maintainsa set S of dartswhich may potentially violate the Delaunay
property. Initially, S consistsof onedart in eachuedgeof G. The algorithmterminates
whenS is empty. As longasS is non-empty, anarbitrarydarte of S is chosen.If it violates
theDelaunayproperty, a flip is performed.

We definethe integer f to be   1 if we areaiming for a nearestsite diagramandto be� 1 if we areaimingfor a furthestsitediagram.It will beusedin thetestfor theDelaunay
property.
O
flip delaunay.cP�Q${D0(^ä3:3>3â,=.13â'®%T+*3>y/{+3+E/)1 # ? # Þbâ'+0<0*,+%-7/G1'2@�B${D7(74,H # �´t0d'#3r,e3D.r8p%T8z7Cba0C,D.C7$8T,Ày${D0t6Ày${D%tyJ[ $,j�? # _vD3e8n7«.dba%TbC'j7T)D.Cbt0d7&h?¤J�*8\]¹%JYa7d8(be7abD]ZuK

${D7(^j]\k?²ÀE${D%tF\3\F1':0â3Þb:%Ub2;:�ªE~Ãl¯.'JWK
#%$3&)(%*bd't'�7d04IUVKd't'�7dFdVKj0Cba7r3#'#0T'd't'�0d%&h?RdV� # J�$,jk?�${D7t0db�@?Rd%JI*�${D7t0db�@? # _�a7dbz7d8ay&8r'#�?id.J3J6JXU�_mr,o'o.d,D%tu?id.JLK
${D7(^j0#%${o.T3A'C,e3D0(q\�ZVK
|'} $8#3d�?���U�_�dGn7o7(3pu?cJqJ[ d'tb�7dFd^\]U�_vo.C)os?cJLKd'tb�7dqa�\ # _�a7d8z7dbay&8r'#V?Rd.JLKO

check e for theDelaunaypropertyandflip if necessaryPf
a7db(be7a8D]j0#%${oyT'A'C,e3D7(uKf

Let e be a dart of the currenttriangulation. If e is a hull dart or the reversalof a hull
dart,thenno actionis requiredashull dartsbelongto everyDelaunaytriangulation.If e is
not a hull dart,defineedgesr , e1, ande3, andpointsa, b, c, andd asin Figure10.20;r is
the reversalof e, e1 is the facecycle successorof r , e3 is the facecycle successorof e, a
andb aresourceandtargetof e1, andc andd aresourceandtargetof e3. ThequadrilateralM a ¡ b ¡ c ¡ d N is convex if andonly if theinterioranglesat verticesa andc arelessthan180< ,
i.e., if M d ¡ a ¡ bN and M b ¡ c ¡ d N areleft turns.

5 Theprogramdelaunayflip animin LEDAROOT/book/Geoanimatesthealgorithm.
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Figure10.20 Theedgese, r , e1, e2, e3, ande4, andthepointsa, b, c, andd.

O
check e for theDelaunaypropertyandflip if necessaryPRQ$,jk? # ��d'�F\3\�<,=.>3>%T)ä0â3Þ32=.>. # �va0�F\3\^<)=.>3>%T,ä3â3Þ32EJ�A'C,D7(y$cD3e.dVK
# ��d'�F\^äE/)â # Þ3â'¬.T)ä0â3Þ32@K# �va0�F\^äE/)â # Þ3â'¬.T)ä0â3Þ32@Kx3x dyW�id3�V�Rd3¹��Rdb¶`Ã�d't'�7d%&YCbj]±8e%r't'ay$8#'rb(7dba7r'# | $G( } t.$8rb�7C)D.r3#qdd'tb�7dFdyY\ # _�j3r0A'd0T3A,p%A'#3d0T0&{eyA3Ah?�ayJLKd'tb�7dFd3¹^\ # _�j3r0A'd0T3A,p%A'#3d0T0&{eyA3Ah?Rd%JLKx3x j0#%$co�(0d%&)(+.-0/)132]r^\ # �i&,C,e7a%A'd�?Rdy'J)�VK+.-0/)132q«�\ # ��(0rba3�7db(u?Rdy'J)�VK+.-0/)132�AF\ # �i&,C,e7a%A'd�?Rd3¹.J)�VK+.-0/)132^t]\ # ��(0rba3�7db(u?Rd3¹.J)�VK$,jk?´#3d'j'(%T,(be7abDs?�tu�RrV��«WJ´H'H�#3dbj'(%T8(be0abDs?�«s�RA��ityJ6J[�x3x ( } dF±8e.r't'a.$8#3rb(7d8a7r3#q$3&FAbC,D7z7db�O

check circle propertyandflip if necessaryPf
Assumenow thatthequadrilateralM a ¡ b ¡ c ¡ d N is convex. Thetriangulationis locally Delau-
nayif d doesnot lie insidethecircledefinedby M a ¡ b ¡ cN , andcanbeimprovedby aflip if d
lies insidethecircle. For thefurthestsitetriangulationthesituationis reversed.Thetest&3$)t0d C'j A7$Ga%A'#3dV?irV��«s�BA��ityJ
returns

  1 if d is left of theorientedcircle througha, b, andc,
0 if ë � a ¡ b ¡ c ¢,ë Ò 2 or d lies on theorientedcircle througha, b, andc,� 1 if d is right of theorientedcircle througha, b, andc.

Let soc £ f × sideof circleM a ¡ b ¡ c ¡ d N . If socis zero,thefour pointsareco-circular, and
noflip is required.However, e andr have to berelabeledwith NON DIAGRAM DART. If
socis positive,d lies insidethecircumcircleof thetriangle M a ¡ b ¡ cN (outsidefor furthestsite
triangulations)andaflip is required.Let e2 ande4 betheothertwo edgesof thequadrilateralM a ¡ b ¡ c ¡ d N . Wemovee andr to theotherdiagonalof thequadrilateral.More precisely, we
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inserte after e2 into A M sourceM e2 NiN 6 andmake sourceM e4N the target of e, andwe insertr
aftere4 into A M sourceM e4 N�N andmake sourceM e2N thetargetof r . We alsoaddall four sides
of thequadrilateralto S to make surethat their Delaunaypropertyis rechecked. Observe
thatflipping e mayaffect the“Delaunay-ness”of thesidesof thequadrilateral.
O
check circle propertyandflip if necessaryP�Q${D0(¦&8C3A�\^j�Â�&3$,t3d0T'C'j7T'A7$)a%A'#'dV?irV��«��BAh�ityJWK
$,jk?w&8C3A�\'\]ZyJ x3x A'C0¯'A7$)a%A)e%#3rbaq±,e.r't'ay$,#3rb(7dba0r3#V?RrV��«��BA��mtyJ[ # ��d'�F\F1%-81%T,äy/)â # Þ3âb¬.T,ä0â3Þb2@K# ��a0�F\F1%-81%T,äy/)â # Þ3âb¬.T,ä0â3Þb2@Kf
$,jk?w&8C3A^4�ZyJ x3x j0#%${o[ d't'�7dFd3��\ # _�j0r0Abd0T3A8p%Ab#3d0T7&{e.A3A�?Rd.bJLKd't'�7dFdb¶^\ # _�j0r0Abd0T3A8p%Ab#3d0T7&{e.A3A�?Rd>?%JLK
U�_vo3eW& } ?Rdy'JWKU�_vo3eW& } ?Rd3�.JWKU�_vo3eW& } ?Rd%?.JWKU�_vo3eW& } ?Rdb¶EJWKx3x j0#%${o�t.$8r8�7C,D.r3## _ nECbz0d0T'd't'�0dV?RdV�Rdb�V�w&)C,e0a%A8dV?Rd,¶EJ'JLK# _ nECbz0d0T'd't'�0dV?�a@�Rd,¶@�w&)C,e0a%A8dV?Rdb�.J'JLKj0#%${oyT'A'C,e3D7(3ª3ªuKf

In orderto constructtheDelaunaytriangulationfor asetof pointswefirst triangulatethe
setof pointsandthencall theflipping algorithmto turn the triangulationinto a Delaunay
triangulation.

In thecaseof thefurthestsiteDelaunaytriangulationwe first extract theverticesof the
convex hull, thenconstructa triangulationof them,andfinally usetheflipping algorithmto
obtaina furthestsiteDelaunaytriangulation.
@
flip delaunay.cA"BDCEGF!H-I%J%K%L'MON%L ®QP+* KSRGTVUXW>YZF\[ZH^]QE%[ZHQ_'TO`aRZN%bQc+d^Kfeg#ih%L>T!jQ_kTO`aRkN%blemEGFaHQckdn#Sop b%hSRkL%N%#kMOK%L%biJ P TO`aRGN%baqrU"Kles#QoutE'vwUs#yxzF%{+|a}O~i� P Y>v P ~>�i�a~a[�U�o��>�-�Oo^�a~+Hi{a�iF;�lt�a~iHi{a�+F�I%J!K%L'MQN%L ®QP+* KSRZT%T�RGN!#lU�#le�N>J%L>h>J!qib�o\t�
EGF!H *QP I%J!K%L'MQN%L ®QP+* KSRZTVUsW>YkF\[GH�]aE%[kHQ_'TQ`aRkN%bQc'd^Kfe�#>h%LiT!jQ_'TO`!RkN%bfemE�FaHQc'd^#Sop
]QE%[kHQ_kTO`aRkN%bac�j;�;�a`'N>�%J!� P j'MOK%KfU�K�outb%hSRkL%N%#kMOK%L%biJ P TO`aRGN%baqrU"jles#QoutE'vwUs#yxzF%{+|a}O~i� P Y>v P ~>�i�a~a[�U�o��>�-�Oo^�a~+Hi{a�iF;�lt�a~iHi{a�+F�I%J!K%L'MQN%L ®QP+* KSRZT%T�RGN!#lU�#le * MQh>b%j+JQqibSo\t�

6 Recallthatfor anode� , A���m� is thecounter-clockwiseorderedcyclic list of dartsout of � .
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10.4.3 Verifying DelaunayTriangulations
Thefunction}OY>Y%]�R%[ IQ~%]%�k{%FO�i� b%�SE+�kFa�i{O]%�+HSE+Y'FyU�W>YkF\[ZH^�ih%L>T!jQ_kTO`aRkN%blemEGFaH!c+dn�le�!~%]%�k{%FO�i� �aYi�aYkFOYQE ��EGFQ����EGFa�Sout
checkswhetherG is a Delaunaytriangulationof thepointsassociatedwith its nodes.The
flagkind allowsusto choosebetweennearestandfurthestsitediagrams.

Let S bethesetof pointsassociatedwith thenodesof G. G is a Delaunaytriangulation
of S, if G is a triangulationandevery triangleof G hastheDelaunayproperty.

Thus the implementationis simple. First we checkwhetherG is a triangulation. If
theaffine dimensionof S is lessthan2 this suffices;theaffine dimensionis lessthan2 if
m � 2n � 2. Otherwise,we walk over all edges.If an edgeseparatestwo trianglesthat
form aconvex quadrilateralwechecktheDelaunayproperty.
@
delaunaycheck.cA"B�C[kH!�iHSEiWn}OY%Y>],�a�%]Q[+~ UXW>Y'F\[ZH;[kH%�OEGFa�%d¡[!op W>~i�%��_%_£¢+R%[ P IQ~%]%�k{%FO�i� P b%�SE+�ZFa�+{O]>�+HSEkY'F¥¤¦¢,_>_¡[�t§�a~+Hi{a�iF;v!�>]Q[+~¨t �
}OY>Y%]�R%[ P IQ~>]%�'{%FO�+� P b%�SE'�'F!�i{a]%�iHQE+YkFyU�WiY'FS[kHn�>h%L>T!ja_'TO`aRkN>bfemEGFaHac'd^�le�!~%]%�k{%FO�i� P �aYi�aY'FQYaE P �OEGFa�©��E�FQ�Sop E'vwU«ªsR%[ P b%�SE+�kFa�i{O]%�+HSE'Y'FfUs�So�on�a~iHi{a�+F-�a�%]Q[+~ UZ¢G�;E%[�FOY9H%�SE+�kFa�i{O]%�+HSE+Y'Fr¢+out
E'vwUs�yxzF%{+|a}O~i� P Y>v P ~>�i�a~a[�U�o��>�;¬a'�yxzF%{+|a}O~i� P Y>v P FOYi�%~Q[�U�o ¯ ¬Oon�a~iH+{a�iF-H%�i{Q~¨t
@
check DelaunaypropertyA�a~iHi{a�+F-H%�i{O~¨t�

where
@
check DelaunaypropertyA�C~>�i�a~�~¨t~>�i�a~ P �i�>�a�i�Q_k}QY%Y%]!c�W>Y'F�[%E'�!~i�!~>�lUs�le"v!�%]Q[k~Ooutv!Y+�a�%]%] P ~>�>�a~Q[uU�~¨es�Sop E'vwUOª�W>Y'F�[%E'�!~i�!~>�¯®�~>°Oop�±%± Wk²O~%W'��Hi²O~9v!�!Wi~Q[�EGFSWaE'�%~'FaH�HaY-~-�'FQ�9�a~i�a~+�S[+�%]¨Us~OoW>YkF\[%E'�!~+�a~>�¯®�~i°^��W>Y'F\[>E'�!~i�a~i�¯®³�yx³�!~i�a~+�O['�%]rU�~OoZ°��-H%�i{O~¨t

TO`!RkN%b-�����¯®s['Y'{a�QW>~ U�~Ook°ltTO`!RkN%b,}¡���¯®´H!�i�%�a~iHlUs�yx"W+�aW>]aEiW P �>�>µ Pk¶ �!~i�lU"~Oo%oZ°¨tTO`!RkN%b;W9���¯®´H!�i�%�a~iHlU�~Ook°ltTO`!RkN%b��-���¯®´H!�i�%�a~iHlUs�yx�v!�%W>~ P W'�aW>]i~ P [�{OW>W U"~Oo%oZ°¨t
E'v·U�]%~iv>H P Hi{!�iFyU��¨e³}ye�WQo�d%d�]%~>viH P Hi{a�+FyU�}yeXWres�So�d%d]%~>viH P Hi{a�+FyUXW es�¨e��Oo�d%d�]%~>v>H P Hi{a�iFyU"�le��¨e�}\onop;±%± Hi²O~9v!�!W>~a[^H!Y9H+²O~;]>~>v>H;�'FQ�9�SEk�+²aH-Y>v;~;�i�!~�}OYk{%FQ�!~>�
EGFaH£[,�«[%E'�%~ P Y>v P WaEk�QW>]>~¨Us�¨e³}VeXW�es�So\t
± ,¸�¹�v!Yi�ºEGF\[%E'�%~¨e ¯ ¹nv!Yi��Y'{aHS[>E'�!~- ±E'v·U;U��SEGFQ�9�%��N>J!L%hiJQqib9d%dº[�c9�So¼»%»�U���EGFa�-�>�-�'MQh%b%j>JQq+b�d%dº[�_9�So-o�!~iHi{a�iF-�!�%]Q[+~¨UG¢��SE+Y%]>�iHa~>�½IQ~%]%�k{%FO�i� ¶ �aY ¶ ~i�>H%�u¢iout���
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K n Flipping Guibas–Stolfi Dwyer Check

S 20000 26.4 17.36 8.57 25.63

S 40000 56.89 37.45 17.44 51.66

S 80000 122.1 79.61 36.35 102.7

D 20000 26.13 17.22 8.71 25.53

D 40000 56.28 37.1 17.62 51.09

D 80000 120.8 78.49 36.92 102.7

C 20000 14.66 10.6 11.09 27.72

C 40000 29.74 21.73 22.89 55.87

C 80000 60.74 44.55 45.29 111

Table10.4 Therunningtimesof Delaunaytriangulationalgorithms.Thefirst columndesignates
thekind of input (S for randompointsin asquare,D for randompointsin adisk,C for random
pointsnearacircle),andtheothercolumnsshow thenumberof points,therunningtime of the
flipping algorithm,therunningtimeof thealgorithmof GuibasandStolfi, therunningtime of
thealgorithmof Dwyer, andthetime to verify thecorrectnessof theresult,respectively.

10.4.4 Other Algorithms for DelaunayTriangulations
The flipping approachyields a simple but not the most efficient Delaunaytriangulation
algorithm. Thereare O ¾ n logn¿ algorithmsbasedon sweeping[For87], on divide-and-
conquer[GS85,Dwy87], andon randomizedincrementalconstruction[BT93]. The pa-
per[SD97] comparesmany Delaunayalgorithms.

In LEDA thedivide-and-conqueralgorithmsof GuibasandStolfi andof Dwyerareavail-
able.Table10.4shows anexperimentalcomparisonof theflipping algorithmwith thetwo
divide-and-conqueralgorithms.Thealgorithmof Dwyer is consistentlythebestandthere-
foreweuseit asourdefault implementation.For thefurthestsitediagramweonly have the
flipping algorithm.
@
delaunay.cA�C�aYaE'��I%J!K%L'MQN%L ®QP b>hSRkL%N!�¨UXWiY'FS[kH^]QE%[kHa_'TO`aRkN>bQc+d,Kleg�>h>L>T!jQ_'TQ`aRkN%bfe�EGFaHac'd^�Oop I%J!K%L'MQN%L ®QP I>À ® J!hfU�Kfes�Qout �
�aYaE'�9� P I%J!K>L'MON%L ®aP b%hSRkL>N!�¨UXW+Y'F\[GH,]aE%[kHQ_'TQ`aRkN%bQc'd,Kfe��>h%L>T%jQ_'TO`aRZN%bfemEGF!HQc'dn�Sop � P I%J!K>L'MON%L ®aP �%KSRZTlU"Kfe��So\t �

10.4.5 DelaunayDiagrams
TheDelaunaytriangulationof asetS is in generalnotunique,e.g.,if Sconsistsof thecor-
nersof a square,or moregenerallyof four co-circularpoints,thenbothtriangulationsof S
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s t s1 t1

Figure10.21 st is essentialbut s1t1 is not.

t

bÁ

b

D

e
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aÁ
s

Figure10.22 An essentialsegmentst with its disk D andanedgee Â-Ã aÄ bÅ of aDelaunay
triangulationintersectingst .

areDelaunay. Wenow characterizethesegmentsthatbelongto all Delaunaytriangulations.
Let s andt betwo distinctpointsin S. A segmentst is calledessentialif thereis a closed
disk D with S Æ D �ÈÇ s É t Ê . In otherwords,thereis a circle passingthroughs andt such
thats andt aretheonly pointsof Scontainedin theclosureof thecircle,seeFigure10.21.
Wehave

Lemma 7 Let S bea finite setof pointsin theplaneandlet s andt bedistinctpointsin S.
Thesegmentst is essentialif andonly if it belongsto everyDelaunaytriangulationof S.
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t

s

D

Db

a

Da

b

Figure10.23 ThediscsDa, Db, andD.

Proof Wefirst show thatessentialsegmentsbelongto all Delaunaytriangulations.Assume
otherwise,sayst is essentialbut doesnot belongto someDelaunaytriangulationT . Then
st cannotbe an edgeof the convex hull of S becauseany suchedgebelongsto every tri-
angulation.The opensegmentst is thereforecontainedin the interior of conv S. Imagine
travelling alongthesegmentst from s to t . In thevicinity of s thesegmentst runsinside
sometriangleof T andin thevicinity of t it runsinsidesomeothertriangleof T . We con-
cludethatthesegmentst mustintersectanedgee �Ë¾ a É b¿ of T . Sincest is essentialthere
is a closeddisk D with S Æ D �ÈÇ s É t Ê . Let aÌ andbÌ bethe intersectionsof theboundary
of D with edgee, seeFigure10.22. The four pointsaÌ , s, bÌ , andt form thecornersof a
convex quadrilateralandareco-circular. This implies thatany closeddisk containingthe
segmentaÌ bÌ mustalsocontaineithers or t . Considernext any of thetrianglesof T incident
to e. Thecircumcircleof this trianglecontainsthesegmentaÌ bÌ in its interiorandhencealso
containseithers or t in its interior. Thetriangleis thereforenot Delaunay, a contradiction.
Thisprovesthatessentialedgesarepartof everyDelaunaytriangulation.

To show theconverseconsideranon-essentialsegmentst. Wewill constructa Delaunay
triangulationthatdoesnot containst. Let T beany Delaunaytriangulationof S. If st is not
anedgeof T we aredone.Otherwise,considerthetwo trianglesÍ and Í Ì incidentto st in
T ; it is easyto seethatst is not a hull edgeandhencethetwo trianglesexist. Let a andb
be the third verticesof Í and Í Ì , respectively. If the four pointss, a, t , b areco-circular
thenwe may replacest by ab andstayDelaunay. So,assumethat the four pointsarenot
co-circular. Thenb is outsidethecloseddisk Da having s, a, andt on its boundaryanda
is outsidethecloseddisk Db having s, b, andt on its boundary, seeFigure10.23.Consider
thecloseddisk D having s andt onits boundaryandhaving its centerat themidpointof the
centersof Da andDb; all of D (exceptfor s andt) is containedin theinterior of Da Î Db.
Thus,D Æ S ÏÐÇ s É t Ê andst is essential,a contradiction.
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We cannow definetheDelaunaydiagramof a setSof points.It consistsof all essential
segmentsdefinedby the points in S and is denotedDD ¾ S¿ . The Delaunaydiagramis a
subgraphof every Delaunaytriangulation.TheDelaunaydiagramis a planargraphwhose
boundedfacesareconvex polygonsall of whoseverticesareco-circular. If no four points
of S are co-circularthen all boundedfacesare trianglesand the Delaunaydiagramis a
triangulation.

It is trivial to constructthe Delaunaydiagramfrom a Delaunaytriangulation. We only
have to deleteall edgesthatarelabeledNON DIAGRAM DART.
@
delaunay.cA�B�C�aYaE'��I%J!K%L'MQN%L ®QP ISRkL!�>h%LiÑVU�W>YZF\[kH^]QE%[ZHQ_'TO`aRZN%bQc+dnKfe��>h%L>T!ja_'TO`aRkN>bfemEGFaHac+d½I%I\op

I%J!K%L'MQN%L ®QP b>hSRkL%N!� U"Kfe³I%I�out
]QE%[kHQ_i~>�>�a~!cn~%]¨t~>�>�a~�~¨tv!Yi�a�%]>] P ~>�>�!~Q[�U�~¨e³I%I\o½E'vwU�I>I¥®�~>°9�%��NQ`+N P I�RkL!�ih%L>Ñ P I%L%h%bSoÒ~%]fx�� ¶%¶ ~kFQ�lU�~Oo\t
v!Yi�a�%]>]¨U�~¨e�~>]OogI>IÓx��!~%] P ~>�>�a~ U�~Oout�

For furthestsitediagramstheconstructionis completelyanalogousandthereforenotshown.

10.4.6 Verifying DelaunayDiagrams
Weshow how to verify Delaunaydiagrams.Thefunction
}OY>Y%]�R%[ IQ~%]%�k{%FO�i� I�E+�i�>�a�Z|ÓUXWiY'F\[kH^�>h%L>T%jQ_'TO`aRZN%bfemEGF!HQc+dn�le�!~>]%�'{%FO�+� �aY+�aY'FOYQE ��EGFQ����E�FQ�Sout

checkswhetherG is a Delaunaydiagramof thepointsassociatedwith its nodes.Theflag
kind allows us to choosebetweennearestandfurthestsite diagrams.Let S be the setof
pointsassociatedwith thenodesof G.

It is clearly necessarythat G is a convex subdivision in which the verticesof every
boundedface(= a facewhosefacecycle is a convex counter-clockwisepolygon)areco-
circular. Assumethis is thecase.ThenG is aDelaunaydiagramif anarbitrarytriangulation
of G is aDelaunaytriangulation.It thereforesufficesto checktheDelaunaypropertyof all
edgesof G asin Ô check DelaunaypropertyÕ .
@
delaunaycheck.cA"B�C[kH!�iHSEiWn}OY%Y>],�a�%]Q[+~ P RZI%IVU�W>Y'F\[kH�[kH%�OEGFa�%d¡[!op W>~i�%��_%_£¢+R%[ P IQ~%]%�k{%FO�i� P I�E+�i�i�a�G|Ö¤¦¢^_%_�[�t��!~iHi{a�iF;v%�%]Q[+~¨t �
}OY>Y%]�R%[ P IQ~>]%�'{%FO�+� P I�E+�+�%�!�Z|yUXW>YZF\[ZH^�>h%L>T%jQ_'TO`aRZN%bfemEGF!Hac+dn�le�!~>]%�'{%FO�+� P �aYi�!Y'FOYQE P ��E�Fa�½�SEGFQ�Sop
E'vwU«ªsR%[ P �!Y'Fa�!~i× P q'{>}Q�QEk�QE%[%EkY'FVUs�Oono�a~+Hi{a�iF-�a�>]Q[+~ P RGI%IVUZ¢G�9E%[�FOY;W>Y'Fa�a~+×¡[G{%}Q�OEZ�SE%[%E+YkFr¢iout
~>�>�a~�~¨t~>�>�a~ P �i�%�a�i�a_k}OY%Y%]>c^WiY'F\[%E'�%~i�a~>�lU"�lesv!�i]Q[+~Qo\tv!Yi�a�%]>] P ~>�>�!~Q[�U�~¨e��So
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p E'v·UOª�WiY'F\[%E'�%~i�a~>�¯®³~>°Oop;±%± Wk²O~!W'��H+²O~-v%�!W>~,HaY9Hi²O~-]%~>v>H;Y>v-~
TO`aRkN>b-�;�-�¯®s[+Y'{!�QW>~¨U�~Qok°ltTO`aRkN>b;W-�-�¯®´Ha�i�>�a~iHfU�~Qok°ltTO`aRkN>b����-�¯®´Ha�i�>�a~iHfUs�Vx�v!�!W>~ P W+�!W>]%~ P [�{SWiW U�~Qo>oZ°lt
E'v·UÒ]%~iv>H P Hi{!�iFyU��¨e�W es�So�op�±>± v!�%W>~�E%[n}QY'{%FQ�!~i��QRkh!�>K>J-�¨U��¨eXW e"�Sout~i�>�a~�~>�-��~¨t�%Y p W>Y'F\[>E'�!~i�a~i�¯®�~>°n�-H>�i{O~¨tE'v·Uºª³�Vx"W>Y'FaH!�QEGF\[�U"�¯®s[+YZ{a�QWi~ Us~OoG°So�o�a~iHi{!�iF-�a�%]Q['~ P RZI%IfUZ¢Gv!�!Wi~½Ø�EZHi²9FOY'F ¯ W>Y ¯ WaEZ�QWk{O]%�+�^�a~+�%HSEiW>~a[Q¢iout~-�-�yx�v%�!W>~ P W'�QW>]%~ P [G{SW%W�U�~Oo\t� Ø>²\E']%~ÙUÒ~Úª³�;~>�«o\t�
~%]Q[+~p�±>± v!�%W>~�E%[n{>F%}OY'{%Fa�!~>�~i�>�a~�~>�-��~¨t�%Y p W>Y'F\[>E'�!~i�a~i�¯®�~>°n�-H>�i{O~¨t~-�-�yx�v%�!W>~ P W'�QW>]%~ P [G{SW%W�U�~Oo\t� Ø>²\E']%~ÙUÒ~Úª³�;~>�«o\t���p @

check DelaunaypropertyA ��a~iHi{a�+F-H%�i{O~¨t�

10.4.7 Applications
Delaunaytriangulationshaveseveralusefulproperties.Wementionthree:

Û For a triangulationT let ÜÝ¾ T ¿ bethesmallestinteriorangleof any trianglein T .
DelaunaytriangulationsmaximizeÜÝ¾ T ¿ .

Û Delaunaytriangulationstendto produce“rounder” trianglesthanothertriangulations,
seeFigure10.24,apropertydesirablefor numericalapplicationsof triangulations.For
example,theinterpolationschemepresentedat thebeginningof Section10.2is
numericallymorestableif thetriangulationcontainsno “skinny” triangles.

Û TheEuclidianminimumspanningtreeof asetS is a treeof minimumcostconnecting
all pointsin S, wherethecostof anedgeis its Euclidianlength.TheEuclidian
minimumspanningtreeis a subgraphof theDelaunaydiagram.

Thefunction�aYaE'��Ñ�RkN q+T%L%N%NSRkN%� b%h>J>JVUXW>Y'F�[kH9]QE>[kHQ_'TO`!RkN%bQc+d^KfeÞ�>h%L>T%jQ_'TO`aRZN%bfemEGF!HQc+d�b�o
computestheEuclidianminimumspanningtreefor thepointsin L. It first constructsthe
DelaunaydiagramT for L, then runs the minimum spanningtree algorithm on T , and
finally deletesall edgesfrom T thatdonotbelongto theminimumspanningtree.



50 GeometryAlgorithms

Figure10.24 A Delaunaytriangulationanda triangulationproducedby sweeping.The
Delaunaytriangulationis shown on theleft. Thetrianglesin theDelaunaytriangulationare
“rounder” thanin thetriangulationby sweeping.Thefigurewasgeneratedwith the
triangulationdemo(seeLEDAROOT/demo/book/Geo).

Figure10.25 A point setandits Euclidianminimumspanningtree.Thefigurewasgenerated
with thevoronoi demoin xlman.

Exercisesfor 10.4
1 Show that theflipping algorithmconstructsa furthestsite Delaunaytriangulationfor a

setof pointsin convex position.
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2 Extendthefunctionsfor checkingDelaunaytriangulationsandDelaunaydiagramssuch
thatthey alsochecktheedgelabels.

3 Write aprogramthattakesaDelaunaytriangulationanddrawsit into agraphicswindow.
For eachtrianglethecircumcircleshouldalsobedisplayed.

4 Considerthepoints ß i à i 2á , 0 â i ã n. Show thattheDelaunaytriangulationof thispoint
sethasafan-likeshape.Show thattheflipping algorithmmayperform ä¦ß n2 á flips when
startingwith the“oppositefan”.

5 (Euclidianminimumspanningtree(EMST)) For a setS of pointsin theplanea treeT
of minimumcostconnectingall pointsin S is calledaEuclidianminimumspanningtree
of S. Thecostof anedgeis definedasits Euclidianlength.
a) Show thatevery edgeof anEMST is essential.(Hint: For anedgee with endpoints
a andb considerthecircle centeredat themidpoint of e andpassingthrougha andb.
Assumethatit containsapointc å S æyç a à bè . Show thatabettertreecanbeobtainedby
removing e andaddingeither ß a à cá or ß c à bá .)
b) Concludefrom parta) thatanEMST is a subgraphof theDelaunaydiagram.Write
a programto computean EMST. Make useof programsfor Delaunaydiagramsand
minimumspanningtrees.Try to work with thesquaredlengthof edgesinsteadof their
length.

6 For a triangulationT let é¥ß T á bethesortedtupleof all interior anglesof all trianglesin
T . ConsiderFigure10.18andlet T1 andT2 bethetwo triangulationsshownwith T2 being
Delaunay. Show that éÓß T1

á â«é¥ß T2
á wheretheorderingon tuplesis the lexicographic

one. Considernext any triangulationT of a set S that is not Delaunayand let T Ì be
obtainedfrom T by a diagonalflip. Show that éÓß T á â;éÓß T Ì á . ConcludethatDelaunay
triangulationsmaximizethesmallestinteriorangle.

7 Improve the implementationof the flipping algorithmby ensuringthat, for any pair of
dartsin a uedge,at mostoneis in S. Observe thatwe ensurethis propertyonly at the
time of initialization. Doestherunningtime improve?

10.5 Voronoi Diagrams

We discussVoronoidiagrams.We definethemanddiscusstheir representationby graphs.
Werelatethemto Delaunaytriangulationsandshow how to obtainVoronoidiagramsfrom
Delaunaytriangulations.Finally, we discussapplicationsandthe verificationof Voronoi
diagrams.

10.5.1 Definition andRepresentation
A structurecloselyrelatedto theDelaunaydiagramis theso-calledVoronoi diagram. Let
S bea setof pointsin theplane.We will refer to theelementsof S assites. For any point
p of theplanelet close¾ p¿ bethesetof sitesthatrealizetheclosestdistancebetweenp and
thesitesin S, i.e.,s ê close¾ p¿ if dist¾ s É p¿ìë dist¾ t É p¿ for all t ê S. In otherwords,there
is a circle with centerp passingthroughall pointsin close¾ p¿ andhaving no pointsof S
in its interior, seeFigure10.26.For mostpoints p of theplaneclose¾ p¿ consistsof only a
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p1 p2 p3

Figure10.26 Sitesareshown asdots.Thepoint pi hasi sitesin closeÃ pi Å .

Figure10.27 A Voronoidiagram.Thefigurewasgeneratedwith thevoronoi demoin xlman.

singlesite. For somepoints p, close¾ p¿ containstwo or moresites.Thesepointsform the
so-calledVoronoidiagramVD ¾ S¿ of S.

VD ¾ S¿Ó�/Ç p ê IR2 íOî close¾ p¿ î\ï 2ÊZð
Figure10.27shows a Voronoidiagram.The Voronoi diagramis a graph-like structure.

Its verticesareall points p with î close¾ p¿ îÖï 3, its edgesaremaximalconnectedsetsof
points p with î close¾ p¿ î � 2, andits facesaremaximalconnectedsetsof points p withî close¾ p¿ î � 1.

We derivesomemorepropertiesof edgesandfaces.Considerany edgee of theVoronoi
diagram,andlet s and t be the two sitesof S suchthatclose¾ p¿ñ�òÇ s É t Ê for all points p



10.5 VoronoiDiagrams 53

b

c

d

a

Figure10.28 TheVoronoiregionof d is theintersectionof threeopenhalfspacesVRÃ d Ä aÅ ,
VRÃ d Ä bÅ , andVRÃ d Ä cÅ .

of e. Any suchp lies on theperpendicularbisectorof s andt andhencee is a straightline
segmentcontainedin theperpendicularbisectorof s andt .

Considernext any face f of the Voronoi diagramand let s be the site of S suchthat
close¾ p¿ó�ôÇ sÊ for all points p of f . Thendist¾ s É p¿§õ dist¾ t É p¿ for all t ê S ö¦Ç s Ê and
hencef is containedin theopenhalfplaneboundedby theperpendicularbisectorof s andt
andcontainings. WeuseVR¾ s É t ¿ to denotethis halfplane,seeFigure10.28,andcall it the
halfplanewheres dominatesover t . Wehavejustshown that f Ï VR¾ s É t ¿ for all t ê SöyÇ sÊ
andhence

f Ï VR¾ s¿ :�
t ÷ Sø�ù sú

VR¾ s É t ¿kð

Weevenhaveequalitysincep ê VR¾ s¿ implies p ê VR¾ s É t ¿ for all t ê SöyÇ sÊ whichin turn
impliesthat p is closerto s thanto any othersitein S. Wecall VR¾ s¿ theVoronoi region of
sites. It is theintersectionof openhalfspacesandhenceanopenconvex polygonalregion.

How arewegoingto representVoronoidiagrams?Weuseplanemapsof type
�>h>L>T!jQ_i�QRkh!�>K>Jfe�TO`aRkNibQcfx

WedefinedtheVoronoidiagramVD ¾ S¿ asasetof points.Weturnit into agraphG by plac-
ing a“vertex at infinity” oneveryunboundededgeof VD ¾ S¿ 7 andby deletingtheportionof
theedgethatgoesbeyondthevertex at infinity, seeFigure10.29.A node û of G haseither
degreeoneor degreethreeor more. We call û a nodeat infinity in the formercaseanda
propernodein thelattercase.

The nodeandedgelabelsgive informationaboutthe positionsof the nodeof G in the
planeandabouttheVoronoiregions:

Û Everydartis labeledwith thesitewhoseregion lies to its left.

Û Everypropernode û is labeledby acircleCIRCLE¾ a É b É c¿ , wherea, b, andc are

7 If all sitesarecollinearandhenceVD� S� consistsof a setof parallellines,we put two verticesat infinity onevery
line.
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VDü Sý
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d d

aa
c

c b
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b
a

G

CIRCLEþ a ÿ c ÿ d �

CIRCLEþ b ÿ c ÿ d �

CIRCLEþ a ÿ c ÿ c�

CIRCLEþ c ÿ b ÿ b�

c

CIRCLEþ a ÿ b ÿ d �
CIRCLEþ b ÿ a ÿ a �

Figure10.29 A Voronoidiagramfor asetof four sitesandits graphrepresentation.

distinctsiteswhoseregionsareincidentto û . Thecenterof this circle is thepositionof
û in theplane.

Û Everynode û at infinity lies on theperpendicularbisectorof two sitesa andb. We
label û by CIRCLE¾ a É x É b¿ , wherex is anarbitrarypointcollinearto a andb (e.g.,a)
and û lies to theleft of theorientedsegmentfrom a to b.

Thefunction
�aYaE'���O`+hQ`+Na`aR�UXW>YkF\[kH9]aE%[kHQ_'TQ`aRkN%bQc'd^Kfe��>h%LiT!jQ_i�ORZh!�>K>JVe�TO`aRZN>bac+d½�%I\o\t

computestheVoronoidiagramof thesitesin L in time O ¾ n logn¿ .
Thereis alsoa so-calledfurthestsiteVoronoi diagram, seeFigure10.30for anexample.

Its definitionis thesameasfor (nearestsite)Voronoidiagramsexceptfor replacingclosest
by furthest.Forany point p let furthest¾ p¿ bethesetof sitesthatrealizethefurthestdistance
betweenp andthe sitesin S, i.e., s ê furthest¾ p¿ if dist¾ s É p¿ ï dist¾ t É p¿ for all t ê S.
In otherwords,thereis a circle with centerp passingthroughall pointsin furthest¾ p¿ and
having no pointsof S in its exterior. For mostpoints p of theplanefurthest¾ p¿ consistsof
only a singlesite. For somepoints p, furthest¾ p¿ containstwo or moresites.Thesepoints
form theso-calledfurthestsiteVoronoidiagramFVD ¾ S¿ of S.

FVD ¾ S¿Ó�/Ç p ê R2 íQî furthest¾ p¿ î\ï 2ÊZð
ThefurthestsiteVoronoiregionof asites is givenby

FVR¾ s¿ : �
t ÷ Sø�ù sú

FVR¾ t É s¿kð

Only verticesof theconvex hull havenon-emptyregionsin thefurthestsiteVoronoidigram.
Therulesfor thegraphrepresentationof furthestsitediagramsarethesameasfor nearest
sitediagrams.

Thefunction
�aYaE'�9� �O`+hQ`+Na`aR�UXW>YkF\[kH9]aE%[kHQ_'TQ`aRkN%bQc'd^Kfe��>h%LiT!jQ_i�ORZh!�>K>JVe�TO`aRZN>bac+d��>�%I�out
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Figure10.30 A furthestsiteVoronoidiagram.Thefigurewasgeneratedwith thevoronoi demo
in xlman.

computesthefurthestsiteVoronoidiagramof thepointsin L.
WerecommendthatthereadersexercisetheVoronoidemoin xlmanbeforeproceeding.

10.5.2 The Duality betweenVoronoi andDelaunayDiagrams
VoronoidiagramsandDelaunaydiagramsarecloselyrelatedstructures.In fact,eachone
of themis easilyobtainedfrom theother. Let S bea setof sitesandlet VD ¾ s¿ andDD ¾ S¿
be its Voronoi andDelaunaydiagram,respectively. We show how to obtainVD ¾ S¿ from
DD ¾ S¿ .
(1) For every boundedface f of DD ¾ S¿ thereis a vertex c ¾ f ¿ of VD ¾ S¿ locatedat the

centerof thecircumcircleof f .
(2) Consideranedgest of DD ¾ S¿ andlet f1 and f2 bethefacesincidentto thetwo sides

of theedge.
a) If f1 and f2 arebothbounded,thentheedgec ¾ f1 ¿ c ¾ f2 ¿ belongsto VD ¾ S¿ .
b) If f1 is unboundedand f2 is bounded,thena ray with sourcec ¾ f2 ¿ andcontained
in theperpendicularbisectorof s andt belongsto VD ¾ S¿ . It extendsinto thehalfplane
containingtheunboundedface.
c) If f1 and f2 areunbounded8 andhencef1 � f2, thentheentireperpendicularbisector
of s andt belongsto VD ¾ S¿ .

8 Casec arisesonly if all sitesin Sarecollinear. Thencasesa) andb) donotarise.



56 GeometryAlgorithms

Figure10.31 A VoronoidiagramandaDelaunaydiagramfor thesamesetof sites.This figure
wasgeneratedwith thevoronoi demoin xlman.

(3) That’sall.

Figure10.31shows a Delaunayanda Voronoi diagramfor the samesetof sites. Use
the Voronoi demoto constructyour own examples. The rulesabove arecalleda duality
relationbecausethey mapfaces(= 2-dimensionalobjects)into vertices(= 0-dimensional
objects),edgesinto edges,andverticesinto faces.The latter mapis implicit. Thereis a
correspondingsetof rulesthatconstructtheDelaunaydiagramfrom theVoronoidiagram.
Weleave themto theexercises.

Theorem2 TherulesaboveconstructtheVoronoidiagramfromtheDelaunaydiagram.

Proof We proceedin two steps.We first show that everythingthat is constructedby the
rulesdoesindeedbelongto the Voronoi diagramand in a secondstepwe show that the
completeVoronoidiagramis obtained.

Considerany boundedface f of DD ¾ S¿ . Theverticesof f areco-circularandhencethe
circumcenterc ¾ f ¿ is a pointwith î close¾ p¿ î\ï 3, i.e.,avertex of VD ¾ S¿ .

Considernext any edgest of DD ¾ S¿ . View it asorientedfrom s to t andlet f1 and f2 be
the facesto its left andright, respectively. Assumefirst that f1 and f2 areboth bounded.
Thecentersc ¾ f1 ¿ andc ¾ f2¿ of thecircumcirclesof f1 and f2 bothlie on theperpendicular
bisectorof s and t andany point betweenc ¾ f1 ¿ andc ¾ f2 ¿ is the centerof a disk D with
D Æ S �/Ç s É t Ê , seeFigure10.32.Thus,c ¾ f1¿ c ¾ f2 ¿ is anedgeof VD ¾ S¿ .

Assumenext that f1 is unboundedand f2 is bounded,i.e, st is a clockwiseconvex hull
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cü f1 ý

cü f2 ý
s t

Figure10.32 An edgee Â;Ã sÄ t Å of DD Ã SÅ , thetwo incidentfaces f1 and f2 andthe
circumcirclesof f1 and f2. Eachpointon theopenline segmentc Ã f1 Å c Ã f2 Å is thecenterof an
emptycircle passingthroughs andt .

t

s
c� f2 �

Figure10.33 st is aclockwiseconvex hull edgeandtheface f2 to its right is bounded.

edge,seeFigure10.33.Thenthesameargumentshows that theray startingin c ¾ f2¿ , con-
tainedin the perpendicularbisectorof s and t , andextendinginto the left halfplanewith
respectto st belongsto VD ¾ S¿ .

Finally, if f1 and f2 arebothunboundedthentheentireperpendicularbisectorof s andt
is anedgeof VD ¾ S¿ .

Wehavenow shown thattherulesaboveconstructonly featuresof theVoronoidiagram.
Weshow next thattheentireVoronoidiagramis constructed.Considerany edgeeof VD ¾ S¿ ,
sayseparatingtheregionsVR¾ s¿ andVR¾ t ¿ . Thenclose¾ p¿Ö� Ç s É t Ê for every point p ê e,
i.e., every p ê e witnessesthat thesegmentst is essentialandhenceis anedgeof DD ¾ S¿ .
Imaginea disk centeredat p andhaving s andt in its boundaryas p movesalonge. When



58 GeometryAlgorithms

p moves into an endpointof e (e may have 0, 1, or 2 endpoints),close¾ p¿ grows to at
leastthreepoints,namelytheverticesof a faceof DD ¾ S¿ incidentto st. Thus,applyingthe
appropriaterule 2a,2b,or 2c to st yieldse. Moreover, applyingrule 1 to theboundedfaces
incidentto st producesthe endpointsof e (if any). We have now shown that all edgesof
VD ¾ S¿ areconstructedandsinceevery vertex of VD ¾ S¿ is incidentto at leastone(actually
three)edgewehavealsoshown thatall verticesareconstructed.

We next give theprogramthatconstructsa Voronoidiagramfrom a Delaunaydiagram.
TheVoronoidiagramis emptyif thenumberof sitesis lessthantwo. Soassumethatthere
areat leasttwo sites. We first determinea hull edge,thencreateall nodesof theVoronoi
diagramandfinally all dartsof theVoronoidiagram.We useanedgearrayvnodein order
to associatewith eachdarte of DD thenodeof VD thatlies in thefaceto theleft of e.
@
voronoi.cA"C�aYaE'��I%J!K%L'MQN%L�� P ba` P �O`+ha`+Na`aR\UXW>YZF\[ZH^�>h%L>T%jQ_'TO`aRZN%bfemEGF!Hac+d½I%IVe�>h>L>T!jQ_i�QRkh!�>K>Jfe�TO`aRGN%bQc'd½�%I�op

�%IÓx"W>]>~%�i�fU�o\t
E'vwU�I%IÓxzF>{i|a}O~i� P Y>v P FQY>�%~Q[\U�o�_-¬Qo^�a~+Hi{a�iFyt
±%± �!~iHa~i�k|�EGFO~��,²%{O]>]��%�i�%H~>�>�a~�~¨tv!Yi�a�%]>] P ~>�>�!~Q[�U�~¨e³I%I\o½E'vwU�I%IÓ®�~>°��%�9j'MOK%K P I!L%h%bSoÒ}a�a~%�'�Vt
~>�>�a~^²%{O]>] P �!�i�>H��¡~ t
~>�>�a~ P �i�%�a�i�a_kFOY>�!~>c½�+FOY>�!~¨U�I%IVe�F\E']Oout
@
DD to VD: createVoronoinodesA@
DD to VD: createVoronoidartsA�

We createthe Voronoi nodesin two phases.We first createthenodesat infinity andthen
thepropernodes.

Thereis onenodeat infinity for eachhull dart. If e is ahull dartanda andb arethesites
associatedwith thesourceandtargetof e, respectively, thenthelabelof thenodeat infinity
is CIRCLE¾ a É x É b¿ , wherex is any point collinearwith a andb. Weusethemidpointof a
andb for x.

If e is notahull dartthenthereis apropernode û associatedwith thefacecycleof e. We
label û with CIRCLE¾ a É b É c¿ , wherea, b, andc areany threeverticesof thefacecycle,and
associateû with everydartof thefacecycle.
@
DD to VD: createVoronoinodesAsC±%± W+�a~>�iHa~^�QYi�!Y'FOYQE©FOYi�!~Q[nv!Yi��Y'{aH!~i��v!�!W>~
TO`!RkN%b;�-�9I%I¥®"[+Y'{a�QWi~¨U�~Ook°¨t�!Y p TO`aRkN%b�}¡��I>I¥®´Ha�i�>�a~iHfU�~Qok°lt�iFOY>�!~V®�~>°9� �%IÓx FO~+Ø P FQY>�!~¨Us�QRkh!�>K+JVU�� e�Wi~'F%Ha~i�lUs� e�}uo�e�}\o>o\t~;�9I%IÓx�v!�%W>~ P W+�aW>]%~ P [m{SW%W�U�~Qout�;��}yt� Ø>²\E+]%~ÙUg~=ª´�9²%{Q]%] P �!�+�%H¡out
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Figure10.34 Tracinga facecycle in forwarddirectiongeneratesthedartsincidentto thenode
dualto thefacein counter-clockwiseorder.

±%± �'FQ�-v!Yi�;�%]>]-Y+Hi²O~i�-v!�!Wi~Q[
v!Y+�a�%]%] P ~>�>�a~Q[uU�~¨e�I%ISop E'vwU"�iFOY>�%~y®�~>°So�W>Y'FaHSE�F%{O~¨t
~>�>�a~ ×;�9I%IÓx�v!�%W>~ P W+�aW>]%~ P [�{SW>W Us~QoutTO`aRkN%b-���9I%I¥®s[+Yk{a�QW>~¨Us~Ook°ltTO`aRkN%b,}¡�9I%I¥®´Ha�+�%�a~iHfUs~Ook°ltTO`aRkN%b;W9�9I%I¥®´Ha�+�%�a~iHfU�×�ok°ltFOY>�!~ �;�9�%IÓxzFO~'Ø P FOY>�%~¨Us�ORkh%�>KiJVUs� e�}feXWQo>o\t
�iFOY>�!~V®�~>°����ft
�!Y p �iFOYi�!~y®´×!°,�-�ft×;��I%I¯x�v!�!W>~ P W+�QW>]>~ P [G{QW%WrU"×So\t� Ø>²\E']%~¨U¦×/ª³��~£out�

Wecometo theconstructionof theVoronoidarts.Let ebeadartof DD, let r beits reversal,
andlet p be thepoint associatedwith the targetof e. Thedartdual to e startsat thenode
associatedwith e, endsat thenodeassociatedwith r , andis labeledby p.

We want to constructthe darts incident to any node of VD in their proper counter-
clockwiseorder. For the nodesat infinity this is no problemsincethey have degreeone.
WethereforeconstructtheVoronoidartsin two phases.Wefirst constructtheVoronoidarts
out of thenodesat infinity andthentheVoronoidartsout of thepropernodes.Finally, we
link the two dartsin each.For eachdarte of DD we recordthedartdual to it in theedge
arrayvedge.

Considera propernode û . It correspondsto a boundedfaceof DD andhasoneincident
dartfor eachdartof thefacecycle. Weconstructthedartsin theirpropercounter-clockwise
orderif we tracethefacecycle in forwarddirection,seeFigure10.34.
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@
DD to VD: createVoronoidartsA�C~>�i�a~ P �i�>�a�i�Q_>~i�>�a~!c��a~>�i�a~¨U�I%Ife�F\E+]Oo\t
±%± W>Y'F�[kH%�i{SW'H,�QYi�aYkFOYQEn�!�i�>HS[^Y'{aH�Y>v,FOY>�!~a[��+H«EGFavOEGF\EkH>�
~-�9²%{Q]%] P �!�+�%Hft�!Y p ~>�>�a~��;�-I%IÓx´�a~i�a~i�O[+�%]¨U�~QoutTO`aRkN%b ¶ ��I>I¥®´Ha�i�>�a~iHfU�~Qok°lt�a~>�>�a~V®�~>°9�9�%IÓxzFO~'Ø P ~>�>�!~¨U"�iFOYi�%~y®´~>°le��+FQY>�>~y®´�%°¨e ¶ out~;�9I%IÓx"W+�aW>]QEiW P �>�!µ Pk¶ �a~>� U"�Sout ±%± [+�Z|S~-�a[^I%I¯x�v!�!W>~ P W+�QW>]>~ P [�{OW%WrU�~ao� Ø>²\E+]%~ÙUg~=ª´�9²%{Q]%] P �!�+�%H¡out
±%± �'FQ�;Y'{aH;Y>v;�%]%]�YiH+²O~i�,FOY>�%~Q[¨x
v!Y+�a�%]%] P ~>�>�a~Q[uU�~¨e�I%ISop FOY>�!~��;�-�iFQY>�!~y®�~i°ltE'vwU��%IÓx�Yk{aH!�!~i�lU"��o�c9�So,W>Y'F!HSEGF%{O~ t~>�>�a~�×;��~¨t�!Y p ~>�>�!~ ���9I%IÓx´�a~i�a~i�O[+�%]¨U"×SoutTO`aRZN%b ¶ �9I%I¥®zHa�i�%�a~+HfU"×�ok°¨t�a~>�i�a~y®´×!°,���%I¯xzFO~+Ø P ~>�>�a~¨U��fe"�iFaY>�!~V®z�%°le ¶ out×;��I%I¯x"W+�QW>]aEiW P �>�%µ Pk¶ �%~>�¨U"�So\t� Ø>²\E']%~ÐU�×/ª³�;~Oout�
±%± �Q[%[>Ek�iF-�a~i�!~i�S[+�%]9~i�>�a~Q[
v!Y+�a�%]%] P ~>�>�a~Q[uU�~¨e�I%ISop ~>�>�a~��;��I%I¯x³�a~i�a~+�S[+�%]¨Us~Oout�%IÓx�[+~+H P �a~i�!~i�S[+�%]rU"�a~+�>�!~y®´~>°le��a~i�>�!~V®´�>°Sout�

This completestheconstructionof Voronoi diagramsfrom Delaunaydiagrams.The con-
structionrunsin lineartime.

In order to constructthe Voronoi diagramfor a set L of points we first constructthe
DelaunaydiagramandthentheVoronoidiagramfrom theDelaunaydiagram.
@
voronoi.cA"BÝC�aYaE'���O`+hQ`+Na`aR�UXW>YkF\[kH9]aE%[kHQ_'TQ`aRkN%bQc'd^Kfe��>h%LiT!jQ_i�ORZh!�>K>JVe�TO`aRZN>bac+d½�%I\op �>h%L>T!ja_'TO`aRkN>bfemEGFaH!c©I>IVtI%J!K%L'MQN%L�� P ISRkL!�>h%L+ÑVU"K¨e�I>I\o�tI%J!K%L'MQN%L�� P ba` P �O`+h!`+NQ`%R�U�I%Ile��%ISout�

Theconstructionof furthestsiteVoronoidiagramsfrom furthestsiteDelaunaytriangula-
tionsis completelyanalogous.We leave it to theexercises.

10.5.3 Verifying Voronoi Diagrams
Let G be a graphof type GRAPH� CIRCLEÉ POINT� . We want to verify that G is the
Voronoi diagramof the sitesassociatedwith its nodes.The procedureto be describedis
fairly complicatedandwe wishedwe hada simplerone. The procedureis probablythe
leastelegantpieceof codecontainedin this book. We consideredto dropthis section,but
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decidedagainstit for two reasons.Wehadinvestedalot of time in it, andmoreimportantly,
thecheckdiscoveredseveralmistakes.

G mustsatisfythefollowing conditions:

Û G is aCCW-orderedplanemap.

Û Thesiteinformationassociatedwith edgesis consistent,i.e., if e andeÌ are
consecutiveedgesonsomefacecycle thenbothedgeshave thesameassociatedsite.

Û Thesitesassociatedwith e andreversal¾ e¿ aredistinct.

Û Call avertex whoseassociatedcircle is non-degeneratenon-trivial andcall it trivial
otherwise.Everynon-trivial vertex hasdegreeat leastthreeandevery trivial vertex has
degreeone.

Û For eachnon-trivial vertex eachof thethreepointsdefiningtheassociatedcircle is
associatedwith oneof theincidentedgesandthesitesassociatedwith all incident
edgeslie on theassociatedcircle.

Û Eachtrivial vertex hasanassociatedcircleof theform CIRCLE¾ a É É c¿ , wherea andc
aredistinct.Let e betheuniqueoutgoingedge.In a nearestsitediagramthesite
associatedwith thefaceto theleft of e is c andthesiteassociatedwith thefaceto the
right of e is a andin a furthestsitediagramtherolesof a andc areinterchanged.

Û For everyedgee �/¾sûOÉ�� ¿ suchthat û and � arenon-trivial, thecentersof thecircles
associatedwith û and � aredistinct.Let p andq bethesecentersandlet a bethesite
associatedwith e. In anearestsitediagrama lies to theleft of thesegmentpq andin a
furthestsitediagrama lies to theright of thesegmentpq.

Û Eachfaceis aconvex polygonalregionandtheregionsassociatedwith thedifferent
sitespartitiontheplane.

In the implementationwe first checkthe first six conditionsandthendistinguishcases
accordingto whetherG is connectedor not. For thefirst item we wantto usethefunction
Is CCWOrderedPlaneMap andthereforewe needto definethe edgevector function for
circle-points. Let e be an edgeandlet C and D be the circlesassociatedwith the source
andthetargetof e, respectively. If bothcirclesarenon-degeneratetheedgevectoris simply
the vector from the centerof C to the centerof D. So assumethat oneof the circles is
degenerate. If D is degeneratethen D � CIRCLE¾ a É É c¿ and D representsa point at
infinity on the perpendicularbisectorof a andc andto the right of the line segmentac.
Let m be the midpoint of a andc and let a1 be the point obtainedby rotatinga by 90	
in a clockwisedirectionaboutm. We may returnthe vectorm � a1. The casethat C is
degenerateis symmetric.
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@
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and
@
voronoi check.cA�BÝC@

voronoi check: edgevectorfunctionA[kH!�iHSEiWn}OY%Y>],�a�%]Q[+~ P RZ�%IVU�W>Y'F\[kH�[kH%�OEGFa�%d¡[!op W>~i�%��_%_£¢+R%[ P �QYi�aYkFOYQE P ISE+�i�%�%�Z| ¤§¢,_>_¡[�t§�a~+Hi{a�iF;v!�>]Q[+~¨t �
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G is connectedA �~%]Q[+~p @
G is not connectedA ��a~iHi{a�+F-H%�i{O~¨t�

WhenG haspassedall testsabove we canconstructa geometricobjectfrom it asfollows.
We assigna positionpos¾"û+¿ to eachnon-trivial vertex û anda segment,ray, or line geo¾ e¿
to eachedgee. For a non-trivial vertex û let pos¾"û+¿ be the centerof the circle associated
with û . For an edgee �ò¾sûOÉ�� ¿ let a andc be thesitesseparatedby e, i.e., oneof a and
c is associatedwith e andtheotherwith reversal¾ e¿ . If û is non-trivial thena andc lie on
thecircle associatedwith û andhencepos¾sû'¿ lies on theperpendicularbisectorof a andb.
Definegeo¾ e¿ asfollows. Firstassumethat û and � arebothnon-trivial. Thengeo¾ e¿ is the
segmentdirectedfrom pos¾"û+¿ to pos¾�� ¿ . Note that this segmenthasnon-zerolengthand
is part of theperpendicularbisectorof a andc. Next assumethatexactly oneof û and �
is non-trivial. Assumew.l.o.g. that the triple of pointsassociatedwith the trivial vertex is
of the form ¾ a É É c¿ . If � is trivial thengeo¾ e¿ is the ray startingat pos¾sû'¿ , runningalong
theperpendicularbisectorof a andc, andextendingto infinity to the right of thesegment
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ac. If � is trivial thengeo¾ e¿ is theray endingin pos¾"û+¿ , runningalongtheperpendicular
bisectorof a andc, andcomingfrom infinity to theright of thesegmentac. Finally, assume
that û and � aretrivial andassumew.l.o.g. that thetriple of pointsassociatedwith û is of
theform ¾ a É É c¿ . Thengeo¾ e¿ is thebisectorof a andc orientedsuchthata lies to its left.

Now wedistinguishcasesaccordingto whetherG is connectedor not.

G is connected: Defineafacechainasaminimalsequencee0, e1, . . . , ek of edgessuchthat
ei � 1 is thefacecyclesuccessorof ei for all i , 0 ë i õ k, andeithertarget¾ ek ¿¯� source¾ e0 ¿
or source¾ e0 ¿ andtarget¾ e0 ¿ havedegreeone.Wecall facechainsof theformerkind closed
andfacechainsof thelatterkind open.All facechainsarestrictly convex counter-clockwise
oriented.Moreover, the raysgoing to infinity wind aroundtheorigin onceandopenface
chainscover only a half-circle. Thereis no needto checkthesecondhalf-sentenceasit is
impliedby thefirst half-sentence.

Below, we first searchfor a vertex of degreeoneandthencheckthe openfacechains
oneby one.Simultaneouslywebuild thelist of all rays;notethatthey will wind clockwise
aroundtheorigin. Having checkedall openfacechainswe turn to theclosedfacechains.
@
G is connectedA"CWG| ¶SP ~>�>�!~Q[ P }a� P �'Fa�a]i~!_i�+h%LiT!j!_i�ORGh!�iK>Jfe�TO`%RkN%bac�c-WG| ¶ U"�Sout
FOYi�!~��ft
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~>�i�a~�~;�-�yx�vOEk�O[kH P �>�%µ P ~>�>�%~¨U"�Oout�!Y p �a�i�S[¨x ¶ {\[G²yUs~Oout
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We claim thatwe aredoneat this point. Let usseewhy. Considerany facechain f . All
edgeson the boundaryof f have the sameassociatedsite, say a, the circles associated
with all non-trivial verticesof f passthrougha, for eachedgee of f , geo¾ e¿ is partof the
perpendicularbisectorof a andthesiteassociatedwith theothersideof e, anda lies to the
left of geo¾ e¿ if kind is NEARESTandto theright of it if kind is FURTHEST. Define

reg ¾ f ¿Ó�
e� e is anedgeof f

H ¾ a É siteof reversal¾ e¿s¿kÉ

whereb � siteof reversal¾ e¿ is thesiteassociatedwith thereversalof e andH ¾ a É b¿ is the
halfplanedefinedby a andb andcontaininga if kind is NEARESTandnot containinga
otherwise.Thenreg ¾ f ¿ is a convex polygonalregion which containstheVoronoiregion of
sitea (sincein thedefinitionof a Voronoi region the intersectionis over all sitesdifferent
from a). Westill needto show thattheregionspartitiontheplane.Considerapointmoving
in theplaneandavoiding verticesof regions. Sucha point is alwayscoveredby thesame
numberof regions. Moreover, whenthepoint travelsalonga cycle at infinity it is always
coveredby exactly oneregion sincethe raysof thediagramwind aroundtheorigin once.
Altogetherwehaveshown thattheregionspartitiontheplane.

G is not connected: If G is not connectedit canonly be theVoronoidiagramof a setof
collinearsites.As suchit musthave thefollowing additionalproperties:

Û All nodeshaveout-degreeone.

Û All sitesarecollinear.

Û No siteis associatedwith threeedgesof G.

Û Thenumberof distinctsitesis equalto m� 2 � 1.

Weshow thattheseconditionssuffice. Clearly, thegeometricinterpretationof G is a setof
parallelline segments.Considertheplacementof thesitesontheircommonunderlyingline.
For eachsite s which is associatedwith two edges,it is guaranteedthat the two adjacent
sites(= sitesfor which thereis anedgehaving s ononeof its sides)lie onoppositesidesof
s; this followsfrom thefactthatwehavealreadycheckedthateachedgeincidentto atrivial
nodeseparatesthesitesit is supposedto separate.We concludethat theconditionsabove
suffice.
@
G is not connectedA�Cv!Y+�a�%]%] P FOY>�!~Q[uU"�fes�SoE'vwUÒ�yx�Yk{aH!�!~i�lU"��o�c£¹�o^�a~+Hi{a�iF-�a�>]Q[+~ P RG�%IVUZ¢G�%~i�%�a~%~�]%�+�%�a~i�9Hi²Q�'F ¹!¢iout
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Figure10.35 Thesmallestcircle enclosingasetof points.Thefigurewasgeneratedwith the
voronoi demoin xlman.

�a~+Hi{a�iF-�a�>]Q[+~ P RG�%IVUZ¢�FQY'F ¯ W+Y%]>]QE�FQ~%�'�-[%EZHa~Q[Q¢io\tEGFaH%d ¶ W���W>Y'{%FaH¯®³�¯®�~>°>°ltE'vwU ¶ W9�%���So�F P �+{O�%]i¸%¸lt¶ Wi¸%¸ltE'vwU ¶ W9�%�
Oo^�!~iHi{a�iF-�!�%]Q[+~ P RZ�%IVUZ¢u¤¦[%EkH!~n|S~'FaHSE+YkFO~>�,Hi²!�SEiW>~�¢+out�
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10.5.4 Applicationsof Voronoi Diagrams
We discusssomeapplicationsof Voronoi diagrams. All of them are illustrated in the
voronoi-demoof xlman.

Extr emal Cir cles: Thesmallestenclosingcircle for a setL of pointsis thecircle with the
smallestradiuscontainingall pointsin L, seeFigure10.35. Thesmallestenclosingcircle
is thebestapproximationof L by acircle. It is easyto seethatsuchacirclehasat leasttwo
pointsin L on its boundaryandhenceits centerlieson thefurthestsiteVoronoidiagramof
L.

We concludethat the centerof the minimum enclosingcircle is eithera vertex of the
furthestsite diagram(andthenhasthreepoints in L on its boundary)or lies on an edge
of the furthestsitediagram(andthenis thecircle of minimumradiuspassingthroughthe
two sitesdefiningtheedge).In this way eachedgeandvertex of the furthestsiteVoronoi
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Figure10.36 Thelargestemptycircle for asetof points.Thefigurewasgeneratedwith the
voronoi demoin xlman.

diagramdefinesa candidatecircle. Theminimumenclosingcircle is thesmallestof these
circles.

Thefunction
�ORZh!�>K>J�q+Ñ!L>K%K>JQqib J!N!�iKQ`>qQRkN%� �QRkh!�>K>JfUXW>Y'F\[ZH9]QE%[ZHQ_'TO`aRZN%bQc+dnK�out

computesasmallestenclosingcircle accordingto thestrategy just described.

The largestemptycircle for a setL of pointsis thecircle with the largestradiuswhose
interior is void of pointsin L andwhosecenterlies insidethe convex hull of L, seeFig-
ure10.36.We know of no goodmotivationfor consideringlargestemptycircles.It is easy
to seethatsuchacirclehasat leasttwo pointsin L on its boundaryandhenceits centerlies
on thenearestsiteVoronoidiagramof L.

Weconcludethatthecenterof thelargestemptycircle is eitheravertex of thenearestsite
diagram(andthenhasthreepointsin L onits boundary)or liesonanedgeof thenearestsite
diagram(andthenis thecircle of maximumradiuspassingthroughthe two sitesdefining
theedgeandhaving its centerinsidetheconvex hull). In this way eachedgeandvertex of
thenearestsiteVoronoidiagramdefinesa candidatecircle. The largestemptycircle is the
largestof thesecircles.

Thefunction
�ORZh!�>K>J-K%L%h%�iJQqib J%Ñ%T!b�� �ORkh%�>K>JVUXWiY'F\[kH�]QE%[kHQ_kTO`aRkN%bac+d,K�o\t

computesa largestemptycircle accordingto thestrategy just described.
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Figure10.37 Theminimumwidth andtheminimumareaannulusfor asetof points.Thefigure
wasgeneratedwith thevoronoi demoin xlman.

Theapplicationof Voronoidiagramsto find enclosingandemptycirclesis dueto Shamos
andHoey ([SH75]).

Minimum Width and Minimum Ar eaAnnuli: An annulusA is theregion betweentwo
concentriccircles.Whenthecommoncenterof thecirclesis a point at infinity, anannulus
degeneratesto a stripebetweenparallel lines. Annuli areclosedsets. An annuluscovers
a setL of pointsif all pointsin L arecontainedin the annulus.The width of anannulus
is thedifferencebetweentheradiusof theoutercircle andtheradiusof the innercircle of
theannulus(in thecaseof a stripethewidth is thedistancebetweenthetwo boundariesof
thestripe).Theareaof anannulusis theareaof theregionbetweentheouterandtheinner
circle(it is infinite in thecaseof astripeof non-zerowidth andis zeroin thecaseof astripe
of width zero). We areinterestedin computingminimumwidth andminimumareaannuli
covering a given set L of points,seeFigure10.37for an example. Minimum width and
minimumareaannuliareusedto estimatethe“roundness”of asetof points.

It canbeshown thatthereis alwaysaminimumannuluscoveringagivensetL of points
thatis either:

Û theminimumwidth stripecoveringthepoints,or

Û apair of concentriccircleswhosecenteris eitheravertex of thenearestsiteVoronoi
diagram,or avertex of thefurthestsitediagram,or anintersectionbetweenanedgeof
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thenearestsitediagramandanedgeof thefurthestsitediagram.Thisobservationwas
madein [SH75].

The idea for the proof is as follows. Consideran annuluscovering the points in L.
Clearly, if one of the boundariesdoesnot containa point in L then the annuluscan be
improved. Sobothboundariesmustcontainat leastonepoint in L. If the two boundaries
togethercontaina total of four pointsof L thenthecenterof theannulusis eithera vertex
of onethediagrams(if oneboundarycontainsthreepointsandtheothercontainsone)or
an intersectionbetweenedges(if bothboundariescontaintwo points). Soassumethat the
boundariestogethercontainlessthanfour points,saytherearetwo points p andq on one
of the boundariesandonepoint r on the other boundary. Then the centerc lies on the
perpendicularbisectorof p andq. Let d bea vectorin thedirectionof theperpendicular
bisectorandconsidertheannulusA ¾��%¿ with centerc ����� d andhaving p, q andr on its
boundaries.For small enough� , A ¾��>¿ covers L. Considerthe optimizationcriterion as
a function of � andconcludethat the centercanbe moved either in the direction � d or
thedirection � d without increasingtheobjective value. Move until a furtherpoint lies on
oneof theboundaries.For example,if the objective valueis thearea,theareaof A ¾��%¿ is
proportionalto

dist¾ p É c ��� � d ¿ 2 � dist¾ r É c �!� � d ¿ 2 �/¾ p � c¿ 2 �£¾ r � c¿ 2 � 2�u¾ p � r ¿"� d É
i.e., is a linearfunctionof � . If ¾ p � r ¿#� d $� 0 thentheannuluscanbeimprovedby moving
thecenter, andif ¾ p � r ¿%� d � 0 thenthecentercanbemovedin eitherdirectionwithout
increasingtheareaof theannulus.

The two itemsabove suggesta strategy to computeminimumwidth andminimumarea
annuli.Onesimplychecksall thecandidateslisted.This resultsin quadraticalgorithms.

Thefunctions
}OY>Y%],Ñ�RkN L%hiJ!L L%N%NkMOK'M�q¨U�W>Y'F\[kH,]QE%[ZHQ_'TO`aRZN%bQc+d^KfeÞTQ`aRkN%b%d;Wi~'FaHa~i�leTQ`aRkN%b%d¡E ¶ YQEGFaHle8TO`aRkN%b>d-Y ¶ YQEGF!Hfe¦KSRkN>J%d ]S¹>out
}OY>Y%],Ñ�RkN À�RGI!b%j L%N>N'MOK'M�q UXW>Y'F\[ZH�]QE>[kHQ_'TO`!RkN%bQc+d^Kfe¦TO`aRkN>b%d;W>~'FaH!~i�feTO`aRkN%b>d¡E ¶ YQEGF!Hfe8TO`aRkN>b%d-Y ¶ YQE�FaHfeKSRkN>J!d-]O¹\e�KORkN>J!d-]%¬Qout

computeminimumareaandminimumwidth annulicoveringthepointsin L, respectively.
Thefunctionsreturntrue, if theoptimalannulusis theregionbetweentwocircles,andreturn
false if theoptimal annulusis a stripe. In the formercasethecenterof theannulusanda
pointontheinnerandtheoutercirclearereturnedin center, ipoint andopoint, respectively.
In the latter casethe boundariesof the stripearereturnedin l1 and l2. In the caseof the
a minimumareaannulusa stripecanonly beoptimal if it haswidth zero. Henceonly one
line is returnedin theformerfunction.

Both functionshave quadraticrunning time and henceshouldbe usedonly for small
input size.Therearemuchfasteralgorithms:theminimumareaannuluscanbecomputed
in linear time by linear programming([Sei91]) and the minimum width annuluscan be
computedin time O ¾ n8& 5�(' ¿ by parametricsearch([AST94]).
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Figure10.38 A setof pointsin theplaneandthecurve reconstructedby CRUST. Thefigure
wasgeneratedby theVoronoi-demoin xlman.

CurveReconstruction: Thereconstructionof acurvefrom asetof samplepointsis anim-
portantproblemin computervision. Wedescribeareconstructionalgorithmdueto Amenta,
Bern,andEppstein[ABE98]. Figure10.38shows a point setandthecurvesreconstructed
by theiralgorithm.

Thepreciseproblemformulationis asfollows. Let F beasmoothcurve in theplaneand
let S ) F be a finite setof samplepointsfrom F . A polygonalreconstructionof F is a
graphthatconnectseverypair of samplesadjacentalongF , andnoothers.

ThealgorithmCRUST to bedescribedtakesa list Sof pointsandreturnsagraphG. The
graphG is guaranteedto be a polygonalreconstructionof F if F is sufficiently densely
sampledby S. Wereferthereaderto [ABE98] to thedefinitionof sufficientdensesampling
density.

Thealgorithmproceedsin threesteps:

Û It first constructstheVoronoidiagramVD of thepointsin S.

Û It thenconstructsasetL � S Î V , whereV consistsof all properverticesof VD.

Û Finally, it constructstheDelaunaytriangulationDT of L andmakesG thegraphof all
edgesof DT thatconnectpointsin L.

Thealgorithmis verysimpleto implement9.

9 In 1997theauthorsattendedaconference,whereNinaAmentapresentedthealgorithm.Weweresupposedto
give a presentationof LEDA laterin theday. We startedthepresentationwith a demoof algorithmCRUST.
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The programabove owesmuchof its eleganceto the fact thatwe usegraphsto represent
Delaunaydiagramsandhencehave the full power of the graphdatatype availableto us.
Observe thatafterhaving constructedtheDelaunaytriangulationof L in G, we treatG as
an“ordinarygraph”.Wesimplydeleteall auxiliarynodesfrom it, astepthatdoesnotmake
senseon thelevel of Delaunaytriangulations.

10.5.5 Voronoi Diagramsof Line Segments
TheVoronoidiagramof a setof point sitesundertheEuclidianmetric is just oneinstance
in a wide classof Voronoidiagrams.Otherdiagramsareobtainedby choosinga different
metricand/oradifferentclassof sites.

Figure10.39shows a Voronoidiagramof line segments.In sucha diagramthesitesare
pointsandopenline segments;theendpointsof every line segmentmustbelongto thepoint
sites.Theedgesof aVoronoidiagramof line segmentsarepartof angularbisectorsbetween
line segments,of parabola,andof linesperpendicularto segmentsat theirendpoints.

Michael Seel[See97] haswritten a packageto computeVoronoi diagramsof line seg-
ments.It is availableasaLEDA extensionpackage.

TheVoronoidiagramof line segmentshasplayedanimportantrole in thedevelopmentof
thenumbertypesin LEDA, seeSection4.4.Ourfirst programfor Voronoidiagramsof line
segmentsusedfloatingpointarithmeticin anaivewayandworkedonly for asmallnumber
of examples.Themaindifficulty wasacorrectimplementationof theincircle test.Observe
that the coordinatesof Voronoi verticesarenon-rationalalgebraicnumbersandhencethe
incircle testrequiresto computethesignof certainalgebraicnumbers.This computationis
veryerror-pronewhenexecutedwith floatingpoint arithmetic.

In [Bur96, BMh94, BFMh97] we laid the theoreticalbasisfor an efficient andcorrect
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Figure10.39 A Voronoidiagramof line segments.Thefigurewasgeneratedwith Michael
Seel’s extensionpackagefor Voronoidiagramsof line segments.

signtestof simplealgebraicnumberswhich is usedin [BMh96] to implementthenumber
typereal. MichaelSeelusesthis numbertypein his implementation.

Exercisesfor 10.5
1 ConstructasetSwheretheVoronoidiagramcontainsnoverticesandShasat leastthree

points.Whatis theDelaunaydiagramof S?
2 Give the rules for obtainingthe Delaunaydiagramfrom the Voronoi diagramfor the

samesetof sites.
3 Write a programthatconstructstheDelaunaydiagramof a setS givenits Voronoidia-

gram.
4 Write aprogramto computethelargestemptycircle.
5 Write aprogramto computethesmallestenclosingcircle.
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10.6 Point Setsand Dynamic DelaunayTriangulations

The classPOINT SET10 maintainsa setof points in the planeunderinsertionsanddele-
tions. It offersdictionaryoperations,nearestneighborqueries,point locationqueries,and
circular, triangularandrectangularrangequeries.A point setis maintainedasa Delaunay
triangulationof its elementsandhencetheclassmay equallywell becalleddynamicDe-
launaytriangulation11. Theclassis derivedfrom GRAPH� POINTÉ int � andhenceall graph
algorithmsandall operationsfor graphsareavailablefor point sets12.

In this sectionwe will first give an impressionof thefunctionalityandthengive partof
theimplementation.Thefull implementationcanbefoundin [MN98]. Weclosethesection
with someexperimentaldata.POINT SETSareillustratedby thepoint setdemoin xlman,
seeFigure10.40.

10.6.1 Functionality
Theconstructors
¶ /�0�<�? =LaL?69Z ±%± =La7?�/�b ¶ /C0�<�?G=
¶ /�0�<�? =LaL?698-AC0�=R?�D ¶ /C0�<�?CJyWUTmZ
_a�L? ¶ /C0�<�? =La7?v3�6\Z ±%± =La7?�/�bv_a�7? ¶ /C0�<�?G=
_a�L? ¶ /C0�<�? =La7?v3�6\8�AC0�=R?CD2_a�7? ¶ /C0�<�?CJzW(TmZ

createa point setfor theemptysetandthesetof pointsin L, respectively. We mentional
alreadythat POINT SET is derived from GRAPH� POINTÉ int � . Every instanceof class
POINTSET is anembeddedplanarmap. The positionof a vertex û is givenby T ð pos¾"û+¿
andalsoby T [ û ] andweuse

S �/Ç T ð pos¾"û+¿ î û�ê T Ê
to denotetheunderlyingpoint set. Eachedgeis labeledby anelementin theenumeration
type delaunayedgeinfo definedin Section10.2. If the list L in the constructorcontains
multiple occurrencesof equalpoints,only thelastoccurrenceof eachpoint is retainedand
theothersarediscarded.

Thefunction0�<�?�6po^1G0 [ 8{T
returnstheaffinedimensionof thepointset,i.e., � 1 if S is empty, 0 if Sconsistsof only one
point,1 if Sconsistsof at leasttwo pointsandall pointsin Sarecollinear, and2 otherwise.

Thefunctionslookup, insertanddel give point setsthefunctionalityof a dictionary for
points.<G/71�aM6pofA�/�/'��q ¶ 8fECF�HRI�6 ¶ T
10 Theinstantiationsarepoint setfor pointsandrat pointsetfor rat points.
11 In anearlierversionof LEDA wecalledtheclassdelaunaytriang. We found,however, thatthetypicaluseof the

classemphasizesthequeryoperationsandhencewe now find thenamepoint setmoreappropriate.
12 Only constgraphoperationsandgraphalgorithmsshouldbeusedasothersmaydestroy theadditionalinvariants

imposedby POINT SET.
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Figure10.40 A screenshotof thepoint-set-demoin xlman.A locatequeryfor thehighlighted
point wasperformed.Theedgereturnedby thequeryis highlighted.

returnsanode û of T with T ð pos¾sû+¿y� p, if thereis sucha node,andreturnsnil otherwise.<G/71�a 6po-0�<(=La7_�?\8lEGF�HRI�6 ¶ T
insertsp into T andreturnsthe correspondingnode. More precisely, if thereis already
a node û in T positionedat p (i.e., pos¾"û+¿ is equal to p) then pos¾sû'¿ is changedto p
(i.e., pos¾sû'¿ is madeidentical to p) andif thereis no suchnodethena new node û with
pos¾"û+¿�� p is addedto T . In eithercase,û is returned.
��/�021B6pol1�a�Ax8l<G/�1�an�(T

removesnode û , i.e.,makesT apoint setfor S öÝÇ pos¾sû'¿�Ê .
Wecometo point locationandnearestneighborqueries.Thefunctiona�17r�aM6pofA�/�:i�7?�aO8fECF�HRI�6 ¶ T
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performspoint location. It returnsa dart e (nil if T hasno edge)suchthat p lies in the
closureof thefaceto theleft of e, seeFigure10.40.

Thefunctions<G/71�a 6po|<Ga%�7_�a�=R? <CaC0Rri²�]C/7_\8fEGF�HRI�6 ¶ TmZ
AC0�=R?CDR<G/71�a�Ju6poz� <Ga%�7_�aC=R? <GaC0Rri²�]G/7_U=j8lEGF�HRI�6 ¶ Ns0�<�?9�>TmZ

returnanode û of T thatis closestto p, i.e.,

dist¾ p É pos¾"û+¿"¿Ó� min Ç dist¾ p É pos¾ u¿s¿ ; u ê T Ê
andthe list of themin ¾ k É î Sî ¿ closestpointsto p, respectively. Thepointsin theresultlist
areorderedby distancefrom p. Onecanalsoaskfor thenearestneighbor(s)of a node.<G/71�a 6po|<Ga%�7_�a�=R? <CaC0Rri²�]C/7_\8l<G/71�a½Ø(TmZ
AC0�=R?CDR<G/71�a�Ju6poz� <Ga%�7_�aC=R? <GaC0Rri²�]G/7_U=j8^<G/�1�a©ØeNs0�<�?9�>TmZ

returnanode û of T thatis closestto T [ � ], i.e.,

dist¾ p É pos¾sû+¿"¿Ó� min Ç dist¾ p É pos¾ u¿s¿ ; u ê T ö � Ê
andthe list of the min ¾ k É î Sî � 1¿ closestpointsto T [ � ], respectively. The pointsin the
result list are orderedby distancefrom T [ � ]. Figure 10.41 illustratesnearestneighbor
queriesandthedeletionof nodes.

Thenext threefunctionsconcernrangequeries.AC0�=R?CDR<G/71�a�Ju6po}_a�2<�r�a =La%�L_C:k²t8;:7/2<>=R?�cGHR3�c�W7d�KvcUTmZ
AC0�=R?CDR<G/71�a�Ju6po}_a�2<�r�a =La%�L_C:k²t8l<C/�1�an�9N;:�/2<>=@?MEGF�HRI�6�K�]mTmZ
AC0�=R?CDR<G/71�a�Ju6po}_a�2<�r�a =La%�L_C:k²t8;:7/2<>=R?uEGF�HRI�6�K-�ON;:�/2<(=R?MEGF�HRI�6�K�]tN;:�/R<>=R?MEGF�H@I�6�K�:CTmZ
AC0�=R?CDR<G/71�a�Ju6po}_a�2<�r�a =La%�L_C:k²t8;:7/2<>=R?uEGF�HRI�6�K-�ON;:�/2<(=R?MEGF�HRI�6�K�]mTmZ

returnthelist of pointscontainedin theclosureof diskC, in theclosureof thediskcentered
at T [ û ] andhaving b in its boundary, in the closureof the triangle ¾ a É b É c¿ , and in the
closureof therectanglewith diagonal ¾ a É b¿ , respectively. Figure10.42illustratescircular
rangequeries.AC0�=R?CD�a�17r�a�Ju6po [ 0�<>0 [ q [ = ¶ �2<�<>0{<�r ?�_�a�aO8{T
returnsa list of edgesof T thatcompriseaminimumspanningtreeof Sand
��/�021 6pok:7/ [ ¶ q�?�a ��/7_�/2<G/�0j8s��3�P7E�QCD7cGH@3�c�WLdeNlEGF�H@I�6�JLKyg>T

computesthe Voronoi diagramV for the sitesin S. Eachnodeof V is labeledwith its
definingcircleandeachedgeis labeledwith thesitelying in thefaceto its left.

The classPOINT SET also provides functionsthat supportthe drawing of Delaunay
triangulations,Delaunaydiagrams,andVoronoidiagrams.For example,
��/�021B6pol1�_a�'Ø <G/�1�aC=j8"��/�021~8m217_a�+Ø <C/�1�aGTm8-:�/2<>=R?uEGF�HRI�6�K(T�T

callsdrawnode¾ pos¾sû'¿s¿ for everynode û of T .
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Figure10.41 Illustrationof nearestneighborsearchingplusdeletion.Wegeneratedapoint set
of 500randompointandthenperformedthefollowing operationaboutthirty times:Locatethe
nearestneighborof apoint in thecenterof thescreenanddeleteit. Theresultingpoint setis
displayed.

10.6.2 Implementation
Westartwith anoverview andexplainhow pointsetsarerepresented.
*
POINT SET.h+�,�.:�A>�C=�=M`�`�ai× ¶ /7_�?�cuEGF�HRI�6�`�5Ld�6¼¤ ¶ q�]CAC07: ��3�P�E�QCD2ECF�HRI�6\N�0�<�?�JV
¶ _G0k�a�7?�af¤a�1�r�a�:@q�_C`71!�L_�?\Za�1�r�a,²�qGA�A�`71%�7_�?\Z
]G/�/�A�:Z²Ga�:'�eZ ±>± bLq�<U:L?U0L/R<>=n�7_�a:k²Ca�:'�Ca�1�0Rb?�_LqGa
±%± b�/7_ [ �7_i�(0�<�r�<G/71�aC=B0�<�=La%�7_�:k² ¶ _�/�:7a�1Lq�_�a�=0�<�?�:Rq�_�` [ �7_>�\Z<G/�1�a�` [ � ¶ D�0�<�?CJ [ �7_i�eZ*
handlerfunctionsfor animation+*
functionsto marknodes+*
auxiliary functions+¶ q�]GAC07:f¤
*
public memberfunctions+*
public memberfunctionsfor checking+w Z

*
inline functions+
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Figure10.42 Wegeneratedapoint setof 500randompointsandthenperformedacircular
rangequery. Thepointsreturnedby thequeryarehighlighted.

We storea POINT SETasa planarmapGRAPH� POINTÉ int � T plus two edgescur dart
andhull dart. For eachnode û of T we storeits positionin theplanein T [ û ] andfor each
edgeewestoreits typein T [e]. Theedgetypeis anelementof theglobalenumerationtype
delaunayedgeinfo definedin geoglobal enums.a2<�q [ 1�a�A%�2q�<O�i� a�1�r�a 0{<Cb�/ V iUHRP!��3�PiÑ d�ia�Ld�Y�9N�i(H@P!��3�P>Ñ i�P�3�6Y�9NI�FLI i(HRP%��3�P>Ñ d�ia�7d�Y«¹>N�ICFLI i(H@P!��3�P>Ñ i�P�3�6Y«¹>NQR4GW�W d�ia�7d�Y�¬xN�Q24CW�W i�P�3�6�Y;¬w
The dartsof T are labeledasdefinedin Section10.4 on staticDelaunaydiagrams.Hull
dartsare labeledHULL DART andnon-hull dartsare labeledeitherDIAGRAMDART or
NONDIAGRAMDART. The former label is usedfor non-hull darts that belongto the
Delaunaydiagram.

In hull dart wealwaysstoreadartof theconvex hull andin cur dart westoreanarbitrary
dartof thetriangulation.Weusecur dart asthestartingpoint for searches.

Many memberfunctionsof POINT SETcomewith a checker. Thebooleancheck con-
trolswhethercheckingis doneor not.

Most query operationsrequiregraphsearches.We usea nodemap� int � mark andan
integercur markto markvisitednodesin thesesearches.Moreprecisely, anodeû ismarked
if mark[ û ] �Ý� cur markandin orderto unmarkall nodesweincreasecur markby one.We
startwith cur markequalto zeroandall nodemarksequalto � 1 andhencethis solutionis
safeaslongascur markdoesnotwraparoundby overflow. Overflow occursafterMAXINT
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searchoperations.Assumingthataquerytakesat least100instructionsonecando atmost
106 (about220) queriespersecond.Thusthesolutionwould work for at least212 seconds
or aboutanhour. Weconcludethatweshouldguardagainstthiserror, in particular, sinceit
will bevery difficult to locateonceit occurs.Thesolutionis simple. Whenever cur mark
reachesMAXINT wereinitialize.
*
functionsto marknodes+�.��/�021�0�<>0R?C`@<G/�1�a�` [ �7_>�(=m8{T V [ �L_>�"o-0�<(0R?\8mR?+²>0�=jN ¯ ¹�T>Z:Rq�_C` [ �7_i�vY��9Zw
��/�021 [ �7_>�G`@<G/�1�aO8^<G/�1�a½�(TM:�/2<>=R? V 8�8l<G/71�a�` [ � ¶ D�0�<�?�J2K(T [ �7_i�(T ®´�!°XY�:Rq�_C` [ �7_>�eZ w
��/�021�q�< [ �7_i�G`R<G/�1�aO8l<G/�1�a½�UTB:�/R<>=R?V 8�8l<G/�1�a�` [ � ¶ D�0�<�?CJRK(T [ �7_i�>Tr®´�!°XY�:Rq�_C` [ �7_>� ¯ ¹>Z w
]G/�/�A�0�=7` [ �L_>�Ca�198^<G/�1�a½�(T :�/2<(=R? V _�aL?7q�_7< [ �L_>�¥®´�!°BY�Y�:Rq�_C` [ �7_i�eZ w
��/�021�q�< [ �7_i�G`>��A�A�`R<G/�1�a�=j8STh:�/2<(=R?V 8�8S0�<�?�K(TL:Rq�_�` [ �7_>�UTk¸%¸xZ02b�8s:Rq�_�` [ �7_>�BY�Y�Ñ�P��UHRI�6UT8�8fEGF�H@I�6C`�5Ld�6S�T@?i²U0�=�T ¯ J�0�<>0@?C`R<G/�1�a�` [ �7_i�(=j8{T(Z ±%± :>�C=R?-�+Øa�i��:�/2<>=R?L<GaC=�=w

Checking: Wehavetwo generalroutinesfor purposesof checking:

Û savestate¾ POINT p¿ savesthecurrentstateof thedatastructureandthepoint p
(which is typically theargumentof a queryoperation)to afile, and

Û check state¾ string loc¿ checksthestateof thedatastructureandprintsdiagnostic
informationto cerr if anerroris found.

Checkingis controlled by the booleanflag check, i.e., if check is true, savestate and
check stateperform as described,and if check is false, they do nothing and check state
returnstrue.

A typical function F of classPOINT SEThasabodyof thefollowing form.02bn8�:k²Ga�:'��Tv=+�i��a =R?a�7?�ax8fEGF�HRI�6 ¶ TmZ
±  ¶ _�/ ¶ a7_�]G/�1i��/7b-�º ±
02bn8�:k²Ga�:'�K�K/ªf:k²Ca�:'� =@?a�7?�aO8G¢SEGF�HRI�6 5Ld�6¯¤%¤´�u¢7TMTV :�a7_�_�D�D-��1�1G0R?U0L/R<O��Av0{<Cb�/7_ [ �7?U0L/2<�Z w

Assumenow thatcheckis setto true andthatsomefunction F containsanerror. Theerror
will be caughtby check state. Sincethe statebeforethe executionof F wassaved, the
error is reproducible.We addedthis featureto POINT SET becausean earlierversionof
POINT SETcontainederrorswhich arosevery infrequently. For example,at onepoint we
rana testprogramfor morethananhourbeforeit failed.
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Auxiliary Functions: The function markedge is usedto assigna delaunayedgeinfo to
anedge.Thecall to markedgehandler is for thepurposesof animationwhich we do not
discusshere.Readersinterestedin theanimationof thepointsetclassshouldread[MN98].
*
auxiliary functions+k.��/�021 [ �7_>�G`7a�1�r�aO8�a�1�r�auaON�1�a�A%�2q�<O�i�C`�a71�r�a�`�0{<�b�/��>TV �C=�=�0RrL<t8-aON��(TmZ02b�8 [ �7_>�C`�a�1�r�a�`k²O�2<C1�A�aL_(T [ �L_>�G`�a�17r�a�`k²O�R<C1�A�a2_\8-aCT>Zw

The Constructors: Theconstructorsallow usto constructa point setfor eithertheempty
setof pointsor for asetSof points.In thelattercasetheDelaunaytriangulationalgorithm
of Section10.4isused,i.e.,anarbitrarytriangulationisconstructedbyplanesweepandthen
Delaunayflips areperformedto obtaina Delaunaytriangulation. The work horsefor the
secondstepis amemberfunctionmakedelaunay¾ E ¿ thattakesa list of edges(it is required
thatall edgesnot in E have theDelaunayproperty)andturnsthecurrenttriangulationinto
aDelaunaytriangulation.

Locate: Thefunctiona�17r�aM6pofA�/�:i�7?�aO8fECF�HRI�6 ¶ T
is thebasisfor all queryfunctions.It returnsanedgee of T (nil if T hasno edge)with the
following properties:

Û If thereis anedgeof T containingp, suchanedgeis returned.If p lies on the
boundaryof theconvex hull thenahull dartis returned(andnot thereversalof ahull
dart).

Û If p lies in theinteriorof a face f of T (if p lies outsidetheconvex hull of S, f is the
unboundedface)thena darton theboundaryof f is returned.Thisdarthasp to its
left, exceptif all pointsin Sarecollinearandp lies on theline passingthroughthe
pointsin S. In thiscase,target¾ e¿ is thepoint in Sclosestto p.

Theimplementationof locateis non-trivial. We thereforedefinea functioncheck locate
thatcheckstheoutputof locate.
*
auxiliary functions+k, .��/�021�:k²Ga�:'�C`�A�/�:>�L?�aO8-a�17r�a��2<>=ZØCaL_\N;:�/2<(=R?zEGF�HRI�6�K ¶ T�:�/R<>=R?\Z

The implementationof check locate is left to the reader;it canbe found in [MN98]. We
turn to the implementationof locate. We distinguishcasesaccordingto thedimensionof
thetriangulation.
*
POINT SET.c+�, .a�17r�a�EGF�HRI�6�`�5Ld�6¯¤>¤fA�/�:>�L?�ax8fE�F�HRI76 ¶ TB:�/R<>=R?V 02b�8l<�q [ ]Ca7_C`�/�b�`�a�1�r�a�=j8ST�Y�Y�UTu_�a7?7q�_L<B<>0LAOZ
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02b�8�1G0 [ 8STXY�Y ¹7T V * locate:one-dimensionalcase+ w*
locate:two-dimensionalcase+w

If thedimensionis lessthanonewereturnnil.
Let usassumenext that theaffine dimensionof S is one. If p doesnot lie in theaffine

hull of S, i.e., p doesnot lie on the line supportinghull dart, we returneitherhull dart or
its reversal.If p lies on theline supportinghull dart we determinetheanswerby a walk in
thetriangulation.triangulations!walk througha triangulation

We initialize e to eitherhull dart or its reversalsuchthat p lies in thehalfspaceorthogo-
nal13 to e. We walk in thedirectionof e. Let e1bethefacecycle successorof e. As long
ase1pointsinto thesamedirectionase, i.e., is not thereversalof e, andcontainsp in the
halfspaceorthogonalto it, weadvancee to e1.

Thewalk endswhene1 is eitherthereversalof e or doesnot containp in thehalfspace
orthogonalto it. In theformercasep lies one or target¾ e¿ is thepoint in Sclosestto p and
in thelattercasep lies one. In eithercasewemaythereforereturne.
*
locate:one-dimensionalcase+-.a�17r�ava�Y�²�qGA�A�`L1!�7_�?\Z0�<�?�/7_G0La2<�?vY�/7_U0LaR<�?a�7?U02/2<t8-aON ¶ T>Z
02bn8-/7_G0La2<�?Úª^Y�UT V 0Rbn8�/7_U0La2<�?�Dv�UT�avY_�a+��a7_U=+��AO8-aGTmZ0Rbn8-:k²Ga�:'�(Tz:k²Ga�:'�C`�A�/�:>�L?�aO8-aON ¶ TmZ_�a7?7q�_7<�axZw
±%± ¶ 0�=v:7/�A�AC0�<Ca%�7_,Ø(0@?i²�?i²Ga ¶ /C0�<�?U=B0�<!5eo8À�a9ØQ��A+�
02bn8£ª�HRIC`LQ�P�W%��5LE�P�c7de8-axN ¶ TXTBavYv_�ai��a7_G=+��AO8-aCTmZ
±%± 0�<�?i²GaB1G0R_�a�:L?U0L/R<�/�b�aeo8À�a��7<G/+Ø�HRIC`LQ�P�W%��5LE�P�c7de8-axN ¶ T
a�17r�avaS¹zYb!��:7a�`�:+�C:7A�a�`�=�qG:�:x8-a�TmZØ>²(0LA�a�8�aO¹wª^Yv_�ai��a7_U=+��Ax8-aGThK�K�H@IC`LQ�P�W>��5LE�P�cLde8-aS¹>N ¶ TuTV aY�aS¹>ZaS¹XY�b!��:7a�`�:+�C:7A�a�`�=�qG:�:#8-a�TmZw
02bn8;:k²Ca�:'�>Tz:k²Ca�:'�G`�A�/�:>�7?�ax8-a�N ¶ TmZ
_�aL?7q�_7<�aOZ

We cometo the two-dimensionalcase. Assumew.l.o.g that cur dart is not a hull dart
(otherwise,replacecur dart by its reversal).

If p is equalto the sourceof cur dart, we aredoneandreturnthe reversalof cur dart;
recallthatwewantto returna hull dartif p lies on theboundaryof theconvex hull.

So assumethat p is distinct from the sourceof cur dart. The facecycle containing
cur dart is a trianglesincecur dart is not a hull dart andhencep eitherdoesnot lie on
the line supportingcur dart or the line supportingfacecyclepred¾ cur dart¿ . Let e be the

13 Thehalfspaceorthogonalto e hasnormalvectore, hassource� e� in its boundary, andcontainsthetargetof e. We
needthisdefinitiononly for thisparagraph.
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p
e1

e3

e0

e2 e5e4

Figure10.43 In orderto locatep wewalk alongthesegments from sourceÃ e0 Å to p; s
intersectsthehalf-closuresof thedartse0, e1, . . . , e5; e0, . . . , e5 aredirecteddownwards.

appropriatedart andassumethat p lies in the positive halfspace14 of e (replacee by its
reversalotherwise).

Wewalk alongtherays startingin thesourceof eandendingin p, seeFigure10.43.We
will maintainthefollowing invariantduringthewalk:

Û p lies in thepositivesubspacewith respectto e.

Û s intersectsthehalf-closureof e, wherethehalf-closureof e consistsof theinteriorof
e plusits source.However, thetargetof thedartdoesnotbelongto thehalf-closure.

*
locate:two-dimensionalcase+-.a�17r�ava�Y!0�=7`k²�qCA�A�`71!�L_�?\8;:Rq�_C`71>�7_�?(Th�M_�ai��aL_U=+��AO8-:Rq�_C`71%�7_�?UT£¤�:Rq�_C`71%�7_�?\Z
02bn8 ¶ Y�Y ¶ /C=7`�=2/2q�_C:�ax8-aGTuTz_�aL?7q�_7<_�a+��a7_U=+��AO8-aGTmZ
0�<�?�/7_G0La2<�?vY�/7_U0LaR<�?a�7?U02/2<t8-aON ¶ T>Z
02bn8-/7_G0La2<�?vY�Y�UT V avYb!��:�a�`�:+�C:�A�a�` ¶ _�a�1O8�aGT(Z/L_U0La2<�?vY�/7_U02a2<�?a�7?G0L/2<t8-axN ¶ T>Zw
02bn8-/7_G0La2<�?�DB�UT�aYv_�ai��aL_U=+��AO8�aGTmZ
5Ld!�iÑ�d�I�6�=m8 ¶ /C=7`�=L/2q�_C:7aO8-aGTmN ¶ TmZ
Ø>²(0LA�a�8�?�_7qGa�TV 02b�8S0�=7`k²�qGA�A�`71%�7_�?\8-aCT�T�]�_�a%�+�\Z
*
locate:determinethenext edgee or breakfromtheloop+w

02bn8;:k²Ca�:'�>Tz:k²Ca�:'�G`�A�/�:>�7?�ax8-a�N ¶ TmZ
8�8�a�1�r�a7KUTL:Rq�_C`L1!�7_�?(T�Y�aOZ_�aL?7q�_7<�aOZ

The while-loop performsthe walk. We distinguishcasesaccordingto whethere is a hull
dartor not. If e is ahull dart,westopandreturne.

Otherwise,let e, e1, e2 bethefacecycleof thetriangleF to theleft of e. Weneedto find
outwhetherthewalk endsin F or whetherweareleaving thetrianglethroughe1 or through

14 Thepositive halfspacewith respectto e is thehalfspaceto theleft of theorientedline supportinge.
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Figure10.44 A stepof thewalk throughthetriangulation:In theleft partof thefigure,c lies to
theright of s andin theright partit doesnot.

e2. Let c bethecommonendpointof e1 ande2. We distinguishcasesaccordingto whether
c lies to theright of s or not.

Assumefirst thatc lies to the right of s, i.e., s intersectsthehalf-closureof thereversal
eR

2 of e2, seeFigure10.44.If p lies to theleft of eR
2 , we replacee by eR

2 andcontinue.If p
lies on eR

2 , we returneR
2 , andif p lies to theright of eR

2 andhencein the interior of F , we
returne.

Assumenext thatc doesnot lie to theright of s, i.e., s intersectsthehalf-closureof the
reversaleR

1 of e1, seeFigure 10.44. If p lies to the left of eR
1 , we replacee by eR

1 and
continue. If p lies on eR

1 , we returneR
1 , andif p lies to the right of eR

1 andhencein the
interior of F or on e2 (thelattercasecanonly occurwhens passesthroughthesourceof e
andp lies one2), we returne in theformercaseandeR

2 in thelatter.
*
locate:determinethenext edgee or breakfromtheloop+k.a�17r�avaS¹zYb!��:7a�`�:+�C:7A�a�`�=�qG:�:x8-a�TmZa�17r�ava%¬Yb!��:7a�`�:+�C:7A�a�` ¶ _�a�198-a�TmZ0�<�?�1Y=¤>¤f/7_U0LaR<�?a�7?U02/2<t8S=jN ¶ /C=2`L?!�7_�r�a7?O8-aS¹7T�T>Za�17r�ava�`R<Gai×�?vY�_�ai��a7_U=+��Ax8�8�1�Dv�GTB�va%¬ ¤�aS¹vTmZ0�<�?�/7_G0La2<�?vY�/7_U0LaR<�?a�7?U02/2<t8-a�`@<Ga+×�?9N ¶ T(Z02bn8�/7_U0La2<�?�J��T V avY�a�`@<Gai×�?\Z�:7/2<�?U0�<�qGaOZ w02bn8�/7_U0La2<�?vY�Y���T V avY�a�`@<Gai×�?\Z�]�_�a%�+�eZ w02bn8�1�Y�Yv�vK�K�/L_U0La2<�?�DB��K�K�/L_U0La2<�?!�7?U0L/2<e8-a%¬ON ¶ T�Y�Y���TMavYv_�ai��a7_G=+��AO8-a>¬GTmZ]�_�a%�+�eZ

This completesthedescriptionof locate. We still needto arguetermination.We clearly
make progresswhen the new dart e intersectss closerto p than the old dart e. It may,
however, be the casethat the intersectionsare the same. In this situationthe new dart e
formsasmalleranglewith s thantheold one.

Having locate, wecaneasilyimplementthe lookupoperation.
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a
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p

Figure10.45 Thenodea lies in theinteriorof darte0 but infinitesimallycloseto thesource
nodeof e0. Thedartse0, e1, . . . have p on their left andaredirecteddownwards.Theray s�
intersectsonly theinteriorof darts.

*
POINT SET.c+�, .<G/71�a�EGF�HRI�6�`�5Ld�6¯¤>¤fA�/�/+�7q ¶ 8fE�F�HRI76 ¶ TB:�/R<>=R?V 02b�8l<�q [ ]Ca7_C`�/�b�`R<G/�1�a�=j8ST�Y�Y«¹�T V <G/71�a���YbG0R_U=@?C`R<G/�1�aO8{TmZ_�aL?7q�_7<�8 ¶ /C=j8"�(TXY�Y ¶ T��9�/¤ <>0LAOZwa�1�r�avavY�A�/�:>�7?�aO8 ¶ TmZ02b�8 ¶ /C=j8�=L/2q�_C:7aO8-aGT�T�Y�Y ¶ Tu_�a7?7q�_7<�=L/2q�_�:�aO8-aGT>Z02b�8 ¶ /C=j8f?a�7_�r�aL?\8-aGT�T�Y�Y ¶ Tu_�a7?7q�_7<?a�7_�r�a7?\8-aGT>Z_�a7?7q�_L<B<>0LAOZw

It took usa long time to comeup with theshortandelegantinner loop for locategiven
above. Earlier attemptswerelongerandlesselegant(andsomewereplain wrong). Why
did we have suchdifficulties andhow did we finally arrive at the programgiven above?
Thedifficultiesstemmedfrom degeneracies;we haddifficultieshandlingthecasethat the
ray s passesthroughsomenodeof the triangulationor evenrunson top of anedgeof the
triangulation. Underthe additionalassumptionthat thereareno degeneracies,i.e., that s
entersandleavestrianglesthroughrelative interiorsof edges,it waseasyto write a correct
program.Wehaddifficultiesextendingthesolutionto thecasewheres entersand/orleaves
througha vertex. Our original solutionwasclumsybecausewe usedtheweaker invariant
that s intersectsthe closureof e (andnot only the half-closureaswe statedabove). This
resultedin a lengthycasedistinction.

The key to the simplerprogramwasa thoughtexperimentusingperturbation. Recall
that we locate p by a walk throughthe triangulationstartingat the sourcenodeof some
darte0. Theideaof perturbationis to simulatethewalk alonga perturbedray sÌ thatstarts
in a nodea that lies in the interior of e0 but infinitesimally closeto the sourceof e0, see
Figure10.45.Theperturbedray will only passthroughtheinterior of darts(exceptmaybe
at p); it maypassinfinitesimallycloseto thesourceof adartbut not infinitesimallycloseto
thetarget.Weconcludedthatsourcenodesof dartsplayadifferentrole thantargetnodesof
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dartsandcameup with theconceptof thehalf-closureof a dart. Oncewe hadtheconcept
of ahalf-closure,wearrivedatacorrectprogramwithin anhour.

We closethis sectionwith a remarkabouttheefficiency of locate. Clearly, the running
time of locateis proportionalto thenumberof dartsof theDelaunaytriangulationcrossed
by the segments. Boseand Devroye [BD95] have shown that the expectednumberof
edgesof aDelaunaytriangulationof randompointscrossedby a line segmentof lengthl is
O ¾ l � �Ó¿ , where� is thepointdensity.

Insert: Thefunction<G/71�aM6po-0�<>=2a7_�?\8fECF�HRI�6 ¶ TmZ
insertsthe point p into T andreturnsthe correspondingnode. More precisely, if thereis
alreadya node û in T positionedat p (i.e., pos¾"û+¿ is equalto p) thenpos¾sû+¿ is changedto
p (i.e., pos¾"û+¿ is madeidenticalto p) andif thereis no suchnodethena new node û with
pos¾"û+¿�� p is addedto T . In eithercase,û is returned.

Wefirst defineour returnstatement
*
insert::check andreturnv+-.02bn8�:k²Ga�:'�K�K/ªf:k²Ca�:'�G`�=@?a�7?�aO8G¢SECF�H@I�6C`L5Ld�6y¤>¤�0�<U=La7_�?\¢LTuTV :�a7_�_�D�D£¢{6i²Ca ¶ /C0�<�?!0�<>=2a7_�?�a�1nØQ�C=�¢MD�D ¶ Zai×U0R?\8�¹�TmZw_�aL?7q�_7<;�\Z

andthengive anoverview. We first dealwith thecasethat T hasat mostonenode. If T
hasmorethanonenode,we locate p in the triangulation. Let e be the edgereturnedby
locate¾ p¿ . If p is equalto anendpointof e, we replacetheendpointby p andreturn.

Otherwise,we determinewhetherp lies on e and thendistinguishcasesaccordingto
thedimensionof the triangulationafter the insertion. The dimensionis oneif thecurrent
dimensionis oneandp lies in theaffinesubspaceof S.
*
POINT SET.c+�, .<G/71�a�EGF�HRI�6�`�5Ld�6¯¤>¤-0�<>=LaL_�?98fE�F�HRI76 ¶ TV 02b�8s:k²Ga�:'��T='�i��a�`�=@?a�7?�aO8 ¶ TmZ

<G/�1�a��\Z
*
T haszero or onenode+a�1�r�avavY�A�/�:>�7?�aO8 ¶ TmZ02b�8 ¶ Y�Y ¶ /�=7`�=L/2q�_C:�aO8-aCT�T V �C=�=�0Rr7<t8S=2/2q�_C:�ax8-aGT>N ¶ TmZ�_�a7?Lq�_7<�=L/2q�_C:�aO8-aCTmZ w02b�8 ¶ Y�Y ¶ /�=7`L?a�7_�r�a7?\8-aCT�T V �C=�=�0Rr7<t8k?!�7_�r�a7?98-aGT>N ¶ TmZ�_�a7?Lq�_7<?a�7_�r�a7?\8-aCTmZ w
]G/�/�A ¶ `�/R<U`�aMY!=La7r\8-aCTxok:�/2<�?a�C0�<>=m8 ¶ T(Z
02b�8�1G0 [ 8{TXY�Y«¹uK�K�/7_U02a2<�?a�7?G0L/2<t8-axN ¶ T�Y�Yv��TV *

dimensionis oneafter theinsertion+ w*
dimensionis two after theinsertion+w
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Assumefirst that T hasat mostonenode. If T hasno node,we createa node,label it
with p andreturnit, if T hasonenode,we eitherrelabelthis nodewith p or we createa
new nodewith label p andconnectit to theold node.
*
T haszero or onenode+�.02bn8l<�q [ ]Ga7_C`7/�b�`R<G/71�aC=j8�T�Y�Y��UTV ��YM<Ga+ØG`@<G/�1�aO8 ¶ TmZ *

insert::check andreturnv+ w02bn8l<�q [ ]Ga7_C`7/�b�`R<G/71�aC=j8�T�Y�Y ¹�TV <G/�1�a,Ø�Y�bG0@_U=R?C`R<C/�1�aO8{T>Z02b�8 ¶ Y�Y ¶ /�=j8�Ø>T�TV �C=�=�0Rr7<t8�ØeN ¶ TmZ��Y�Ø\Z*
insert::check andreturnv+wa�AC=LaV ��YB<Ca+ØG`R<G/71�aO8 ¶ T>Za�17r�a�×�YM<Ga+ØG`7a�1�r�aO8��\N�Ø>TmZ�a�1�r�a9��YM<Ga+ØG`�a71�r�aO8�Ø\N"�(TmZ
[ �L_>�G`�a�17r�aO8"×\NfQ24GW�W�`2i�P�376(TmZ [ �7_i�G`�a�1�r�aO8"�\NkQR4GW�W�`Ri�P�3�6GTmZ=LaL?C`L_�ai��a7_U=+��Ax8"×\N"�GTmZ²�qCA�A�`71!�L_�?BY�:Rq�_C`71%�7_�?BY�×\Z*
insert::check andreturnv+ww

If dim is oneand p lies in theaffine hull of S therearetwo cases.If p is on e thenwe
split e into two edgesandif p doesnot lie on e we simply addnew edgesbetweenp and
target¾ e¿ .
*
dimensionis oneafter theinsertion+�.��YB<Ga'ØG`R<G/�1�aO8 ¶ TmZa�17r�a�×�YM<Ga+ØG`�a71�r�aO8"�9Nk?a�7_�r�a7?\8kaGT�TmZ a�17r�a���YM<Ga+ØG`7a�1�r�aO8f?a�7_�r�aL?\8-aCT>N"�UTmZ
[ �L_>�G`�a�17r�aO8"×\NfQ24GW�WC`@i�P�376(T>Z [ �L_>�G`�a�17r�aO8"�\NfQ24GW�WC`@i�P�3�6UTmZ=LaL?C`L_�ai��a7_U=+��Ax8"×\N"�(T(Z
02bn8 ¶ `7/2<U`�aGTV ×�YM<Ga+ØG`7a�1�r�aO8��\NS=L/2q�_C:7aO8kaGT�T(Z��YM<Ga+ØG`7a�1�r�aO8�=L/2q�_C:7aO8�aGT(N"�(T(Z
[ �7_>�G`7a�1�r�aO8�×\NkQ24GW7WC`2i�P�3�6(T(Z[ �7_>�G`7a�1�r�aO8��\NkQ24GW7WC`2i�P�3�6(T(Z=La7?C`L_�ai��a7_U='��AO8"×\N��(TmZ²�qGA�A�`L1!�7_�?�Y!:Rq�_�`71!�7_�?MY-×\Z
1�a�A�`�a71�r�aO8k_�ai��a7_U=k��AO8kaGT�TmZ1�a�A�`�a71�r�aO8-aCTmZw

*
insert::check andreturnv+

In theremainingcasethehull is guaranteedto betwo-dimensionalaftertheinsertion.We
now have to triangulatethefacethatcontainsp. p lies in theinterior of theconvex hull if f
e is notahull dart.

If p lies in a boundedface(= triangle),we connectit to all (three)nodesof the face.
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Oneof the threenew trianglescouldhave heightzero. We madesurethatmakedelaunay
handlesthis casecorrectly.

If p lies in theouterfaceor onits boundary, wefirst determinethesetof hull dartsvisible
from p by walking in bothdirectionsalongthehull startingin e. We call the two extreme
dartsreachedby thesewalkse1ande2. Wethenaddanedgefor eachvisiblevertex, i.e. for
all verticesfrom target¾ e1¿ to source¾ e2¿ .

Thereis onesubtlepoint. It is importanthow tiesarebrokenwhen p lies on a hull dart.
Only onetriangleshouldbe addedto the triangulationandnot three(the latter would be
the caseif we breakthe tie in favor of the triangle incident to the hull dart). In order to
guaranteethattiesarebrokencorrectly, wehave locatereturnahull dartif p doesnot lie in
theinterior of thetriangulation.

In the implementationwe retriangulatethe outer faceandboundedfacesin a uniform
way;weaddnew edgesfor all nodesfrom target¾ e1¿ to source¾ e2¿ for two dartse1ande2.
In thecaseof aboundedfacewechoosee1= e2= e andin thecaseof theouterfaceweset
e1ande2 to theextreme(tangent)dartsasdescribedabove.
*
dimensionis two after theinsertion+�.� YM<Ga+ØG`R<C/�1�aO8 ¶ TmZa�17r�avaS¹zY�aOZa�17r�ava%¬Y�aOZAC0�=R?CD�a�17r�a�JXdeZ]G/�/�Av/2q�?�a7_�`7b!��:�azY�0�=L`k²�qGA�A�`71!�7_�?98-aGTmZ
02bn8-/2q�?�a7_C`7b%��:�aGTV�±%± [ /i��avaS¹ ± a%¬�?�/�:�/ [ ¶ q�?�auq ¶%¶ a7_ ± A�/'ØCa7_�?!�2<�r�a2<�?U=1�/vaS¹zYb!��:7a�`�:+�C:7A�a�` ¶ _�a�198-aQ¹�T>ZñØ>²>0LA�a~8-/7_U0LaR<�?a�7?U02/2<t8-aS¹(N ¶ ThJB�UTmZ1�/va%¬Yb!��:7a�`�:+�C:7A�a�`�=�qG:�:x8-ai¬GT>ZñØ>²>0LA�a~8-/7_U0LaR<�?a�7?U02/2<t8-a%¬xN ¶ ThJB�UTmZw
±%± 0�<>=2a7_�?a�1�r�aC=y]Ga7?>ØCa�a2<��£�R<C1B?a�7_�r�aL?\8-aS¹�T�o�o�o�=L/2q�_�:�aO8-a%¬CTaY�aS¹(Z1�/ V a�Yb!��:�a�`�:+�C:�A�a�`�=�qU:�:j8-aGT(Za�1�r�a�×�Yv<Ga+ØC`�a�1�r�ax8-aON"�(T>Za�1�r�a���Yv<Ga+ØC`�a�1�r�ax8"�\NS=L/Rq�_�:�ax8�aGT7TmZ=La7?C`L_�ai��a7_U='��AO8"×\N��(T>Z

[ �7_>�G`7a�1�r�aO8�aONfi(HRP%��3�P>Ñ�`2i�P73�6UTmZd"o�� ¶%¶ a2<C198-aCTmZd"o�� ¶%¶ a2<C198"×UTmZw Ø>²>0LA�a�8-aÚª^Ya%¬GT>Z
02bn8-/2q�?�a7_C`7b%��:�aGTV�±%± [ �7_>��A%�C=@?-�G0�=�0R?�a71��2<C1�<Ga+Ø�a�1�r�a�=^�C=n²�qGA�Ava�1�r�a�=[ �7_>�G`7a�1�r�aO8kb!��:�a�`7:+�C:LA�a�`�=SqU:�:j8-aO¹�T>NfQ24�W�WC`Ri�P�3�6GTmZ[ �7_>�G`7a�1�r�aO8kb!��:�a�`7:+�C:LA�a�` ¶ _�a�1x8-a>¬GT>NfQ24�W�WC`Ri�P�3�6GTmZ[ �7_>�G`7a�1�r�aO8�a%¬ONkQ24�W�WC`@i�P�3�6GTmZ²�qGA�A�`L1!�7_�?�Y�a%¬OZw
[ �'�Ca�`71�a�A%�2q�<O�+�\8fd>TmZ ±%± _�aC=@?�/7_�aC=hiCa�A%�2q�<O�i� ¶ _�/ ¶ a7_�?>�*
insert::check andreturnv+
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Deletion: Thefunctions
��/�021B6pol1�a�Ax8l<G/�1�an�(T��/�021B6pol1�a�Ax8fEGF�HRI�6 ¶ T

remove thenode û andthepoint p, respectively, i.e., make T a Delaunaytriangulationfor
S öÝÇ pos¾"û+¿mÊ andS ö p, respectively.

Thestrategy to remove a nodeis simple. Removal of a nodefrom the interior of a two-
dimensionaltriangulation(of course,theprogramalsohasto handletheremoval of a node
from a triangulationthat is not two-dimensionalor of a nodewhich lies on the boundary
of theconvex hull) createsa cavity in the triangulation.Thecavity is retriangulatedin an
arbitrarywayandthenmakedelaunay¾ E ¿ is calledto restoretheDelaunayproperty, where
E is thesetof new edgesandthesetof edgeson theboundaryof thecavity.

After this generaloutline we defineour return statementandgive an overview of the
deletionprocedure.
*
del: check andreturn+-.02bn8�:k²Ga�:'�K�K/ªf:k²Ca�:'�G`�=@?a�7?�aO8G¢SECF�H@I�6C`L5Ld�6y¤>¤^1�a7AO8l<C/71�a½�(Ta¢7TBTV :�a7_�_�D�D£¢�1�a�A�a7?�a�1M?+²Gaz<G/�1�a,Ø(0R?+² ¶ /C=�0R?U02/2< ¢zD�D ¶ /C=j8"�(T>Zai×U0R?\8�¹�TmZw_�aL?7q�_7<tZ
*
POINT SET.c+�, .��/�021MEGF�HRI�6�`�5Ld�6¯¤>¤l1�a�AO8^<G/71�a©�(TV 02b�8"��Y�YB<>02AGTza7_�_�/7_�`k²O�2<C1�A�a7_\8G¹(NG¢SE�F�HRI�6�`75Ld�6¯¤%¤^1�a�AV¤�<>0LA��7_�r7q [ a2<�?pom¢7TmZ02b�8l<�q [ ]Ca7_C`�/�b�`R<G/�1�a�=j8ST�Y�Y�UTa7_�_�/7_C`k²Q�2<C1�A�aL_\8G¹>N�¢SECF�H�I�6C`L5Ld�6¯¤>¤^1�a7AV¤�r�_a� ¶ ²�0�=�a [ ¶ ?%�pom¢LTmZ02b�8;:k²Ga�:k�>TM=+�i��a�`�=R?a�7?�aO8S0�<CbO8"�UT�T>Z

02b�8�1G0 [ 8{TzD-¬!TV 02bn8�/2q�?�1�aLr\8"�(TyY�Y;¬CTV <G/�1�a�=�Y?!�7_�r�a7?98�bG0R_U=@?C`>��1!µ�`7a�1Lr�aO8��UT�TmZ<G/�1�aM?�Y?!�7_�r�a7?98-A%�C=R?�`>��1!µ�`7a71�r�aO8"�UT�T>Za�1�r�a�×�YB<Ca+ØG`�a�17r�aO8S=jNf?(TmZ�a�1�r�a���YB<Ca+ØG`�a�17r�aO8k?\N�=�TmZ
[ �7_>�C`�a�1�r�ax8"×\NkQ24CW�W�`2i�P�3�6GTmZ [ �7_>�C`�a�1�r�ax8"�\NkQ24CW�WC`2i�P�3�6UT>Z=La7?C`2_�ai��a7_G=+��AO8"×9N"�UTmZw

1�a�A�`R<G/�1�aO8"�(TmZ:Rq�_C`71!�7_�?BY9²�qGA�A�`71%�7_�?BYbG0R_U=@?C`�a�1�r�aO8{TmZ
*
del: check andreturn+w

*
removal of v froma two-dimensionaltriangulation+*
del: check andreturn+w
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Figure10.46 Theright partof thefigureshows theeffect of flipping theedgesÃ��kÄ aÅ , Ã��kÄ cÅ andÃ��kÄ eÅ .

If the dimensionof the triangulationis lessthan two, the removal of û is trivial. If the
dimensionis zeroor thedimensionis oneand û is anextremenodeof thetriangulation(i.e.,
theoutdegreeof û is one),wesimply remove û . If û hasoutdegreetwo, weconnectthetwo
neighborsof û by anew edgeandthendeleteû . Of course,cur dart or hull dart couldhave
beenincidentto û andhencehave to begivennew values.

We cometo theinterestingcase,theremoval of û from a two-dimensionaltriangulation.
Wefirst discussthecasethat û lies in theinteriorof thetriangulation.Wewill laterseethat
thesamestrategy alsohandlesthecasewhere û lies on theboundaryof theconvex hull.

Removal of û createsa faceP that is, in general,not a triangle. It is only a triangleif
thedegreeof û is three. We needto retriangulatethis face. A naturalapproachwould be
to remove û andto retriangulateafter the removal of û . However, this approachdoesnot
exploit the fact that P is a so-calledstar-shapedpolygonwith respectto û , i.e., that û can
seeall verticesof P. We will exploit this fact as follows in the retriangulationprocess.
Wewill show below thatthereis alwaysanedgee incidentto û suchthatthetwo triangles
incidentto û form a convex quadrilateral.We “flip e away from û ” by replacingit by the
otherdiagonalof thetriangle.In thisway thedegreeof û is decreasedby one.Wecontinue
until thedegreeof û is three.At this point, û is removedandthecreatedfaceis a triangle,
seeFigure10.46.

We now give thedetails. We needa slightly moregeneraldefinitionof star-shapedness
thanwasalludedto in the text above. Themoregeneraldefinition is neededto copewith
thecasethatthreeor morepointsof S lie ona commonline.

Wecall apolygonP star-shapedwith respectto apoint û if either:

Û û lies in theinteriorof P andfor everyvertex p of P theopenline segment û p is
containedin theinterior of P, or

Û û lies in therelative interior of anedgee of P andfor everyvertex p of P thatis not
anendpointof e theopenline segment û p is containedin theinteriorof P.

Lemma 8 Let P be a polygonwhich has at least four verticesand is star-shapedwith
respectto somepoint û . Thenthere are threeconsecutiveverticesp, q, r of P such that
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Figure10.47 Ã pÄ q Ä r Ä{�kÅ formsaconvex quadrilateral.In thesituationon theleft � will lie on
anedgeof P � aftertheflip of edgeÃ��kÄ q Å andin thesituationon theright it will still lie in the
interiorof P � . ThequadrupleÃ q Ä r Ä r � Ä{�kÅ doesnot qualify for aflip.

¾"ûSÉ p É q É r ¿ forma convex quadrilateral. In thisquadrilateral theangleat û maybeequalto� . Theangleat û canbeequalto � only if û lies in theinterior of P, seeFigure10.47.
Let P Ì bethepolygonobtainedfrom P byreplacingtheedgespq andqr by theedge pr .

ThenP Ì is star-shapedwith respectto û .

Proof Considerany triangulationT of P. T consistsof at leasttwo triangles.Sincethedual
of a triangulationis a treeandevery treehasat leasttwo leaves,theremustbeat leasttwo
trianglesin T whoseedgesconsistof two consecutiveedgesof P plusthechordconnecting
thesourceof the first edgewith the targetof the secondedgeandhencetheremustbe at
leastonesuchtrianglewhich, in addition,doesnot contain û in its interior. Considerone
suchtriangle,sayt , andlet e1 �/¾ p É q ¿ ande2 �=¾ q É r ¿ betheedgesof P thatarecontained
in its boundary. Since ¾ p É q É r ¿ is a triangleof T theangleatq is lessthan � .

Since û is not containedin the interior of t , ¾"ûSÉ p É q É r ¿ forms a convex quadrilateral.
In this quadrilateraltheanglesat p andr mustbe lessthan � sinceP is star-shapedwith
respectto û . Also by thestar-shapedness,theangleat û canbeequalto � only if û lies in
theinterior of P.

P Ì is clearlystar-shapedwith respectto û .
Call anedgeincidentto û flipableif thetwo trianglesincidentto it form aconvex quadri-

lateral.As long asthereis aflipableedgeincidentto û flip it. Thelemmaaboveguarantees
thattheprocessdoesnot terminatebefore û hasdegreethree.

How canwefind flipableedgesquickly? We scanthroughtheedgesincidentto û . Let e
bethecurrentedge.If e is notflipable,weadvancee to thecyclic successorof e, andif e is
flipable,weflip it andsete to thecyclic predecessorof e.

Whendoweterminate?Weterminatewhen û hasdegreethree.Sincewewantto usethe
sameprocedurealsofor nodesonthehull wedevelopamoregeneralterminationcondition.
Weterminatewhenthedegreeof û reachesmindeg, wheremindeg is threefor nodesin the
interior andis two for hull nodes.Wealsokeepa countercountwhich is a lower boundon
thenumberof edgesoutof û thatarecertainlynotflipable.Weincrementcountwhenevera
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non-flipableedgeis found,wedecrementcountby two wheneveraflip is performed,asthis
maymakethetwo neighborsof theflippededgeflipable,andweterminateif countreaches
outdeg ¾"û+¿ .

Why is this correct?Call anedgecertifiednon-flipableif it hasbeentestedfor flipping
andits two neighborshave not changedsince.In theprocedurejust outlinedtheedgesthat
arecertifiednon-flipableareconsecutive in the cyclic adjacency list of û andcount is a
lowerboundon their number. This showscorrectness.

Therunningtime of retriangulationis linearin theinitial degreeof û . This follows from
the fact that the total decrementof count is boundedby twice the initial degreeof û and
hencethetotal increaseof countis boundedby thricetheinitial degreeof û .

Weobtainthefollowing code.
*
removal of v froma two-dimensionaltriangulation+k.AC0�=R?CD�a�17r�a�JXdeZ
0�<�? [ 0{<U`71�a7rMY�
OZa�17r�avaOZb�/L_a��A�A�`i��1!µ�`�a71�r�aC=j8kaON"�GTV d"o�� ¶%¶ a2<C198�b%��:�a�`�:k�C:�A7a�`�=�qC:�:x8kaGT�TmZ02b�8S0�=7`k²�qGA�A�`71%�7_�?\8-aCT�T [ 0�<U`71�a7rvY�¬xZw
0�<�?!:�/Rq�<�?vY�9ZaY�bG0@_U=R?C`>�71!µ�`�a�17r�aO8"�GTmZ
Ø>²(0LA�a�8�/Rq�?�1�a7r98"�(TuJ [ 0�<U`L1�a7rBK�K�:�/2q�<�?�D/2q�?�1�a7r\8��(TMTV a�1�r�ava�` ¶ _�a�1BY�:+�C:�AC0L:�`>��1!µ�` ¶ _�a�1O8�aGT(Za�1�r�ava�`�={qU:�:�Y�:+�C:�AC0L:�`>��1!µ�`�=�qU:�:#8�aGT(ZEGF�HRI�6-�vY ¶ /C=7`L?!�7_�r�a7?98-a�` ¶ _�a�1GTmZ�EGF�HRI�6�:vY ¶ /C=L`L?a�7_�r�a7?\8-a�`�=�qU:�:�TmZ
02b�8«ª}_U0@ri²�?C`L?Lq�_7<t8��xN;:#N ¶ /C=j8��(T�T�K�Kv_U0Rri²�?C`L?7q�_L<t8��ON;:#N ¶ /�=L`2?a�7_7r�aL?98-aCT�TXTV�±%± a�0�=zb�AC0 ¶ �R]GA�aa�17r�aM_�Yv_�ai��aL_U=+��AO8�aGTmZ
[ /+��a�`�a�17r�aO8-aONf_�ai��a2_U='��A#8-a�`�=�qG:�:�T>Nk?%�7_�r�aL?98-a�` ¶ _�a71GT�TmZ[ /+��a�`�a�17r�aO8k_\Nf_�ai��a2_U='��A#8-a�` ¶ _�a�1GT>Nk?%�7_�r�aL?98-a�`�=�qG:�:�TmNkWLd�i�Py¤>¤�]GaLb�/L_�aGT>Z
[ �L_>�G`�a�17r�aO8-aONli(HRP!�L3�PiÑG`@i�P�376(T>Z[ �L_>�G`�a�17r�aO8k_\Nli(HRP!�L3�PiÑG`@i�P�376(T>Zd"o�� ¶%¶ a2<�198-aGTmZ
avY�a�` ¶ _�a�1OZ:�/Rq�<�?vY�:�/2q�<�? ¯ ¬OZ02bn8�:�/2q�<�?�DB��TM:�/2q�<�?vY��OZwa�AC=LaV avY�a�`�=�qU:�:#Z:�/Rq�<�?!¸%¸OZww

02bn8 [ 0�<U`71�a7rvY�Y;¬�TV *
adjustmarksof new hull dartsandtheir reversals+ w
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:Rq�_C`71!�7_�?vYvd"o ²Ga%��198STmZ
1�a�A�`R<G/�1�aO8"�(TmZ
[ �'�Ca�`71�a�A%�2q�<O�+�\8fd>TmZ

Wegivesomemoreexplanations.Thewhile-loopperformstheretriangulation.During the
retriangulationwebuild upalist E of edgeswhoseDelaunaypropertyneedsto bechecked:
E consistsof all edgesin the boundaryof the cavity createdby the removal of û andall
edgescreatedduringretriangulation.

After retriangulationweremove û andaddcall makedelaunay¾ E ¿ to restoretheDelaunay
property.

We alsohave to take careof cur dart. It may have beenincidentto û . We set it to an
arbitraryedgein theboundaryof thecavity createdby theremoval of û .

This completesthediscussionof thecasewhenanodein theinteriorof thetriangulation
is removed. We will next arguethat the sameretriangulationstrategy works when û is a
nodein theboundaryof thetriangulation.

Again we flip edgesaway from û until no further edgesareflipable. Whenthis is the
case,the neighborsof û form a chain that is concave asseenfrom û andhenceremoval
of û leavesuswith a triangulationof the remainingnodes.Removal of û alsoturnssome
dartsinto hull darts.Their labelshave to bechangedto HULL DARTandtheedgesof their
reversalhave to be changedto DIAGRAMDART. Thereis a small exceptionto the latter
rule,namelywhena reversalis a hull dartitself. This will bethecasewhentheremoval of
û reducesthedimensionof thetriangulationfrom two to one.
*
adjustmarksof new hull dartsandtheir reversals+;.a�17r�avaON"×\Zb�/L_a��A�A�`i��1!µ�`�a71�r�aC=j8kaON"�GTV ×�Yb!��:�a�`�:+�C:�A�a�`�=�qU:�:x8�aGT(Z

[ �7_>�G`7a�1�r�aO8�×\NkQ24GW7WC`2i�P�3�6(T(Z02b�8«ª�0�=L`k²�qGA�A�`71!�7_�?98k_�ai��a7_U=k��Ax8"×UT�TXT [ �L_>�G`�a�17r�aO8k_�a+��a7_G='��AO8"×GTmNliUHRP%��37P>ÑG`@i�P�3�6GTmZw
²�qCA�A�`71!�L_�?BY�×\Z

NearestNeighbor Searching: Thefunctions<G/71�a 6po|<Ga%�7_�a�=R? <CaC0Rri²�]C/7_\8fEGF�HRI�6 ¶ TmZAC0�=R?CDR<G/71�a�Ju6poz� <Ga%�7_�aC=R? <GaC0Rri²�]G/7_U=j8lEGF�HRI�6 ¶ Ns0�<�?9�>TmZ
returna node û closestto p, i.e., dist¾ p É pos¾"û+¿"¿ � min Ç dist¾ p É pos¾ u ¿s¿ ; u ê T Ê , andthe
list of the min ¾ k É î Sî ¿ closestpoints to p, respectively. The points in the result list are
orderedby distancefrom p. Onecanalsoaskfor thenearestneighbor(s)of anode.<G/71�a 6po|<Ga%�7_�a�=R? <CaC0Rri²�]C/7_\8l<G/71�a½Ø(TmZAC0�=R?CDR<G/71�a�Ju6poz� <Ga%�7_�aC=R? <GaC0Rri²�]G/7_U=j8^<G/�1�a©ØeNs0�<�?9�>TmZ
returna node û differentfrom � that is closestto T [ � ] andthe list of themin ¾ k É î Sî � 1¿
closestpointsto T [ � ], respectively.
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The following observationpavestheway for a simplealgorithmfor bothproblemsand
is alsothebasisof therangequeryalgorithmsto bediscussedin thenext section.

Lemma9Letsandt betwonodesofaDelaunaytriangulationT andletd betheirdistance.
Thenthereis a pathfroms to t in T such thatall intermediatenodeshavedistancelessthan
d froms.

Proof Weuseinductionond. Let D bethediskwith radiusd centeredats. If st is anedge
of T , we aredone.Otherwiselet a andb be thetwo neighborsof t suchthat thesegment
st runsbetweentheedgesta andtb of T . Thepointsa, b, andt form a triangleof T . If
oneof a andb hasdistancelessthand from s, we canapplythe inductionhypothesisand
aredone.Soassumeotherwise,i.e.,neithera nor b lies in theinterior of D. Thesegments
st andab intersect(sinces cannotlie in theinteriorof thetrianglewith cornersa, b, andt)
andhence¾ s É a É t É b¿ is aconvex quadrilateral.Thedisk D provesthatthesegmentab does
not belongto theDelaunaytriangulationof Ç a É b É s É t Ê andhencecannotbeanedgeof T .

The lemmasuggestsa simplestrategy to find the k-nearestneighborsof p � T [ û ]. If
thenumberof pointsin T is no morethank, we simply returnall nodesin T . Soassume
otherwise.We starta graphsearchstartingin û . We keepall reachednodesin a priority
queueaccordingto their (squared)distancefrom û and always continuethe exploration
from anodewith smallestdistance.Thelemmaaboveguaranteesthatthisstrategy explores
thenodesof T in orderof increasingdistancefrom û .
*
POINT SET.c+�, .� 0{<U:�A2qC1�avDLW�d�i�P ± ¶ ` ± qCa2qGaeoz²CJ
AC0�=R?CDR<G/71�a�JXEGF�HRI�6C`�52d�6¯¤%¤�<Ca%�7_�a�=R?�`R<Ca�0Rr'²�]G/L_G=m8l<�/�1�a©�\Ns0�<�?9�>TM:�/2<>=R?V AC0�=R?CD@<G/�1�a�Jy_�aC=�qCA7?\Z0�<�?M<!YM<�q [ ]Ga7_C`�/7b�`R<G/�1�aC=j8{T(Z02b�8��!D7Yº¹�Tu_�a7?7q�_L<_�aC=�qGAL?\Z02b�8�<¡¸ ¹�D7Y9��TV <G/71�a,ØeZb�/L_a��A�A�`@<G/�1�aC=m8�ØeNm�?i²(0�=�Tu0Rbn8ÞØ ª}Y-��Tz_�aC=�qGA7?to�� ¶%¶ aR<C198�Ø>T(Z_�aL?7q�_7<_�a�=�qGA7?\Zw
EGF�HRI�6 ¶ Y ¶ /C=j8"�UTmZ
q�< [ �7_i�G`>��A�A�`R<G/�1�a�=j8{T(Z
¶ ` ± qGaRqGa�DL3�P�6C`L6���E7deNl<�/�1�a�J�EG #Z
EG \o-0�<(=La7_�?\8k�9N"�(TmZ [ �L_>�e8"�(T>Z
Ø>²>0LA�a~8§�!J��TV ¶%± `�0R?�a [ 0R?�YBEG \o^bG0�<C1�` [ 0�<t8{T>Z<G/71�a,Ø�YBEG \o-0{<Cb98S0R?UTmZ EG 9ol1�a�A�`�0R?�a [ 8�0R?(TmZ
02bn8§Ø ª^Y���T V _�aC=�qCA7?po�� ¶>¶ a2<C198�Ø>TmZ � ¯3¯ Z w
<G/71�aB�9Zb�/L_a��A�A�`i��1!µ�`R<C/�1�aC=>8��ON�ØUT
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V 02bn8ºª�0�=7` [ �7_i�Ca�198��GTzT V EC \o-0�<>=2a7_�?\8 ¶ o-= ± _C`L1C0�=R?O8 ¶ /�=m8��UT7TmNk�GTmZ[ �7_>�e8��GTmZwww
_�a7?7q�_L<_�aC=�qGAL?\Zw

Wecometo thecasewherewewantto searchfor thenearestneighborsof apoint p. We
simply insert p into T andthenusetheprocedureabove.

A smallcomplicationarisesfrom thefactthat p maylie ona nodeof T . We testfor this
caseby performinga lookupfor p. If p doesnot lie onanodeof û , we insertit. Of course,
it hasto removedagainaftercalling theprocedureaboveandp hasto beremovedfrom the
list of answers.
*
POINT SET.c+�, .AC0�=R?CDR<G/71�a�JXEGF�HRI�6C`�52d�6¯¤%¤�<Ca%�7_�a�=R?�`R<Ca�0Rr'²�]G/L_G=m8fE�F�HRI�6 ¶ Ns0�<�?9�>TV AC0�=R?CD@<G/�1�a�Jy_�aC=�qCA7?\Z0�<�?M<!YM<�q [ ]Ga7_C`�/7b�`R<G/�1�aC=j8{T(Z02b�8��!D7Yv��Tu_�a7?7q�_L<_�aC=�qGAL?\Z02b�8�<�D7Y��¡Tu_�a7?7q�_L<���A�A�`R<C/�1�aC=j8STmZ

±%± 0�<>=La7_�? ¶ �2<C1�=La>�7_C:k²B<Ga�0Rri²�]G/L_U=yr�_a� ¶ ²�=R?a�7_�?U0�<�r-�7? ¶
<G/�1�a���Y�A�/�/+��q ¶ 8 ¶ TmZ]G/�/�Av/�A�1�`R<G/�1�azY?�_LqGaOZ02b�8g��Y�Y�<>0LA!T V ��Yn8�8fECF�HRI�6C`75Ld�6S�T�?i²>0�=�T ¯ J�0{<(=La7_7?\8 ¶ T>Z/�A�1�`@<G/�1�a�Y�b!��AC=2aOZwa�AC=La,� ¯3¯ Z
_�aC=�qGAL?vYB<Ga>�7_�aC=R?�`R<GaC0Rr+²�]G/7_C=j8��\N��(TmZ
02b�8h/�A�1�`R<G/�1�aT_�a�=�qGA7?po ¶ q>=G²U`Lb�_�/2<�?\8��(T(Za�AC=La8�8lEGF�HRI�6�`�5Ld�6S�T@?i²>07=�T ¯ J21�a�A#8"�UTmZ
_�a7?7q�_L<_�aC=�qGAL?\Zw

The nearestneighborof a node û in a Delaunaydiagramis a nodeadjacentto û . Thus
oneonly hasto find theminimum(squared)distancebetweenû andits neighboringnodes.
*
POINT SET.c+�, .<G/71�a�EGF�HRI�6�`�5Ld�6¯¤>¤�<Ga%�7_�aC=@?C`�<GaC0�ri²�]G/L_98l<�/�1�a©�(T�:�/2<>=@?V 02b�8l<�q [ ]Ca7_C`�/�b�`R<G/�1�a�=j8SThD7Y«¹�Tu_�a7?7q�_L<B<>0LAOZ

EGF�HRI�6 ¶ Y ¶ /C=j8"�UTmZa�1�r�avavY�bG0@_U=R?C`>�71!µ�`�a�17r�aO8"�GTmZ
<G/�1�a [ 0�<G`+�vY?!�7_�r�a7?98-aGTmZ
Ø>²>0LA�a~8�8-aBY¡��1!µ�`�=�qU:�:#8-aGT�T«ª^YM<>0LAGT
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n I NN NNA

50000 128.2 2.32 18.08

Table10.5 Weconstructedapoint setof n randompointsin theunit squareandperformeda
nearestneighborqueryfor eachnodein thetriangulation.NN shows thetime for thefunction
nearestneighborandNNA shows thetime with alternative implementationof theinnerloop.
ColumnI shows thetime for then insertions.Thetablewasmadewith therationalkernel.

V <G/71�azq!Yv?a�7_�r�a7?\8-aGT>Z02bn8 ¶ ok: [ ¶ `71G0�=R?98 ¶ /C=j8}qmTmN ¶ /�=j8 [ 0�<C`+�(T�ThDB��T [ 0�<U`'�vYBqtZw
_�a7?7q�_L< [ 0�<U`+�9Zw

An alternativeway to write theinnerloop is:
*
alternativeinner loop+-.<G/71�a [ 0�<U`+�Yv?a�7_�r�a7?\8-aGT>Z3�P�6C`L6���E�d [ 0�<U`71BY ¶ o-= ± _C`71G0�=R?\8 ¶ /�=j8 [ 0S<U`+�UT�T>Z
Ø>²(0LA�a�8�8-aBY;��1!µ�`�={qU:�:x8-aCT�T ª^YM<>0LACTV <G/�1�azq�Y?a�L_�r�a7?\8�aGTmZ3�P�6C`L6���E�dv1�`@q�Y ¶ o-= ± _C`71G0�=R?\8 ¶ /�=j8lqmT7TmZ02b�8�1�`Rq!D [ 0�<U`L1�T V [ 0�<U`+�vYBqtZ[ 0�<U`71BY�1�`RqtZww

This is muchslower, seeTable10.5.Why is thealternativesomuchslower; aren’t thetwo
programsdoingexactly thesamething?Bothprogramscomputethesquareddistancefrom
û to all its neighborsandfind theminimum.

The differenceis that the alternative versioncomputesall squareddistancesexactly as
rationalnumbers15 andfindstheminimumof theserationalnumbers.Theoriginal version
asksthe kernel to comparedistances.The kernel first computesfloating point approxi-
mationsto the squareddistancesandusesthemin the comparisons.If the floating point
approximationsufficesto decidethecomparison,theexactsquareddistanceis never com-
putedanda lot of work is saved.

RangeSearches: Wehavefunctionsfor circular, triangular, andrectangularrangesearches.
In orderto performa circularrangequerywith center û we performa DFSstartingat û .

Thesearchis restrictedto thenodesthatlie in thecircularrange.Correctnessfollows from
Lemma9.
15 We assumefor thisparagraphthattherationalkernelis used.
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*
POINT SET.c+�, .��/�021MEGF�HRI�6�`�5Ld�6¯¤>¤l1�bG=j8^<G/71�a�=jN�:�/2<(=R?MEGF�HRI�6�K ¶ �\N:�/2<>=@?vECF�HRI�6�K ¶ N�AC0�=R?CDR<G/71�a�JLKzW(T�:�/2<>=R?V Wpo�� ¶%¶ a2<C198S=�TmZ

[ �7_>�G`@<G/�1�aO8�=�TmZ<G/�1�azqtZb�/7_a��A�A�`>��1!µ�`R<G/�1�a�=j8lq\NS=�T02bn8Oª�0�=7` [ �7_>�Ca7198lqmT�K�K ¶ �pok: [ ¶ `71G0�=R?\8 ¶ /�=j8lq>T>N ¶ ThD7Y��Tz1�bG=m8lqtN ¶ �9N ¶ NkW(T>Zw
AC0�=R?CDR<G/71�a�JXEGF�HRI�6C`�52d�6¯¤%¤^_!�2<�r�a�`�=2a%�L_�:k²\8l<G/71�a½�9N;:�/2<>=@?MEGF�HRI�6�K ¶ T�:�/2<>=R?V AC0�=R?CD@<G/�1�a�JyW\Z
EGF�HRI�6 ¶ ��Y ¶ /C=j8��(TmZ
q�< [ �7_i�G`>��A�A�`R<G/�1�a�=j8{T(Z1�bG=j8"�9N ¶ �\N ¶ NkW(TmZ
_�a7?7q�_L<W\Zw

The other two kind of queriescanbe reducedto circular queriesby first performinga
rangequerywith thecircumcircleof thetriangleor rectangleandthenfiltering thereturned
list of pointswith the triangleor rectangle,respectively. We leave the implementationof
theotherqueriesto thereader.

Experimental Data: Table 10.6 containsrunning times. The table shows that nearest
neighborqueriesfor nodesare very efficient in comparisonto nearestneighborqueries
for points.Thiscomesfrom thefactthatthelatterinvolvea lookup,aninsertion,adeletion,
aswell asanearestneighborqueryfor anode.For queriesthataskfor thetennearestneigh-
borsthedifferenceis not aspronounced.This stemsfrom the fact thatk-nearestneighbor
queriesinvolve rationalarithmetic.

Exercisesfor 10.6
1 Implementcircularrangequeries.
2 Implementtriangularandrectangularrangequeries.Youmayusecircularrangequeries.
3 AnimatetheDelaunayclasssuchthattheactionsperformedaftertheinsertionof apoint

arevisualized.
4 Thenearestneighborsalgorithmusesa p queue� RAT TYPEà node� . Thecodebecomes

slightly simpler if a nodepq� RAT TYPE� is used. Why is it betterto usea p queue
insteadof a nodepq? Time bothprogramsandexplain.

5 Developa versionof thek-nearestneighborsearchthatcutsdown on theuseof rational
arithmetic.

6 Ourimplementationof nearestneighborß POINT pá modifiestheDelaunaytriangulation
by an insertionanda deletion. It is not guaranteedthat theoriginal Delaunaytriangu-
lation is restored. Canyou modify the implementationsuchthat it becomesa const-
operation?Try to determinethe set L of all edgesof the currenttriangulationwhose
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K n I L NNP NNV NNP(10) NNV(10) D

S 1000 1.14 0.66 2.15 0.05 10.22 7.07 1.16

2000 2.79 1.83 4.92 0.09 21.25 14.06 2.77

4000 6.83 5.36 11.68 0.2 44.4 28.29 6.65

D 1000 1.15 0.68 2.22 0.03999 10.27 7.03 1.18

2000 2.78 1.89 4.99 0.11 21.21 14.04 2.75

4000 6.76 5.23 11.53 0.2 44.25 28.25 6.65

C 1000 0.82 0.41 0.99 0.03 5.43 4.65 2.84

2000 1.75 0.9 2.08 0.06 11.09 9.31 8.2

4000 3.78 2.03 4.42 0.13 22.35 18.48 29.09

Table10.6 Theperformanceof point sets.As in theothertablesof this chapterwe usedthree
kindsof inputs:randompointsin theunit square,randompointsin theunit disk,andrandom
pointson theunit circle. Wegeneratedtwo setsL andLQ of n points,built apoint setT by
insertingthepointsin L (I), performedn lookupsfor thepointsin LQ (L), performednearest
neighborqueriesfor thepointsin LQ (NNP),performednearestneighborqueriesfor thenodesof
T (NNV), computedthetennearestneighborqueriesfor thepointsin LQ (NNP(10)),computed
thetennearestneighborqueriesfor nodesof T (NNV(10)), andfinally deletedall points.

Delaunaypropertyis destroyedby p. Thenearestneighborof p mustbeavertex of the
trianglecontainingp or anendpointof anedgein L.

10.7 Line SegmentIntersection

The line segmentintersectionproblemasksto computethe setof intersectionsof a set S
of line segmentsin theplane.It is oneof thebasicgeometricproblemsandhasnumerous
applications,e.g.,in computeraideddesign,geographicinformationsystems,andcartogra-
phy. We will seeanapplicationto booleanoperationson polygonsin Section10.8. Many
differentalgorithmshavebeendesignedfor theproblemandseveralof themareavailablein
LEDA. Theline segmentintersectionproblemcomesin many differentflavorsasdifferent
applicationshave differentoutputrequirements.Onemay be interestedin the numberof
intersections,or onemaywantto triggeranactionfor every pair of intersectingsegments,
or onemaywantto computethegraphinducedby thesegments,or onemaywantto com-
putethe trapezoidaldecompositioninducedby thesetof segments.In LEDA we provide
functionsfor severaloutputconventionswhich we survey in Section10.7.1.We alsogive



10.7 Line SegmentIntersection 97

Figure10.48 A screenshotof theintersectsegmentsdemoin xlman.Thesweepline algorithm
wasusedto computethegraphinducedby asetof 203randomsegments.Theinducedgraphhas
1424nodesand2638edges.

someexperimentaldatain thissection.In theremainingsectionswediscussthesweepline
algorithmfor segmentintersection.

Thealgorithmsdiscussedin thissectionareillustratedby theintersectsegmentsdemoin
xlman.Figure10.48showsascreenshot.
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S G(S)

Figure10.49 A setSof segmentsandtheinducedplanargraph.

10.7.1 Functionality
We first introducesometerminology. Two segmentss1 and s2 intersect if they have at
leastonepoint in commonandoverlap if they have morethanonepoint in common.Two
segmentss1 ands2 aresaidto haveaproperintersectionif they shareexactlyonepointand
this point lies in therelative interior of bothsegments.A segmentof lengthzerois calleda
trivial segment.

TheundirectgraphU ¢ S£ inducedby S is definedasfollows. Theverticesof U ¢ S£ areall
endpointsof segmentsandall properintersectionpointsbetweensegmentsin S. Theedges
of U arethemaximalrelativelyopenandconnectedsubsetsof segmentsin Sthatcontainno
vertex of U ¢ S£ . Figure10.49showsanexample.NotethatthegraphU ¢ S£ containsparallel
edgesif S containssegmentsthatoverlap. We usen to denotethenumberof segmentsin
S, s to denotethenumberof nodesof U , m to denotethenumberof edgesof U , andk to
denotethenumberof pairsof intersectingsegments.If Scontainsnooverlappingsegments,
m ¤ O ¢ n ¥ s£ . If S containsoverlappingsegments,m maybeaslargeasn ¢ n ¥ s£ since
aninputsegmentmaybedividedinto n ¥ s piecesby theendpointsandintersectionpoints.
The numberof nodesof U is at mostn ¥ k ¦ n ¥ n ¢ n § 1£�¨ 2. If many segmentshave
a commonintersection,k maybemuchlarger thans. For example,if all n segmentspass
throughacommonpoint thens ¤ n ¥ 1 andk ¤ n ¢ n § 1£�¨ 2.

Thefunction
©�ª�«2¬L®�¯7°�®�±�² ³R±�²�®�´�L®�µ�²U³7¶L±9·;¸�ª2¹UºR»z¼C«�ºR»C½7L®�¯7°�®�±�²C¾L¿�OÀ¯7´�Á�Â�ÃC½RÂG¶�³R±�²9À-L®�¯2°�®�±�²�¾2¿z¯9ÀÅÄGª�ª�¼vÆ@Ç�ÄCÆ�¬vÈ�É�Ê�¼CºLÆGË

computesa directedgraphG ¢ s£ representingU ¢ S£ . The algorithmmakesno assumption
aboutthesegmentsin S. They maybeoverlapping,they mayhave multiple intersections,
they mayshareendpoints,they mayhave lengthzero,. . . .

G andU have the samesetof nodes;eachnodeof G is labeledby its position in the
plane.

Theedgesof G correspondto theedgesof U . If embedis false,thereis exactlyonedart
in G for eachedgein U ; thedart is labeledby thesegmentin S containingit andinherits
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its directionfrom thesegmentcontainingit, i.e, if e ¤Ì¢kÍUÎ�ÏÐ£ is a dart of G thenG[e] is
directedfrom G[ Í ] to G[ Ï ].

If embedis true,G is a planemap.For eachedgeof U therearetwo dartsin G andthe
two dartsarereversalof eachother. For eachnode Í of G thecyclic list of dartsout of Í
arecounter-clockwiseordered.

Thefunction
©�ª�«2¬L®�¯7°�®�±�² ³R±�²�®�´�L®�µ�²U³7¶L±9·;¸�ª2¹UºR»z¼C«�ºR»C½7L®�¯7°�®�±�²C¾L¿�OÀ�¼C«�ºR»C½RÂG¶�³R±�²�¾L¿uÂ(Ë

returnsthe list of points that correspondto nodesof G of degreetwo or more and the
function
L®�¯7°�®�±�² ³R±�²�®�´�L®�µ�²G³7¶L±\·;¸7ª2¹(ºR»z¼C«�ºR»C½�L®�¯7°�®�±�²�¾L¿MxÀ©�ªC«R¬n·�ÑRÒ�Æ2ÓGªLÒ�»(Ëm·;¸7ª2¹>ºR»zL®�¯L°�®�±�²�¿9À�¸�ª2¹>º@»L®�¯7°�®�±�²�¿(ËMË

calls report¢ s1 Î s2£ for every pair ¢ s1 Î s2£ of intersectingsegments.Observe that thepoints
in P area subsetof thepointsfor which report is called.For example,if Sconsistsof two
identicaltrivial segments,thenG ¢ S£ consistsof asinglenodeandnoedgeandhenceP will
beempty. On theotherhand,reportwill becalledfor this pair of segments.

For all functionsabove several implementationsareavailable. The implementationsare
basedon thealgorithmsof Bentley andOttmann([BO79]), Mulmuley ([Mul90]), andBal-
aban([Bal95]). For the reportingversionof segmentintersectionwe alsohave the trivial
implementationwhichsimply checkseverypair of segmentsin S for anintersection.
©�ª�«2¬M°LÔGÕ�°LÔCÕ�®�Ö L®�¯7°�®�±�²�O·;¸7ª2¹>ºR»�¼C«�ºR»�½�L®�¯7°�®�±�²C¾L¿�OÀ�¯�´�Á�Â�ÃC½2ÂG¶�³@±�²\À-L®�¯7°�®�±7²C¾2¿z¯9ÀÄGª�ª�¼vÆ@Ç�ÄCÆ�¬BÈ�É�Ê�¼CºLÆGËm×
©�ª�«2¬LØ�®�®�Â L®�¯7°�®�±�²�O·;¸7ª2¹>ºR»z¼C«�º@»C½�L®�¯L°�®�±�²C¾2¿MOÀ�¯�´�Á7Â�ÃC½2ÂG¶�³R±�²\À-2®�¯7°�®�±�²�¾L¿u¯9ÀÄGª�ª�¼vÆ@Ç�ÄGÆ�¬BÈ�É�Ê�¼Cº2ÆOÀ�ÄGª�ª�¼zÙ>º2Æ ª2Ó�»U«�Çj«2Ú�Ê7»G«Lª2¹MÈ�»�Ò7ÙCÆGËm×
©�ª�«2¬LØ�®�®�Â L®�¯7°�®�±�²�O·;¸7ª2¹>ºR»z¼C«�º@»C½�L®�¯L°�®�±�²C¾2¿M�Àh¼C«�ºR»C½2ÂG¶�³R±�²C¾L¿XÂ>Ëm×
©�ª�«2¬MÛ�Á�Õ�Á�Û�Á�± L®�¯7°�®�±�²�O·;¸�ª2¹(ºR»M¼�«�ºR»C½�2®�¯7°�®�±�²C¾L¿zOÀ©�ªC«2¬�·SÑ@Ò�Æ2ÓGª7Ò�»(Ëm·;¸�ªR¹>ºR»zL®�¯7°�®�±�²�¿\À�¸�ª2¹>ºR»�L®�¯7°�®�±�²�¿(Ë�Ëm×
©�ª�«2¬B²�´U³@Ü(³@Á�Õ L®�¯7°�®�±�²�O·;¸�ª2¹(ºR»M¼�«�ºR»C½�2®�¯7°�®�±�²C¾L¿zOÀ©�ªC«2¬�·SÑRÒ�ÆRÓGª7Ò�»(Ë>·;¸�ª2¹>º@»ML®�¯7°�®�±�²�¿\À�¸�ªR¹>ºR»�L®�¯7°�®�±�²�¿(Ë�Ëm×

Theasymptoticrunningtimeof theBentley–Ottmannalgorithmis O ¢ m ¥M¢ n ¥ s£ logn£ , the
asymptoticrunningtimeof theMulmuley algorithmis O ¢ m ¥ s ¥ n logn£ . Bothalgorithms
can be usedfor all functionsabove. If embedis true the running time of the Bentley–
Ottmannalgorithmincreasesby O ¢ m logm£ , sincean additionalsortingstepis required.
Theasymptoticrunningtime of theBalabanalgorithmis O ¢ n log2 n ¥ k £ . It canonly be
usedfor the functionsthat reportintersections.Theasymptoticrunningtime of the trivial
implementationis O ¢ n2 £ .

Table10.7comparestherunningtime of our variousimplementations.In theexamples,
Balaban’s algorithmis alwaysbetterthanthe trivial algorithm. Mulmuley’s algorithmis
betterthantheBentley–Ottmannalgorithmwhenthenumberof intersectionsis large.It also
incursasmalleradditionalcostfor turningG ¢ S£ intoaplanarmap(asit alwayscomputesan
undirectedplanarmap). Whenthenumberof intersectionsis small, theBentley–Ottmann
algorithmandMulmuley’salgorithmbehaveaboutthesame.
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n d V E S S + E M M + E T B

2000 22 4007 2014 1.14 1.3 1.74 1.76 15.13 1.94
2000 23 4026 2052 1.18 1.37 2.25 2.29 14.87 2.07
2000 24 4136 2272 1.25 1.42 2.91 2.91 15.26 2.17
2000 25 4428 2856 1.39 1.63 3.44 3.47 15.06 2.33
2000 26 5857 5714 1.81 2.37 4.44 4.5 15.31 2.48
2000 27 10954 15908 3.03 5.02 5.93 6.02 15.41 2.74
2000 28 29683 53366 7.57 16.43 9.71 10.02 16.01 3.22
2000 29 91789 177578 22.84 58.31 20.04 20.94 16.62 5.38
2000 30 267045 528090 70.24 193.7 48.96 51.95 18.42 11.54

Table10.7 Therunningtime of thefunctionsrelatedto segmentintersections.Sstandsfor the
sweepline algorithmof Bentley andOttmann([BO79]), M andB standfor thealgorithmsof
Mulmuley andBalaban([Mul90, Bal95]), andT standsfor thetrivial algorithmthatchecksevery
pair of segmentsfor anintersection.The“+ E” indicatesthatthegraphG Ý SÞ is returnedasa
planarmap.Thefirst threecolumnscontainthenumberof input segments,thenumberof nodes
of G, andthenumberof edgesof G, respectively.
Wechosen segments.For eachsegmentwechoserandomk bit integerfor theCartesian
coordinatesof thefirst endpointandobtainedthesecondendpointfrom thefirst by addinga
vectorwith randomd bit integercoordinates.Weusedk ß 30anddifferentvaluesof d. The
numberof intersectionsis anincreasingfunctionof d.

Let us interpretthe experimentalfindings in termsof asymptoticrunningtime. When
the numberof intersectionsis very large, the O ¢ k logn£ term16 in the time boundof the
sweepalgorithmdominatesthe O ¢ k £ term in thetime boundof theotheralgorithms.The
trivial algorithmhasa runningtime àu¢ n2 ¥ k á Treport£ , whereTreport is thecostof calling
thefunction report. In our tests,report increasesa counterandhencedoesminimal work.
Thusthe constantfactor in the big-O expressionis small. This explainswhy the running
time of the trivial algorithmdependsvery little on the numberof intersectionsandwhy
the trivial algorithmis competitive whenthe numberof intersectionsis large. Whenthe
numberof intersectionsis smalltheBentley–OttmannalgorithmandMulmuley’salgorithm
have runningtime O ¢ n logn£ andBalaban’s algorithmhasrunningtime O ¢ n log2 n£ . We
shouldthereforeexpect that the former two algorithmsaresuperiorwhenthe numberof
intersectionsis small.This is confirmedby theexperiments.

10.7.2 The SweepLine Algorithm
WediscusstheBentley–Ottmannsweeplinealgorithmfor linesegmentintersectionandgive
animplementationof thefunction

16 In ourexamples,therearehardlyany intersectionsof threeor moresegmentsandhences â k. Observe thatif all
nodesareendpointsor properintersectionsof exactly two segmentsthenE ã n ä 2å V æ 2nç , asU å Sç contains
2n nodesof degreeoneand å V æ 2nç nodesof degreefour. In ourexampleswe have E â n ä 2å V æ 2nç . We
will thereforereplaces by k in thediscussionto follow.
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LØ�®�®�Â L®�¯7°�®�±�²�O·;¸�ª2¹(ºR»M¼�«�ºR»C½�2®�¯7°�®�±�²C¾L¿zOÀ�¯�´�Á�Â�Ã�½2ÂG¶�³R±�²\À-L®�¯L°�®�±�²�¾L¿u¯9ÀÄCª�ª�¼vÆ@Ç�ÄGÆ7¬9À�ÄGª�ª�¼zÙ>º2Æ ª2Ó�»U«�Çj«2Ú�Ê7»G«Lª2¹mË
that takesa list S of segmentsandcomputesthegraphG inducedby it. For eachvertex Í
of G it alsocomputesits positionin the plane,andfor eachedgee of G it computesthe
segmentcontainingit.

If embed¤ true, thealgorithmturnsG into a planarmap,i.e., G is madebidirectedand
theadjacency lists aresortedaccordingto thegeometricembeddingin clockwiseorder.

If useoptimization¤ true, anoptimizationdescribedbelow is used.
Thealgorithmrunsin time O ¢k¢ n ¥ s£ log ¢ n ¥ m£S¥ m£ , wheren is thenumberof segments,

s is the numberof nodesof G, and m is the numberof edgesof G. If S containsno
overlappingsegmentsthenm ¤ O ¢ n ¥ s£ . If embedis true, therunningtime is increased
by anadditive factorof O ¢ m logm£ . Note thats ¦ 3 ¢ n ¥ k £ andthatk canbeaslargeas
s2.

We want to stressthat the implementationmakes no assumptionsabout the input, in
particular, segmentsmayhavelengthzero,maybeverticalor mayoverlap,severalsegments
may intersectin the samepoint, endpointsof segmentsmay lie in the interior of other
segments,. . . .

We achieve this generalityby reformulatingthe planesweepalgorithm so that it can
handleall geometricsituations.Thereformulationmakesthedescriptionof thealgorithm
shorterandit alsomakesthealgorithmfaster, sincek is replacedby s in thetime bound17.
Theonly previousalgorithmthat couldhandleall degeneraciesis dueto Myers [Mye85].
Its expectedrunningtimefor randomsegmentsis O ¢ n logn ¥ k £ andits worstcaserunning
time is O ¢�¢ n ¥ k £ logn£ .

In the sweeplineparadigma vertical line is moved from left to right acrossthe plane
andtheoutput(herethegraphG ¢ S£ ) is constructedincrementallyasit evolvesbehindthe
sweepline. Onemaintainstwo datastructuresto keeptheconstructiongoing: theso-called
Y-structure containsthe intersectionof the sweepline with the scene(herethe set S of
line segments)andtheso-calledX-structurecontainstheeventswherethesweephasto be
stoppedin orderto addto theoutputor to updatetheX- or Y-structure.In theline segment
intersectionproblemaneventoccurswhenthesweepline hitsanendpointof somesegment
oranintersectionpoint. Whenaneventoccurs,somenodesandedgesareaddedto thegraph
G ¢ S£ , the Y-structureis updated,andmaybesomemoreeventsaregenerated.Whenthe
input is in generalposition(nothreelinesintersectingin acommonpoint,noendpointlying
on a segment,no two endpointsor intersectionshaving thesamex-coordinate,no vertical
lines,no overlappingsegments,. . . ) thenat mostoneeventcanoccurfor eachpositionof
thesweepline andtherearethreeclearlydistinguishabletypesof events(left endpoint,right
endpoint,intersection)with easilydescribableassociatedactions,cf. [Meh84b, VII.8]. We
wantto placeno restrictionson theinput andthereforeneedto proceedslightly differently.
Wenow describetherequiredchanges.

Wedefinethesweepline by apoint p sweep¤è¢ x s Ï eep Î y s Ï eep£ . Let é beapositive
17 Bentley andOttmannformulatedtheiralgorithmfor line segmentsin generalpositionandstateda timeboundof

O å�å n ä kç lognç .
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infinitesimal(readersnot familiar with infinitesimalsmaythink of é asanarbitrarily small
positive real). Considerthe directedline L consistingof a vertical upward ray endingin
point ¢ x s Ï eep ¥�é 2 Î y s Ï eep ¥�é�£ followedby ahorizontalsegmentendingin ¢ x s Ï eep §
é 2 Î y s Ï eep ¥!é�£ followedby a verticalupwardray. We call L thesweepline. Notethat18

no endpointof any segmentlies on L, that no two segmentsof S intersectL in the same
point exceptif the segmentsoverlap,andthat no non-vertical segmentof S intersectsthe
horizontalpartof L. All threepropertiesfollow from thefactthat é is arbitrarily smallbut
positive. Figure10.50illustratesthedefinitionof L andthemaindatastructuresusedin the
algorithm:theY-structure,theX-structure,andthegraphG.

The Y-structurecontainsall segmentsintersectingthesweepline L orderedastheir in-
tersectionswith L appearonthedirectedline L. Overlappingsegmentsareorderedby their
ID-numbers. EverysegmenthasanassociatedID-number;distinctsegmentsareguaranteed
to havedistinctIDs.

The X-structurecontainsall endpointsthat are to the right of the sweepline andalso
someintersectionpoints betweensegmentsin the Y-structure. More precisely, for each
pair of segmentsadjacentin theY-structuretheir intersectionpoint is containedin theX-
structure(if it exists and is to the right of the sweepline). The X-structuremay contain
otherintersectionpoints. The graphG containsthe part of G ¢ S£ that is to the left of the
sweepline.

Initially, theY-structureandthegraphG areemptyandtheX-structurecontainsall end-
pointsof all inputsegments.Theeventsin theX-structurearethenprocessedin left to right
order. Eventswith thesamex-coordinateareprocessedin bottomto toporder.

Assumethat we needto processan event at point p and that the X-structureand Y-
structurereflectthesituationfor p sweep¤ê¢ p ë x Î p ë y § 2é�£ . Notethatthis is trueinitially,
i.e., beforethefirst eventis removedfrom theX-structure.We now show how to establish
theinvariantsfor p sweep¤ p. Weproceedin sevensteps.

1. Weaddanode Í at positionp to ourgraphG.
2. We determineall segmentsin theY-structurecontainingthepoint p. Thesesegments

form apossiblyemptysubsequenceof theY-structure.
3. For eachsegmentin thesubsequenceweaddanedgeto thegraphG.
4. Wedeleteall segmentsendingin p from theY-structure.
5. We updatetheorderof thesubsequencein theY-structure.This amountsto moving

thesweepline acrossthepoint p.
6. We insertall segmentsstartingin p into theY-structure.
7. We generateeventsfor the segmentsin the Y-structurethat becomeadjacentby the

actionsaboveandinserttheminto theX-structure.

This completesthedescriptionof how to processtheevent p. The invariantsnow hold
for p sweep¤ p andhencealsofor p sweep¤ì¢ pí}ë x Î pí�ë y § 2é�£ wherepí is thenew first
elementof theX-structure.
18 We definedthesweepline in thisseeminglycomplicatedway in orderto beableto write this “Note that”. The

notewill allow usto definea linearorderon thesegmentsintersectingthesweepline.
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Figure10.50 A sceneof ninesegments.Thesegmentss1 ands8 overlap.Thesweepline is
shown in bold. Thepartof G Ý SÞ to theleft of thesweepline is alreadyconstructed.Its nodesare
shown filled. Thesweepline intersectsthesegmentss1, s8, s2, s9, s4, ands3 andin this order.
TheY-structurecontainsoneitem for eachoneof them.TheX-structurecontainspointsa, b, c,
d, e, f , g, h, andi andin this order.
Theinformationassociatedwith theitemsin theX- andY-structurewill beexplainedin thenext
section.

10.7.3 The Implementationof theSweepLine Algorithm
Thissectionis joint work with UlrikeBartuschka.

The implementationfollows the algorithmclosely. It makesuseof several datatypes
discussedin earlierchapters.The main “ingredients”arethe basicgeometricobjectsand
primitives,sortedsequencesfor theX- andY-structure,priority queuesfor storingevents,
andgraphsfor representingtheoutput.

To make this sectionself-containedwebriefly review thedatatypesused.

Points and Segments:Thetypesrat point andrat segmentrealizepointsandsegmentsin
theplanewith rationalcoordinatesandarepartof therationalkernel.A rat point is specified
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by its homogeneouscoordinatesof type integer – the type of arbitraryprecisionintegers.
If p is a rat point then pë X ¢m£ , pë Y ¢>£ , and pëW ¢m£ return its homogeneouscoordinates
and pë xcoord ¢j£ and pë ycoord ¢j£ return its Cartesiancoordinates. If x, y, and Ï are of
type integer with Ïïî¤ 0 then rat point¢ x Î y £ and rat point¢ x Î y Î�ÏÐ£ createthe rat point
with homogeneouscoordinates¢ x Î y Î 1£ and ¢ x Î y Î�ÏÐ£ , respectively. Two pointsareequal
(operator¤�¤ ) if they agreein their Cartesiancoordinates.A rat segmentis specifiedby its
two endpoints;so if p andq arerat points thenrat segment¢ p Î q £ is thedirectedsegment
with sourcep andtargetq. If s is a rat segmentthensë source¢m£ andsë target¢#£ returnthe
sourceandtargetof s, respectively.

Therearealsopoints(classpoint) with coordinatesof type double. The corresponding
segmentclassis calledsegment. The classespoint andsegmenthave the sameinterface
asrat point andrat segment. However, the internalrepresentationis different: insteadof
storing the homogeneouscoordinatesas integers, the Cartesiancoordinatesarestoredas
doubles.

Thesweepprogramcanbeexecutedwith eithertherationalor thefloatingpointgeometry
kernel. Be aware,however, that the instantiationwith thefloatingpoint kernelis not fully
reliable, seeSection10.7.2. In the sequelwe usePOINT to denotethe point classand
SEGMENTto denotethesegmentclass.

POINTSandSEGMENTScomewith a large numberof geometricprimitives. In the
sweepprogramthefollowing primitivesareused:

ð int compare¢ POINT p Î POINT q £
comparespointsby their lexicographicorder;p precedesq if either
pë xcoord ¢j£òñ që xcoord ¢m£ or
pë xcoord ¢j£t¤ që xcoord ¢m£ andpë ycoord ¢j£�ñ që ycoord ¢m£ . Thefunctionreturns§ 1 if
p precedesq, returns0 if p andq areequal,andreturns¥ 1 otherwise.The
lexicographicorderof pointsis thedefaultorderonpoints.

ð int orientation¢ POINT p Î POINT q Î POINTr £
computestheorientationof points p, q, andr in theplane,i.e.,0 if thepointsare
collinear, § 1 if they definea clockwiseorientedtriangle,and ¥ 1 if they definea
counter-clockwiseorientedtriangle.

ð int orientation¢ SEGMENTs Î POINT p£
computesorientation¢ së source¢m£RÎ së target¢j£RÎ p£ .

ð int cmpslopes¢ SEGMENTs1Î SEGMENTs2£
comparestheslopesof s1ands2. If oneof thesegmentsis degenerate,i.e.,haslength
zero,theresultis zero.Otherwise,theresultis thesignof slope¢ s1£ó§ slope¢ s2£ .

ð bool intersectionof lines¢ SEGMENTs1Î SEGMENTs2Î POINT& p£
returnsfalseif segmentss1ands2areparallelor oneof themis degenerate.
Otherwise,it computesthepoint of intersectionof thetwo straightlinessupportingthe
segments,assignsit to thethird parameterq, andreturnstrue.
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Ourprogrammaintainsits ownsetof segmentswhichwecall internalsegmentsor simply
segmentsandstorein thelist internal; input segmentsarecalledinput segmentsor original
segmentswhentheneedfor distinctionarises.Internalsegmentsaredirectedfrom left to
right; verticalsegmentsaredirectedupwards.Thereis oneinternalsegmentfor everynon-
trivial input segment.Themapô SEGMENTÎ SEGMENTõ original storesfor eachinternal
segmentthecorrespondingoriginal segment.
ö
local declarations÷kø¼C«�ºR»C½�L®�¯7°�®�±�²�¾ «�¹�»�Æ7Ò7¹GÊ�¼x×
Ç(ÊRÓU½�L®�¯L°�®�±�²\À�L®�¯7°�®�±�²C¾yª7ÒU«@ùU«�¹GÊ�¼x×

Sorted Sequences:The type sortseqô K Î I õ realizessortedsequencesof pairs in K ú
I , seeSection5.6; K is called the key type and I is called the information type of the
sequence.Thekey typemustbelinearly ordered,i.e., thefunction int compare¢ constK& Î
constK& £ mustbedefinedfor thetype K andtherelation ñ on K definedby k1 ñ k2 if f
compar e¢ k1 Î k2£�ñ 0 mustbea linear orderon K . An objectof type sortseqô K Î I õ is a
sequenceof items(typeseqitem) eachcontainingapair in K ú I . Weuse ô k Î i õ to denote
anitem containingthepair ¢ k Î i £ andcall k thekey andi theinformationof theitem. The
keys in a sortedsequenceû k1 Î i1ü , û k2 Î i2 ü , . . . , û km Î im ü form an increasingsequence,i.e.,
kl ñ kl ý 1 for 1 ¦ l ñ m.

Let S be a sortedsequenceof type sortseqô K Î I õ andlet k and i be of type K and I ,
respectively. TheoperationSë lookup¢ k £ returnstheitem it ¤èû k Î�ë ü in Swith key k if thereis
suchanitemandreturnsnil otherwise.If Së lookup¢ k £x¤�¤ nil thenSë insert¢ k Î i £ addsanew
item û k Î i ü to S andreturnsthis item. If Së lookup¢ k £#¤�¤ it then Së insert¢ k Î i £ changesthe
informationin theitem it to i . If it ¤èû k Î i ü is anitemof S thenSë key ¢ it £ andSë inf ¢ it £ return
k andi , respectively, andSë succ¢ it £ andSë pred¢ it £ returnthesuccessorandpredecessoritem
of it, respectively; thelatteroperationsreturnnil if theseitemsdo not exist. Theoperation
Sëmin¢m£ returnsthefirst itemof S, Së empty¢m£ returnstrue if S is emptyandfalseotherwise.
Finally, if it1 andit2 areitemsof Swith it1 beforeit2 thenSë reverseitems¢ it1 Î it2£ reverses
thesubsequenceof Sstartingat item it1 andendingat item it2.

In our implementationthe X-structurehastype sortseqô POINTÎ seqitemõ and the Y-
structurehastype sortseqô SEGMENTÎ seqitemõ . The Y-structurehasoneitem for each
segmentintersectingthe sweepline. The informationfield in the Y-structureis usedfor
cross-linkswith theX-structureandfor linking overlappingsegments.

TheX-structureis orderedaccordingto thedefault orderof pointsandtheY-structureis
orderedaccordingto theintersectionsof thesegmentswith thedirectedsweepline L. The
positionof thesweepline is determinedby p sweepandthecomparisonobjectcmprealizes
theorderin theY-structure.Theclasssweepcmpwill bedefinedbelow.
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ö
local declarations÷kþ øÂG¶�³R±�²MÓUÿ�º���Æ�Æ2Ót×º���Æ�Æ2ÓUÿ�¸{Ç�Ó�¸�Ç�Óe·lÓUÿ�º���Æ�Æ2ÓmËm×
ºLªLÒ�»UºLÆ���½2ÂG¶�³R±�²\ÀSºLÆ���ÿ�«R»�Æ@Ç(¾ �Cÿ�º@»�Ò7ÙU¸L»LÙ�Ò�ÆO×ºLªLÒ�»UºLÆ���½�L®�¯7°�®�±�²\À�ºLÆ���ÿ�«R»�Æ@Ç(¾ ÖCÿ�º@»�Ò7ÙU¸L»LÙ�Ò�ÆO·;¸{Ç�ÓmË>×

In theexampleof Figure10.50thesweepline intersectsthesegmentss1, s8, s2, s9, s4 Î and
s3. TheY-structurethereforeconsistsof six items,oneeachfor segmentss1, s8, s2, s9, s4 Î
ands3.

TheX-structurecontainsanitemfor eachendpointof aninputsegmentthatis to theright
of thesweepline andanitemfor eachintersectionpointbetweensegmentsthatareadjacent
in the Y-structureand that intersectto the right of the sweepline. It may also contain
intersectionpointsbetweensegmentsthatarenot adjacentin theY-structure.19 Thepoints
in the X-structureareorderedaccordingto the lexicographicorderingof their Cartesian
coordinates.As mentionedabove this is thedefault orderonpoints.

In theexampleof Figure10.50theX-structurecontainsitemsfor theendpointsb, c, d, e,
g, h, i andfor intersectionsa and f . Here,a and f aretheintersectionsbetweensegments
s4 ands3, ands1 ands2, respectively.

Theinformationsassociatedwith theitemsof bothstructuresserveascross-linksbetween
the two structures:the informationassociatedwith an item in theX-structureis eithernil
or an item in theY-structure;the informationassociatedwith an item in theY-structureis
eithernil or anitemof eitherstructure.Theprecisedefinitionfollows: considerfirst anitem
û s Î it ü in theY-structureandlet sí be thesegmentassociatedwith thesuccessoritem it í in
theY-structure.If s andsí overlapthenit ¤ it í . If s andsí do not overlapands � sí exists
andlies to theright of thesweepline thenit is the item in theX-structurewith key s � sí .
In all othercaseswehave it ¤ nil.

Considernext an item û p Î sitü in the X-structure. If sit î¤ nil thensit is an item in the
Y-structureandthe segmentassociatedwith it containsp. Moreover, if thereis a pair of
adjacentsegmentsin theY-structurethatintersectin p thensit î¤ nil. Wemayhavesit î¤ nil
evenif thereis nopair of adjacentsegmentsintersectingin p.

In our example,theY-structurecontainstheitems û s1 Î sit8ü , û s8 Î xit f ü , û s2 Î nil ü , û s9 Î nil ü ,
û s4 Î xita ü , and û s3 Î nil ü wheresit8 is the item of theY-structurewith associatedsegments8

andxita andxit f arethe itemsof the X-structurewith associatedpointsa and f , respec-
tively. Let’s turn to the itemsof theX-structurenext. All itemsexcept û d Î nil ü point back
to the Y-structure. If siti denotesthe item û si Î�ëRëRë ü , i ��� 1 Î 2 Î 9 Î 4 Î 3 	 , of the Y-structure
thenthe itemsof theX-structureare û a Î sit4 ü , û b Î sit4 ü , û c Î sit1 ü , û d Î nil ü , û eÎ sit9ü , û f Î sit1 ü ,
û g Î sit2 ü , û h Î sit3 ü , and û i Î sit1 ü .
The Order on the Y-structur e: Thesegmentsin theY-structureareorderedaccordingto
their intersectionwith thesweepline. Overlappingsegmentsareorderedaccordingto their

19 Our X-structuremaycontainintersectionpointsbetweensegmentsthatareno longeradjacentin theY-structure.
Theseeventscouldberemovedfrom theX-structure.Removing theseeventswould guaranteeanX-structureof
linearsize,however, at thecostof complicatingthecode.Sincethesizeof theX-structureis alwaysboundedby
thesizeof theoutputgraphwe donot remove theseevents.
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ID-number. All segmentsin the Y-structurearenon-trivial andthe positionof the sweep
line is determinedby p sweep.

The Y-structureis realizedasa sortedsequence.In a sortedsequencecomparisonsbe-
tweenkeys areonly madeduringinsertionsandlookupsandthenoneof thekeys involved
in thecomparisonis anargumentof theoperation.Weconcludethatcompareis only called
for segmentss1 ands2 whereoneof the segmentshasits sourcepoint equalto p sweep.
Also, at leastoneof thesegmentsis non-trivial andif oneof thesegmentsis trivial it has
bothendpointsequalto p sweep. Let usassumefirst thatbothsegmentsarenon-trivial.

Assumesi hasits sourcepoint equalto p sweep. If p sweepdoesnot lie on s1
 i , i.e.,
orientation¢ s1
 i Î p sweep£òî¤ 0, thentheorientationtestis alsotheoutcomeof compare.

If both segmentscontainp sweepwe comparethe slopesof s1 ands2 (orientation¢ s2Î
s1ë target¢#£�£ ). Only overlappingsegmentsareequalafterthiscomparison.They areordered
accordingto their ID-numbers.Sinceonly internalsegmentsarestoredin theY-structure
and since internal segmentsare pairwisenon-identical,any two internal segmentshave
differentID-numbers.

Thecompareclasssweepcmpis derivedfrom ledacmpbase, seeSection2.10. It hasa
privatedatamemberp sweepwhosevaluewill alwaysbeequalto thepositionof thesweep
line; in theconstructorthedatamemberis initializedto theinitial positionof thesweepline
andsetpositionis usedto inform thecompareobjectaboutany advanceof thesweepline.
ö
geometricprimitives÷-ø¸�¼�ÊCº�ºvº��CÆ�ÆRÓUÿ�¸�Ç�Ó���Ó�Ù�ÄG¼C«7¸M¼�Æ7¬�Ê�ÿ�¸�Ç�ÓUÿRÄGÊCº2Æ�½�L®�¯7°�®�±�²�¾

ÂG¶�³R±�²�ÓGÿ�º��CÆ�ÆRÓt×
Ó�Ù�ÄG¼C«7¸��
º��CÆ�Æ2ÓUÿ�¸�Ç�Ót·;¸7ª2¹>ºR»yÂG¶�³@±�²�¿�ÓmË���ÓGÿ�º��CÆ�ÆRÓt·lÓmË ��
©�ªC«2¬�ºLÆ7»Cÿ@ÓGªCº�«R»G«Lª2¹t·;¸7ª2¹(ºR»yÂG¶�³R±�²�¿�ÓmË  ÓUÿ�º��CÆ�Æ2Ó�ÈBÓe× �
«{¹�»�ª2ÓGÆ7Ò�ÊL»�ª7Ò\·{Ë>·;¸�ª2¹>º@»�2®�¯7°�®�±�²�¿�º��>À�¸�ª2¹(ºR»L®�¯7°�®�±�²�¿�º��CËM¸7ª2¹>ºR»���� Â�Ò�Æ�¸7ª2¹C¬G«R»G«Lª2¹����� ÓUÿ�º���Æ�Æ2Ó�«�ºv«2¬�ÆR¹�»U«7¸�Ê�¼z»�ªB»��GÆv¼�Æ�É�»�Æ2¹�¬LÓGªC«�¹�»ª�ÉÆC«R»��GÆLÒ�º���ªLÒ�º����
«2Én·S«2¬�ÆR¹�»U«7¸�Ê�¼O·Sº��>À�º��CË�Ë�Ò�ÆL»7Ù�Ò7¹��9×
«�¹�»�º�È��9×
«2Én·y«R¬�Æ2¹�»U«L¸�Ê�¼O·lÓGÿ�º��CÆ�Æ@ÓtÀSº�����ºLªRÙ�ÒC¸LÆO·{Ë�ËXË º�È�ª7ÒG«LÆ2¹�»�ÊL»U«Lª2¹t·�º��OÀlÓUÿ�º��CÆ7Æ2Ó>Ëm×Æ�¼Cº2Æ«2Én·s«2¬�Æ2¹�»G«7¸�Ê�¼O·^ÓUÿ�º��CÆ7Æ2ÓtÀ;º����-º2ªRÙ�Ò�¸�ÆO·SË�ËuËvº�È�ª7ÒG«LÆ2¹�»�ÊL»U«Lª2¹t·�º��>ÀlÓUÿ�º��CÆ7Æ2Ó>Ëm×Æ�¼�ºLÆvÆ7Ò�Ò�ª7Ò�ÿ��GÊ2¹C¬�¼�Æ7Ò\·��UÀ� R¸Lª@Ç�ÓGÊLÒ�ÆXÆ7Ò�Ò�ªLÒ�«{¹�º���Æ�Æ2Ó� 7Ë>×
«2Én·Sº�!�!�º����-«�ºLÿL»�ÒU«R©G«LÊ�¼O·{Ë"!�!�º��#�-«�º7ÿL»�ÒU«@©U«LÊ�¼O·SË�Ë�Ò�Æ7»7Ù�ÒL¹�ºj×
º�È�ª7ÒU«2Æ2¹�»�Ê7»G«Lª2¹t·Sº$�OÀ�º��%�^»�Ê2Ò�ù�Æ7»9·SË�Ë(×��� ª7©�Æ7Ò�¼�Ê2Ó�Ó>«{¹�ù�ºLÆLù2Ç(Æ2¹�»Gº&�(«L¼�¼zÄGÆª7Ò�¬�Æ7Ò�Æ�¬zÄ�'v»��CÆC«RÒ!³�(GÿR¹�Ù7Ç�ÄGÆ7ÒGº"�
Ò�Æ7»LÙ�Ò7¹�º*)!º��B·S³�(GÿL±7Ù7Ç�ÄGÆ7Ò\·Sº+��Ë-,�³�(Gÿ2±7Ù7Ç�ÄGÆLÒ\·Sº��GË�Ëm×�� ×

Westill needto explain thepurposeof thetestsis trivial . Wewill alsohave to locatetrivial
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segmentsin the Y-structure. Thesesegmentswill have both endpointsequalto p sweep.
We wantthesearchto besuccessfulif f theY-structurecontainsa segmentpassingthrough
p sweep. In the orderdefinedabove, the trivial segment ¢ p sweepÎ p sweep£ is larger than
all segmentsintersectingthe sweepline beforep sweep, is equalto all segmentspassing
throughp sweep, andis larger thanall segmentsintersectingthesweepline afterp sweep.
We concludethat a searchfor the trivial segmentwill returna segmentpassingthrough
p sweepif thereis one.

It is importantto observe that thecomparefunction for segmentschangesasthesweep
progresses.What doesit meanthenthat the keys of the itemsin a sortedsequenceform
an increasingsequence?The requirementis that whenever a lookup or insert operation
is appliedto a sortedsequence,the sequencemust be sortedwith respectto the current
comparefunction.Theotheroperationsmaybeappliedevenif thesequenceis not sorted.

The Graph G: ThegraphG hastypeGRAPHô POINTÎ SEGMENTõ , i.e., it is a directed
graphwherea POINT, respectively SEGMENT, is associatedwith eachnode,respectively
edge,of the graph. The graphG is the part of G ¢ S£ that is left of the sweepline. The
point associatedwith a vertex definesits positionin theplaneandthesegmentassociated
with anedgeis aninput segmentcontainingtheedge.Weusetwo operationsto extendthe
graphG. If p is a POINT thenGë new node¢ p£ addsa new nodeto G, associatesp with
thenode,andreturnsthenew node.If Í and Ï arenodesof G ands is a SEGMENTthen
Gë new edge¢kÍUÎ�Ï�Î s£ addstheedge ¢kÍUÎ�ÏÐ£ to G, associatess with theedge,andreturnsthe
new edge.In orderto facilitatetheadditionof edgeswemaintainamapô SEGMENTÎ nodeõ
lastnode: it gives for eachsegmentin the Y-structurethe rightmostvertex lying on the
segment.
ö
local declarations÷kþ øÇ(ÊRÓU½�L®�¯L°�®�±�²\À^¹Gª�¬�Æ�¾ ¼�ÊCºR»CÿR¹Cª�¬�ÆO·l¹(«L¼GËm×

The Priority Queue: We usea priority queueseg queueto drive theinsertionof segments
into theY-structure.Thequeuecontainsall internalsegmentsthatareaheadof thesweep
line orderedaccordingto their left endpoint. In particular, the first segmentin seg queue
is always the segment that is encounterednext by the sweepline. Seg queuehas type
p queueô POINTÎ SEGMENTõ .

Thedatatypep queueô P Î I õ realizespriority queueswith priority type P andinforma-
tion type I . P mustbelinearlyordered.Priority queuesareanitem-baseddatatype.Every
item(of typepqitem) storesapair ¢ p Î i £ from P ú I , p is calledthepriority andi is called
the informationof the item. The usualoperationson priority queues(insert, deletemin,
findmin) areavailable.
ö
local declarations÷kþ øÓUÿ��LÙGÆ2ÙGÆ�½2ÂG¶�³R±�²\À-L®�¯2°�®�±7²C¾ ºLÆ7ù�ÿ��LÙGÆ2ÙCÆO×
Wearenow readyfor theprogram.It hasthefollowing structure:
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ö
sweepsegments.c÷�þ øö

geometricprimitives÷ö
embedding÷©�ª�«2¬LØ�®�®�ÂCÿ�L®�¯7°�®�±�²�O·-¸�ªR¹>º�»M¼�«�ºR»C½�2®�¯7°�®�±�²C¾L¿zOÀ�¯�´�Á�Â�Ã�½2ÂG¶�³R±�²\À�L®�¯7°�®�±�²�¾L¿B¯9ÀÄGª�ª�¼vÆ@Ç�ÄGÆ�¬9À�ÄGª�ª�¼zÙ>ºLÆ�ÿ�ªRÓ�»U«SÇj«RÚ�Ê7»U«LªR¹>Ë ö

local declarations÷ö
initialization÷ö
sweep÷ö
postprocessing÷�

Initialization: We describethe initialization of thedatastructures.We clearthegraphG,
we computea coordinateInfinity that is larger thanthe absolutevalueof the coordinates
of all endpointsandthat plays the role of . in our program,we insert the endpointsof
all inputsegmentsinto theX-structure,andwecreatefor eachnon-trivial input segmentan
internalsegmentwith the sameendpoints,insert this segmentinto seg queueandlink the
input segmentto it (throughmaporiginal), we createtwo sentinelsegmentsat §/. and
¥0. , respectively, andinserttheminto theY-structure,we put thesweepline at its initial
positionby settingp sweepto ¢�§/.�Î�§/.�£ , andwe adda stopperpoint with coordinates
¢�¥0. Î�¥0.�£ to seg queue. The sentinelsavoid specialcasesand thus simplify the code.
Finally, we introduceavariablenext seg thatalwayscontainsthefirst segmentin seg queue.
ö
initialization÷�ø¯1�f¸�¼�Æ�Ê7Ò9·{Ëm×
µ�¶�¶L´�(�³�¹CÉG«{¹>«R»�'BÈ2�>×
L®�¯7°�®�±�²�ºm×É�ªLÒ�Ê�¼�¼O·�ºjÀ-GË
µ�¶�¶L´�(435�zÈ!º6�73C¸7ª�ª7Ò�¬5�(·{ËmÀ8'5�uÈ�º6�7'C¸7ª�ª7Ò�¬5�(·{Ëm×µ�¶�¶L´�(43+�È!º6�73C¸7ª�ª7Ò�¬+�x·{ËmÀ8'+�vÈ�º6�7'C¸7ª�ª7Ò�¬+�x·{Ëm×«2É�·93:��½4�UË;3:�XÈ<,$3:�>×«2É�·9':��½4�UË;':�XÈ<,$':�>×«2É�·93���½4�UË;3��BÈ<,$3��O×«2É�·9'���½4�UË;'��BÈ<,$'��O×
���>«L¼�Æ~·=3:�z¾7È�³{¹CÉG«�¹>«@»�'>!�!0':��¾7È�³{¹CÉG«�¹>«@»�'>!�!3��¾7È�³{¹CÉG«�¹>«@»�'>!�!0'���¾7È�³{¹CÉG«�¹>«@»�'�Ë ³�¹�ÉG«�¹>«R»�'�Ñ2È?�O×
ºLÆ���ÿ�«@»�Æ@Ç�«R»5�uÈ4�Cÿ�º@»�Ò7ÙU¸L»LÙ�Ò�Æ#�-«{¹>ºLÆ7Ò7»\·Sº@��º2ª2Ù�ÒC¸�Æx·SË>À�ºLÆ���ÿ�«@»�Æ@Ç"·l¹(«L¼GË�Ëm×ºLÆ���ÿ�«@»�Æ@Ç�«R»+�vÈ4�Cÿ�º@»�Ò7ÙU¸L»LÙ�Ò�Æ#�-«{¹>ºLÆ7Ò7»\·Sº@�}»�Ê7Ò7ù�Æ7»9·SË>À�ºLÆ���ÿ�«@»�Æ@Ç"·l¹(«L¼GË�Ëm×
«2É�·S«R»:�XÈ�È!«R»��GË�¸�ªR¹�»U«�¹�ÙCÆO× ��� «RùL¹Gª7Ò�ÆMÚ�ÆLÒ�ª+,�¼�ÆR¹�ù�»���ºLÆ7ù2Ç(ÆR¹�»Uº
ÂG¶�³R±�²�Ó�È4�Cÿ�ºR»�ÒLÙU¸L»7Ù�Ò�Æ#�BACÆ�'9·S«@»:�7Ë>×ÂG¶�³R±�²4�È4�Cÿ�ºR»�ÒLÙU¸L»7Ù�Ò�Æ#�BACÆ�'9·S«@»��CË>×
L®�¯7°�®�±�²�º��uÈ�·�¸�ª@Ç�ÓGÊ7Ò�ÆO·^ÓtÀC�UËy½4�D)�L®�¯7°�®�±�²9·lÓtÀC�UËE��L®�¯7°�®�±�²\·C�9À^ÓmË�Ëm×
ª7ÒU«RùU«{¹GÊ�¼1F�º+��GzÈ!ºj×«�¹�»�Æ7ÒL¹GÊ�¼#�fÊRÓ�ÓGÆ2¹C¬x·Sº��LËm×ºLÆ7ùCÿ��2ÙGÆ2ÙGÆ#��«�¹>ºLÆ7Ò7»\·Sº�����ºLª@Ù�ÒC¸LÆO·SËmÀ�º+��Ë(×�

L®�¯7°�®�±�²¼�ª��CÆ7ÒCÿ�ºLÆ2¹�»U«{¹GÆ�¼O·H,�³�¹CÉ�«�¹(«R»�'9ÀH,�³�¹CÉC«{¹(«R»�'\ÀS³{¹�ÉC«�¹>«�»�'9ÀI,�³�¹CÉ�«�¹(«@»�'UËm×
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L®�¯7°�®�±�²�Ù�Ó�ÓGÆ7ÒCÿ�ºLÆ2¹�»U«{¹GÆ�¼O·H,�³�¹CÉ�«�¹(«R»�'9À�³�¹CÉG«{¹>«R»�'\À�³�¹CÉG«�¹(«R»�'9À�³�¹�ÉG«�¹>«R»�'(Ëm×
ÓUÿ�º��CÆ�Æ2Ó�È�¼�ª���Æ7ÒCÿ�ºLÆR¹�»U«�¹GÆ�¼#�-ºLª@Ù�Ò�¸�Æx·SËm×¸�Ç�Ó��-ºLÆ7»�ÿRÓGªCº�«@»U«Lª2¹t·}ÓUÿ�ºJ�CÆ�Æ2Ó(Ëm×
ÖCÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�Æ#��«�¹>ºLÆ7Ò7»\·lÙ7Ó�ÓCÆ7Ò�ÿ�ºLÆ@¹�»G«�¹CÆ�¼OÀ;ºLÆ���ÿ�«@»�Æ{Ç"·l¹(«2¼CË�Ëm×ÖCÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�Æ#��«�¹>ºLÆ7Ò7»\·-¼7ª���Æ7Ò�ÿ�ºLÆ@¹�»G«�¹CÆ�¼OÀ;ºLÆ���ÿ�«@»�Æ{Ç"·l¹(«2¼CË�Ëm×
ÂG¶�³R±�²MÓ>ºR»�ªRÓt·S³�¹CÉC«�¹>«R»�'9ÀS³{¹CÉ�«�¹>«�»�'UËm×ºLÆLùCÿ��LÙGÆRÙGÆ#�-«�¹(ºLÆ7Ò�»\·}Ó>ºR»�ª2ÓeÀ-R®�¯7°7®�±�²\·^Ó(ºR»�ª2ÓtÀ^Ó(º@»�ª@ÓmË�Ë>×L®�¯7°�®�±�²�¹CÆ�3�»Cÿ�º2Æ7ùBÈ�º2Æ7ùCÿ��LÙCÆ2ÙGÆ#�-«{¹CÉ9·SºRÆ7ùCÿ��2ÙCÆ2Ù�Æ#�lÉC«{¹�¬�ÿ�Ç>«�¹e·SË�Ëm×

Thereis onesubtlepoint in thecodeabove. An insertoperationinto asortedsequencewith
a key that is alreadypresentin thesortedsequencereturnsthe item containingthekey; it
doesnotaddanew itemto thesequenceandits doesnotchangethekey of theitemreturned.
Weexploit this featureof sortedsequencesto ensurethatinternalsegmentsshareendpoints.
Assumefor concretenessthats1 ands2 aretwo inputsegmentswith acommonsourcepoint
andassumethat s1 is processedfirst. Whenthe sourcepoint of s2 is insertedinto the X-
structure,theitem containingthesourcepoint of s1 will bereturnedandhencetheinternal
segmentscorrespondingto s1 ands2 have thesame(not just equal)sourcepoint20.

ProcessingEvents: Wenow cometo theheartof proceduresweep:processingevents.Let
event ¤ û p Î sitü be thefirst event in theX-structureandassumeinductively thatour data
structureis correctfor p sweep¤ ¢ p ë x Î p ë y § 2é�£ . Our goalis to changep sweepto p, i.e.,
to movethesweepline acrosspoint p. As long astheX-structureis notemptywe perform
thefollowing actions.

We first extractthenext eventpoint p sweepfrom theX-structureby assigningthemin-
imal key in theX-structureto p sweep, adjustingthecomparefunctionfor segmentsto the
new positionof thesweepline, andaddinga vertex Í with positionp sweepto theoutput
graphG. Then, we handleall segmentspassingthroughor endingat p sweep. Finally,
we insertall segmentsstartingat p sweepinto theY-structure,checkfor possibleintersec-
tionsbetweenpairsof segmentsnow adjacentin theY-structure,andupdatetheX-structure.
Finally, wedeletetheeventfrom theX-structure.
ö
sweep÷-ø���(«L¼�Æ�·EKL�Cÿ�ºR»�ÒLÙU¸L»7Ù�Ò�Æ#�fÆ@Ç�Ó�»�'\·�ËuË ºLÆ���ÿ�«@»�Æ@Ç�Æ7©�Æ2¹�»vÈ���ÿ�ºR»�Ò7ÙG¸L»7Ù�Ò�Æ���Çj«�¹\·{Ëm×ÓUÿ�º��CÆ�Æ2ÓÈ4�Cÿ�ºR»�ÒLÙU¸L»7Ù�Ò�Æ#�BACÆ�'9·-ÆL©�ÆR¹�»(Ë(×¸�Ç�Ó��-º2Æ7»CÿRÓGª�º�«R»U«Lª@¹t·lÓCÿ�º��CÆ7Æ2ÓmË(×

¹Gª�¬�ÆM©�È�¯1�|¹GÆ��GÿR¹Cª�¬�ÆO·lÓGÿ�º��CÆ7Æ2Ó>Ëm×ö
handlepassingandendingsegments÷ö
insertstartingsegments÷ö
computenew intersectionsandupdateX-structure÷�Cÿ�ºR»�ÒLÙU¸L»7Ù�Ò�Æ#�l¬�Æ�¼�ÿ�«R»�Æ@Çp·-Æ2©�Æ2¹�»(Ë>×�

20 A point is realizedasapointerto a representationclass.Two pointsareequalif they havethesameCartesian
coordinatesandtwo pointsareidenticalif they sharetherepresentation.Testingtwo pointsfor identity is faster
thantestingthemfor equality.
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Handling PassingandEnding Segments:Wefirst determinethesegmentspassingthrough
or endingin p sweepandthenhandlethemby reversingtheirorderin theY-structure.
ö
handlepassingandendingsegments÷-øºLÆ���ÿ�«R»�Æ�Ç�º�«R»È?��ÿ�ºR»�Ò7ÙG¸L»7Ù�Ò�Æ��-«�¹CÉ9·�ÆL©�Æ@¹�»(Ë>×
«2Én·Sº�«@»�È�ÈB¹>«2¼GËBº�«R»ÈÖ�ÿ�ºR»�Ò7ÙG¸L»7Ù�Ò�Æ��f¼�ª�ª�A7Ù�Ót·kL®�¯L°�®�±�²\·}ÓUÿ�º���Æ�Æ2Ó\ÀlÓGÿ�º���Æ�Æ@ÓmË�Ë(×
ºLÆ���ÿ�«R»�Æ�Ç�º�«R»Cÿ�º{ÙU¸�¸ È ¹>«2¼O×ºLÆ���ÿ�«R»�Æ�Ç�º�«R»CÿRÓ�Ò�Æ�¬ È ¹>«2¼O×ºLÆ���ÿ�«R»�Æ�Ç�º�«R»CÿRÓ�Ò�Æ�¬�ÿ�º{ÙU¸�¸yÈB¹>«2¼O×ºLÆ���ÿ�«R»�Æ�Ç�º�«R»Cÿ7ÉC«RÒUºR»BÈ ¹>«2¼O×
«2Én·Sº�«@»MK}ÈB¹>«2¼GË ö

determinepassingandendingsegments÷ö
reverseorderof passingsegments÷�

We first determinewhetherthere is any segmentpassingthroughor endingin p sweep.
Recallthatthecurrenteventis û p sweepÎ sitü .

If sit î¤ nil, thesegmentassociatedwith sit containsp sweep. If sit ¤ nil, thereis nopair
of adjacentnon-overlappingsegmentsin theY-structureintersectingin p sweep. However,
theremaybea bundleof overlappingsegmentsin theY-structurethatcontainp sweep. We
candecidewhetherthereis sucha bundleanddeterminesomesegmentin the bundleby
locating the point p sweepin the Y-structure21. We definedthe comparisonfunction for
segmentssuchthata searchfor thetrivial segment ¢ p sweepÎ p sweep£ in theY-structureis
successfulif f theY-structurecontainsa segmentcontainingp sweep.

If thereis no segmentin theY-structurecontainingp sweep, thereis nothingto do. As-
sumeotherwise.Thensit pointsto onesuchsegment.Wedetermineall suchsegments.The
correspondingitemsform a subsequenceof theY-structure,seeFigure10.51.We compute
the first (sit first) and last (sit last) item of this bundleof itemsandalso the predecessor
(sit pred) andsuccessor(sit succ) item of the bundle. We also storein sit predsucc the
successorof sit predbeforetheinsertion,i.e,sit first.

Theitemsin thebundleareeasilyrecognizedby their informations.Theinformationof
every item in the bundleexceptfor the last is eitherequalto the currentevent item event
or equalto thesuccessoritem in theY-structure(in thecaseof asegmentoverlappingwith
its successor).The informationof the last item in thebundleis eithernil or an item in the
X-structuredifferentfrom event(suchanitem standsfor anintersectionwith sit succ).

We determinethe itemsin the bundleasfollows. Startingat sit we first walk up until
sit succis reached.Thenwe walk down to sit pred. During the downwardwalk we also
startto updatethedatastructures.For everysegments in thebundlewedo thefollowing:

ð Weaddanedgeto G connectinglast node[s] and Í andlabelit with s. Thenew edge
getsits directionfrom theoriginal segmentcontainingit, if embedis false, andis
directedfrom Í to last node[s], if embedis true.

21 TheY-structurecontainssegmentsandhenceonly segmentscanbelocatedin it. In orderto locatethepoint
p sweepin theY-structure,we locatethezero-lengthsegmentå p sweepN p sweepç instead.
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Figure10.51 Theitemssit pred, sit first, sit last, andsit succ.
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Figure10.52 Theedgesout of ] areconstructedin theorder Ý^]�_ u1 Þ , Ý`]�_ u2 Þ , Ý^]�_ u3 Þ , Ý^]�_ u4 Þ .
ð If s endsatp sweepthenwedeleteit from theY-structure.If thepredecessorsegment

overlapswith s, wecopy theinformationaboutthesuccessorsegmentof s (if any) to
thepredecessorandseta flag thatthedownwardwalk is not finishedyet.

ð If s continuesthroughp sweepthenwechangetheintersectioninformationassociated
with it to nil andsetlast nodeto Í .

We explain why we directtheedgeconstructedfor a segments from Í to last node[s] if
embedis true. Sincenew edge appendstheedgeconstructedto the list of outgoingedges
of Í andsincewe constructedgesduring the downward walk the edgesout of Í will be
constructedin their propercounter-clockwiseorder, seeFigure10.52.We will exploit this
factwhenweconstructtheplanarembeddingof G in thepost-processingstep.

Theidentificationof thesubsequenceof segmentsincidentto p sweeptakesconstanttime
per elementof the sequence.Moreover, the constantis small sincethe testof whetherp
is incidentto a segmentinvolvesno geometriccomputationbut only identity testsbetween
items. The codeis particularlysimpledueto our sentinelsegments:sit cannever be the
first or lastitem of theY-structure.
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ö
determinepassingandendingsegments÷-ø��� �CÊ�¼$AvÙ�Ó���(«L¼�Æ�·�Ö�ÿ�ºR»�Ò7ÙG¸L»7Ù�Ò�Æ��-«�¹CÉ9·;º�«R»GË�È�È�Æ7©�Æ2¹�»a!�!Ö�ÿ�ºR»�Ò7ÙG¸L»7Ù�Ò�Æ��-«�¹CÉ9·;º�«R»GË�È�ÈÖCÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�Æ#��º�ÙU¸�¸x·;º�«@»UËuËº�«R»ÈÖ�ÿ�ºR»�Ò7ÙG¸L»7Ù�Ò�Æ��-º�ÙU¸�¸j·Sº�«�»(Ë>×
º�«@»Cÿ�º�ÙU¸�¸�ÈÖCÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�Æ#��º�ÙU¸�¸j·Sº�«R»UË>×ºLÆ���ÿ�«R»�Æ�Ç�º�«R»Cÿ�¼�ÊCºR»BÈ!º�«R»\×
«2Én·�Ù>ºLÆ�ÿ�ªRÓ�»U«SÇj«RÚ�Ê7»U«LªR¹�Ë  ö optimization,part 1÷ ���� �CÊ�¼$A�¬�ª���¹
ÄGª�ª�¼vª7©�Æ7Ò�¼�Ê2Ó�Ó>«�¹�ù\×¬�ª ª7©�Æ7Ò�¼�Ê2Ó�Ó>«�¹�ùMÈÉ�Ê�¼CºLÆx×ºMÈvÖCÿ�ºR»�Ò7ÙU¸L»7Ù�Ò�Æ#�BACÆ�'\·�º�«�»(Ëm×
«2É�·2KlÆ@Ç�ÄGÆ�¬M¿�¿!º6�-º2ª2Ù�ÒC¸�Æx·{ËyÈ�È�ª7ÒU«RùG«�¹GÊ�¼1Fkº$G1�-ºLªRÙ�ÒC¸�Æ#·{ËXË¯1�|¹GÆ��Gÿ�Æ7¬�ù�ÆO·-¼�ÊCºR»Cÿ�¹Gª7¬�Æ�F�º$GxÀ�©9Àyº�Ë>×Æ�¼CºLÆ¯1�|¹GÆ��Gÿ�Æ7¬�ù�ÆO·k©9ÀÅ¼�Ê�ºR»CÿR¹Gª7¬�Æ1F�º$GOÀ�º�Ëm×
«2É�·X«2¬�ÆR¹�»U«7¸�Ê�¼O·lÓUÿ�º��CÆ�Æ2Ó\ÀSº6��»�ÊLÒ�ù�ÆL»\·�Ë�ËXË ��� Æ2¹C¬G«�¹�ù�ºLÆ7ù2Ç(ÆR¹�»
ºLÆ���ÿ�«@»�Æ@Ç�«R»È�Ö�ÿ�ºR»�Ò7ÙG¸L»7Ù�Ò�Æ���Ó�Ò�ÆL¬9·Sº�«@»UËm×«2É�·�ÖCÿ�º@»�Ò7ÙU¸L»LÙ�Ò�Æ#�-«{¹CÉ9·S«�»(Ë�È�È�º�«R»�Ë ª7©�ÆLÒ�¼�Ê2Ó�Ó(«�¹�ùMÈv»�Ò7ÙCÆO×ÖCÿ�º@»�Ò7ÙU¸L»LÙ�Ò�Æ#�k¸��GÊR¹�ù�Æ�ÿ�«S¹CÉO·S«@»9À�ÖCÿ�ºR»�Ò7ÙU¸L»7Ù�Ò�Æ#�-«�¹�É9·Sº�«@»UË�Ëm×�
ÖCÿ�ºR»�ÒLÙU¸L»7Ù�Ò�Æ#�l¬�Æ�¼�ÿ�«@»�Æ{Ç"·Sº7«R»UËm×º�«R»�È�«R»9×�

Æ�¼Cº2Æ ��� ÓGÊCº�º�«{¹�ù�ºLÆ7ù2ÇUÆ2¹�»
«2É�·�ÖCÿ�º@»�Ò7ÙU¸L»LÙ�Ò�Æ#�-«{¹CÉ9·Sº7«R»UË2K^ÈBÖCÿ�ºR»�Ò7ÙU¸L»7Ù�Ò�Æ#�-º�ÙG¸�¸x·�º�«@»(ËXËÖCÿ�º@»�Ò7ÙU¸L»LÙ�Ò�Æ#�k¸��GÊR¹�ù�Æ�ÿ�«S¹CÉO·Sº�«@»\À�ºLÆ���ÿ�«R»�Æ@Çp·l¹>«L¼GË�Ëm×¼�ÊCºR»Cÿ@¹Gª�¬�Æ1Fkº$G�Èv©\×º�«R»�ÈÖCÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�Æ#�|Ó�Ò�Æ�¬x·Sº�«R»UË>×�� ���>«L¼�Æ~·�ÖCÿ�º@»�Ò7ÙU¸L»LÙ�Ò�Æ#�-«{¹CÉ9·Sº7«R»UË�È�ÈÆ7©�Æ2¹�»b!�!Åª7©�Æ7Ò�¼�Ê2Ó�Ó>«�¹�ù�!�!ÖCÿ�º@»�Ò7ÙU¸L»LÙ�Ò�Æ#�-«{¹CÉ9·Sº7«R»UË�È�ÈBÖCÿ�ºR»�Ò7ÙU¸L»7Ù�Ò�Æ#�-º�ÙG¸�¸x·�º�«@»(ËXËm×

º�«@»CÿRÓ�Ò�Æ7¬BÈ�º�«@»\×º�«@»Cÿ7ÉG«RÒGºR»BÈvÖCÿ�ºR»�ÒLÙU¸L»7Ù�Ò�Æ#�-º�ÙU¸�¸x·�º�«@»�ÿRÓ�Ò�Æ�¬GË>×º�«@»CÿRÓ�Ò�Æ7¬�ÿ�º�ÙU¸�¸uÈ!º�«R»Cÿ7ÉC«RÒUºR»\×

All segmentsin thebundlestartingwith sit first andendingin sit last passthroughnode
Í andmoving the sweepline throughp sweepchangestheorderof thesesegmentsin the
Y-structure. More precisely, if s andsí are two segmentspassingthroughp sweepthen
moving thesweepline throughp sweepreversestheir orderif f s andsí donotoverlap.

If the bundle is non-empty, we updateits orderas follows: first we reverseall subse-
quencesof overlappingsegmentsandthenwereversetheentirebundle,seeFigure10.53.

Thebundleof segmentspassingthroughp sweepis emptyif f sit first is equalto sit succ.
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Figure10.53 Threesegmentspassingthroughp sweep, two of themoverlapping.Theorderof
thesegmentsis reversed,but theorderwithin thesub-bundleof overlappingsegmentsis retained.

ö
reverseorderof passingsegments÷køº�«@»�È!º�«R»CÿLÉG«RÒUºR»9×��� Ò�Æ7©�Æ7ÒUºLÆ�º�Ù�Ä>ºLÆ��LÙCÆ2¹U¸�ÆCºsª�É�ª7©�Æ7Ò�¼�Ê2Ó�Ó>«{¹�ù�ºLÆLù2Ç(Æ2¹�»Gº ·S«2ÉÆ�3G«�ºR»U«�¹�ù(Ë
���(«L¼�Æ�·yº�«R»>K^È�º�«R»Cÿ�º�ÙG¸�¸Ë ºLÆ���ÿ�«@»�Æ@Ç�º�Ù�ÄUÿ7ÉG«RÒGºR»BÈ!º�«R»\×ºLÆ���ÿ�«@»�Æ@Ç�º�Ù�ÄUÿ�¼�ÊCº@» È!º�Ù�ÄUÿ7ÉC«RÒUºR»\×
���>«L¼�Æ~·fÖCÿ�ºR»�ÒLÙU¸L»7Ù�Ò�Æ#�-«�¹CÉx·Sº�Ù7ÄUÿ7¼�Ê�º@»(Ë�È�ÈvÖCÿ�ºR»�Ò7ÙU¸L»7Ù�Ò�Æ#�-º�ÙG¸�¸x·SºSÙ�ÄGÿ7¼�Ê�ºR»GË�Ëº�Ù�ÄUÿ�¼�ÊCº@»BÈÖ�ÿ�ºR»�Ò7ÙG¸L»7Ù�Ò�Æ��-º�ÙU¸�¸#·�º�Ù7ÄUÿ�¼�Ê�º@»(Ë(×
«2É�·Xº�Ù�ÄGÿ�¼�ÊCºR»kK^È�º{Ù�ÄUÿ7ÉG«@ÒUºR»�ËÖCÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�Æ#�}Ò�Æ7©�Æ2ÒUº2Æ�ÿ�«R»�Æ{Çjºm·Sº{Ù�ÄUÿ2ÉG«RÒGº@»9À�º�Ù�ÄUÿ7¼�ÊCºR»(Ë>×
º�«R»ÈÖ�ÿ�ºR»�Ò7ÙG¸L»7Ù�Ò�Æ��-º�ÙU¸�¸j·Sº�Ù7ÄUÿLÉG«@ÒGºR»GËm×�

��� Ò�Æ7©�Æ7ÒUºLÆ�»��CÆÆR¹�»U«RÒ�ÆuÄ�Ù�¹C¬�¼�Æ
«2Én·sº�«R»Cÿ7ÉC«RÒUºR»�K}È�º�«@»Cÿ�º�ÙU¸�¸ËÖCÿ�ºR»�ÒLÙU¸L»7Ù�Ò�Æ#�^Ò�Æ7©�Æ7ÒUºRÆ�ÿ�«R»�Æ@Çjº>·kÖ�ÿ�º@»�Ò7ÙC¸L»7Ù�Ò�Æ��-ºSÙU¸�¸#·�º�«R»Cÿ�Ó�Ò�Æ7¬GËmÀÖCÿ�º@»�Ò7ÙU¸L»LÙ�Ò�Æ#��Ó�Ò�Æ�¬O·�º�«R»Cÿ�º�ÙG¸�¸�Ë�Ëm×

Insertion of Starting Segments:Thelaststepin handlingtheeventpoint p sweepis to in-
sertall segmentsstartingatp sweepinto theY-structureandto testthenew pairsof adjacent
items ¢ sit predÎ�ëRëRë £ and ¢këRëRë@Î sit succ£ for possibleintersections.If therewerenosegments
passingthroughor endingin p sweepthentheitemssit succandsit predstill havethevalue
nil andwehave to computethemnow.

We usethepriority queueseg queueto find thesegmentsto be inserted.As long asthe
first segmentin seg queuestartsatp sweep, i.e.,next segë source¢j£ is identical22 to p sweep,
weremoveit from thequeueandlocateit in theY-structure.Let s it betheitemreturnedby
locateandlet p sit beits predecessor.

Weinsertnext seg afters it into theY-structure;thiswill addanitemsit to theY-structure.
Wesettheinformationof sit to ssit if thenew segmentoverlapswith thesegmentassociated

22 Recallthatwe ensuredthatendpointsof internalsegmentsthatareequalareidentical.
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with ssit andwe set it to nil otherwise. Similarly, if the new segmentoverlapswith the
segmentassociatedwith p sit wechangetheinformationof p sit to sit.

We associatethenew item sit with theright endpointof next seg in theX-structure;note
thatthepoint is alreadytherebut it doesnothave its link to theY-structureyet. Wealsoset
lastnode[s] to Í , andif sit succandsit pred arestill undefined,i.e, therewasno segment
passingthroughor endingin p sweep, we setthemto thesuccessorandpredecessorof the
new item,respectively, andwesetsit predsuccto sit succ.
ö
insertstartingsegments÷�ø���(«L¼�Æ�·y«R¬�Æ2¹�»U«L¸�Ê�¼O·lÓGÿ�º��CÆ�Æ@ÓtÀl¹�Æ�3�»Cÿ�º2Æ7ù#�-ºLªRÙ�Ò�¸�Æ#·{Ë�ËXË ºLÆ���ÿ�«@»�Æ@Ç�º7ÿ�º�«R»vÈ�Ö�ÿ�ºR»�Ò7ÙG¸L»7Ù�Ò�Æ��f¼�ª�¸LÊ7»�Æx·^¹CÆ�37»Cÿ�º2ÆLùUËm×ºLÆ���ÿ�«@»�Æ@ÇvÓUÿ�º�«R»vÈ�Ö�ÿ�ºR»�Ò7ÙG¸L»7Ù�Ò�Æ���Ó�Ò�ÆL¬9·SºLÿ�º�«R»GËm×

ºMÈvÖCÿ�ºR»�Ò7ÙU¸L»7Ù�Ò�Æ#�BACÆ�'\·�º7ÿ�º�«R»GËm×
«2É�·hª7ÒU«2Æ2¹�»�Ê7»G«Lª2¹t·SºmÀ�¹CÆ�3�»Cÿ�º2Æ7ùl�-ºR»�Ê7Ò�»\·{Ë�Ë�È�È��v¿�¿ª7ÒU«LÆR¹�»�Ê7»U«2ª2¹t·SºjÀ�¹GÆ�3�»Cÿ�ºLÆ7ù1�fÆ2¹C¬9·SË�Ë�È�È���Ëº�«R»�ÈÖCÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�Æ#��«�¹>ºLÆ2Ò�»�ÿ�ÊL»9·Sº2ÿ�º�«@»9À�¹CÆ�3�»Cÿ�º2Æ7ù\À�º7ÿ�º�«R»(Ëm×Æ�¼CºLÆº�«R»�ÈÖCÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�Æ#��«�¹>ºLÆ2Ò�»�ÿ�ÊL»9·Sº2ÿ�º�«@»9À�¹CÆ�3�»Cÿ�º2Æ7ù\À�ºLÆ���ÿ�«R»�Æ�Ç"·l¹>«L¼CË�Ëm×
ºMÈvÖCÿ�ºR»�Ò7ÙU¸L»7Ù�Ò�Æ#�BACÆ�'\·^ÓUÿ�º�«R»GËm×
«2É�·hª7ÒU«2Æ2¹�»�Ê7»G«Lª2¹t·SºmÀ�¹CÆ�3�»Cÿ�º2Æ7ùl�-ºR»�Ê7Ò�»\·{Ë�Ë�È�È��v¿�¿ª7ÒU«LÆR¹�»�Ê7»U«2ª2¹t·SºjÀ�¹GÆ�3�»Cÿ�ºLÆ7ù1�fÆ2¹C¬9·SË�Ë�È�È���ËÖCÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�Æ#�f¸��GÊ2¹�ù�Æ�ÿ�«S¹CÉ9·}ÓUÿ�º�«@»9À�º�«R»(Ë>×
�Cÿ�ºR»�ÒLÙU¸L»7Ù�Ò�Æ#�-«�¹>ºRÆ7Ò�»O·l¹CÆ�37»Cÿ�ºRÆ7ù1�fÆR¹�¬9·�ËmÀ�º�«R»(Ëm×¼�ÊCºR»Cÿ@¹Gª�¬�Æ1F�¹GÆ�3�»Cÿ�ºLÆ7ù�GuÈv©\×
«2É�·Xº�«R»�ÿ�º�ÙU¸�¸uÈ�ÈB¹(«L¼�Ë º�«@»Cÿ�º�ÙU¸�¸zÈ�ºLÿ�º�«R»\×º�«@»CÿRÓ�Ò�Æ7¬MÈBÓGÿ�º�«R»\×º�«@»CÿRÓ�Ò�Æ7¬�ÿ�º�ÙU¸�¸XÈ!º�«R»Cÿ�º�ÙU¸�¸x×�
��� ¬�Æ�¼�Æ7»�ÆyÇj«�¹>«SÇ�Ù7Ç!Ê2¹C¬ÊCº�º�«Rù7¹v¹GÆ���Çj«�¹(«SÇ�Ù7Ç�»�ªz¹GÆ�3�»Cÿ�ºLÆLù
ºLÆ7ùCÿ��2ÙGÆ2ÙGÆ#�^¬�Æ�¼�ÿ�Ç>«�¹t·�Ëm×¹GÆ�3�»Cÿ�ºLÆ7ùBÈ!ºLÆ7ùCÿ��LÙGÆ2ÙGÆ��-«�¹CÉ9·�ºLÆLùCÿ��2ÙGÆ@ÙGÆ#�^ÉC«{¹C¬�ÿ�Çj«{¹e·SË�Ëm×�

Computing New Intersections: If sit pred still hasthe valuenil, therewereno ending,
passingor startingsegmentsandhencep sweepis an isolatedpoint andwe aredone. Iso-
latedpointsresultfrom segmentsof lengthzero.

So assumethat sit pred exists. We have to updateits informationfield (which still has
thevaluefrom beforetheevent).We setit to nil if thereis no intersectionbetweensit pred
and its successor. If the intersectionexists, we insert it into the X-structureandset the
informationfield of sit pred to it. If thereare segmentsleaving p sweep, i.e, sit pred is
not the predecessorof sit succ, we alsocheckfor an intersectionbetweensit succandits
predecessor.
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ö
computenew intersectionsandupdateX-structure÷�ø«2Én·sº�«R»CÿRÓ�Ò�Æ�¬�K^È�¹>«L¼!Ë «2É�·2K|Ù>º2Æ�ÿ�ª2Ó�»G«SÇj«2Ú�ÊL»U«2ª2¹�Ë ÖCÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�Æ#�f¸��GÊ2¹�ù�Æ�ÿ�«S¹CÉ9·;º�«@»Cÿ@Ó�Ò�ÆL¬9ÀSº2Æ���ÿ�«�»�Æ@Çp·^¹(«L¼GË7Ëm×¸�ª�Ç�Ó�Ù�»�Æ�ÿ�«�¹�»�ÆLÒUºLÆ�¸R»U«2ª2¹\·9�Cÿ�ºR»�Ò7ÙG¸2»7Ù�Ò�ÆOÀ�ÖCÿ�ºR»�Ò7ÙU¸L»7Ù�Ò�ÆOÀ�º�«R»CÿRÓ�Ò�Æ�¬UËm×º�«@»�ÈvÖCÿ�º@»�Ò7ÙU¸L»LÙ�Ò�Æ#��Ó�Ò�Æ�¬9·;º�«@»Cÿ�º{ÙU¸7¸CËm×«2Én·sº�«R»>K^È!º�«R»CÿRÓ�Ò�Æ�¬�Ë¸�ª@Ç�Ó�Ù�»�Æ�ÿ�«{¹�»�Æ7ÒUº2Æ�¸2»U«Rª2¹t·m�Cÿ�ºR»�ÒLÙU¸R»7Ù�Ò�ÆxÀ�Ö�ÿ�ºR»�Ò7ÙG¸L»7Ù�Ò�ÆxÀ�º�«@»(Ëm×�

Æ�¼CºLÆ ö
optimization,part 2÷ ��

The function computeintersectiontakes an item sit0 of the Y-structureand determines
whetherthe segmentassociatedwith sit0 intersectsthe segmentassociatedwith its suc-
cessoritem sit1 to theright of thesweepline. If so, it updatestheX- andtheY-structure.
Let s0 ands1 be thesegmentsassociatedwith sit0 andsit1, respectively, andlet n 0 and n 1

bethesupportinglinesof s0 ands1, respectively.
Weknow thats0 intersectsthesweepline L befores1. Thuss0 ands1 intersectright of the

sweepline if theright endpointof s1 lies below or on n 0 (orientation¢ s0Î s1ë target¢j£k£po 0)
andtheright endpointof s0 liesaboveor on n 1 (orientation¢ s1Î s0ë target¢j£k£ ¦ 0).

If the segmentsintersect,we computethe point of intersection,call it q, by a call of
s0ë intersectionof lines¢ s1Î q £ , inserta new pair (q Î sit0) into theX-structureandassociate
thispair with sit0 in theY-structure.
ö
geometricprimitives÷-þ øºR»�Ê7»U«7¸�©�ªC«R¬¸�ª@Ç�Ó�Ù�»�Æ�ÿ�«�¹�»�Æ7ÒUºLÆ�¸L»G«LªR¹e·SºRª7Ò�»Gº2Æ���½@ÂG¶�³@±�²9ÀSºLÆ���ÿ�«@»�Æ@Ç>¾R¿q�Cÿ�ºR»�ÒLÙU¸L»7Ù�Ò�ÆOÀºLªLÒ�»UºLÆ���½�L®�¯7°�®�±�²\À;ºLÆ���ÿ�«@»�Æ{Ç>¾L¿XÖCÿ�ºR»�Ò7ÙU¸L»7Ù�Ò�ÆOÀ�ºLÆ���ÿ�«@»�Æ@Ç�º�«R»��UË ºLÆ���ÿ�«@»�Æ@Ç�º�«@»:�XÈÖCÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�Æ#��º�ÙU¸�¸j·Sº�«@»��GËm×L®�¯7°�®�±�² º$� ÈÖCÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�Æ#�LACÆ�'\·;º�«R»��GË>×L®�¯7°�®�±�² º�� ÈÖCÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�Æ#�LACÆ�'\·;º�«R»5�7Ë>×

«2É�·hª7ÒU«2Æ2¹�»�Ê7»G«Lª2¹t·Sº��9À�º��%�^»�Ê2Ò�ù�Æ7»9·SË�Ëh½7È?�¿�¿ª7ÒU«2Æ2¹�»�Ê7»G«Lª2¹t·Sº+�>À�º$���^»�Ê2Ò�ù�Æ7»9·SË�Ëh¾7È?��Ë ÂG¶�³R±�²4�9×º$�#�-«�¹�»�ÆLÒUºLÆ�¸L»G«Lª2¹UÿLª�É�ÿ�¼�«�¹GÆ�ºj·�º��(À9�UË(×ÖCÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�Æ#�f¸��GÊ2¹�ù�Æ�ÿ�«S¹CÉ9·;º�«@»+�OÀ0��ÿ�ºR»�Ò7ÙG¸L»7Ù�Ò�Æ��-«�¹>ºLÆ2Ò�»9·9�OÀSº�«�»+�GË�Ëm×��

PostProcessing:Weassociatewith eachedgeof G aninput segmentcontainingit. This is
easilydoneaseachedgehasaninternalsegmentassociatedwith it. Thuswe only have to
replaceG[e] by original[G[e]] .

ThegraphG constructedduringthesweepis planarbut is not in theform of aplanarmap
yet. In particular, theorderof theadjacency lists dependson theinsertionorder.

Whenembedis true, we turn G into aplanarmap.
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Figure10.54 Beforethecall of embeddingthereis only oneedgeleaving node1, namely, the
edgee. TherearethreeparalleledgesÝ 2_ 1Þ ; their counter-clockwiseorderaroundnode2 is in
decreasingorderof ID-number. Weneedto addthereversalsof theedgesa, b, c, andd to thelist
of edgesout of 1. Sortingtheedgesby increasingslopeandedgesof equalslopeby ID-number
givesthedesiredorder.

ö
postprocessing÷-ø«2Én·-Æ@Ç�ÄGÆ�¬UËz¸�ªR¹>ºR»�Ò7ÙG¸L»Cÿ�Æ@Ç�ÄGÆ�¬�¬�«�¹�ù\·k¯GËm×
Æ�¬7ù�ÆvÆO×É�ªLÒ�Ê�¼�¼�ÿ7Æ�¬�ù�ÆCºm·-ÆOÀ ¯UË�¯1FlÆ�GBÈ�ªLÒU«RùU«�¹CÊ�¼1F^¯lF^Æ�G�G9×

Whenembedis trueall edgesof G aredirectedfrom right to left (verticaledgesaredirected
downwards). Moreover, the edgesout of any nodeare alreadyin their propercounter-
clockwiseorder.

In orderto turn G into a planarmapwe needto addthe reversalof every edgeandto
insertthenew edgesat their properpositioninto theadjacency lists.

Edgereversalsaredirectedfrom left to right (the reversalof a vertical edgeis directed
upwards). The properorderof edgereversalsis thereforeby slope. Reversalsof parallel
edgesshouldbeorderedby ID-number. ConsiderFigure10.54.

Let R beacopy (!!!) of thesetof all edgesof G. WeuseR insteadof E to indicatethatR
representsthesetof edgereversals.Wesorttheedgesin R accordingto slopeandthenadd
for eachedgee in R theedge¢ target¢ e£2Î source¢ e£�£ to G. Sincenew edgesareappendedto
thelists of outgoingedges,this will resultin properlyorderedadjacency lists.
ö
embedding÷kø¸�¼�ÊCº�ºvº��CÆ�ÆRÓUÿ�¸�Ç�ÓGÿ�Æ�¬�ù�Æ�º2v Ó�Ù�ÄC¼C«7¸B¼�Æ�¬�Ê�ÿ�¸�Ç�ÓUÿ@ÄGÊCºLÆ�½7Æ7¬�ù�Æ�¾

¸�ª2¹>ºR»v¯7´�Á�Â�ÃC½RÂG¶�³R±�²9À-L®�¯7°7®�±�²�¾L¿u¯9×
Ó�Ù�ÄG¼C«7¸�v
º��CÆ�Æ2ÓGÿ�¸�Ç�ÓUÿ7Æ�¬�ù�ÆCº>·;¸�ª@¹>º@»u¯�´�Á7Â�ÃC½2ÂG¶�³R±�²\À-2®�¯7°�®�±�²C¾2¿Xù(Ë�v�¯9·fù(Ë ��
«�¹�»�ª2ÓGÆ7Ò�Ê7»�ª7Ò\·SËm·;¸�ª2¹(ºR»zÆ�¬�ù�Æ7¿Æw�>Àh¸7ª2¹>ºR»Æ�¬7ù�Æ7¿�Æ��GË�¸�ª2¹(ºR» L®�¯7°�®�±�²�º��zÈ¯lFlÆw��G9×L®�¯7°�®�±�²�º��È¯lFlÆ���G9×«�¹�»�¸BÈ�¸�Ç�ÓUÿ�º2¼�ª2ÓGÆCºm·Sº��>ÀSº$�GË>×«2Én·;¸MÈ�È?�UËM¸vÈ�¸�ª@Ç�ÓCÊ7Ò�ÆO·S³�(GÿL±7Ù7Ç�ÄGÆ7Ò9·�º+��Ë(ÀS³�(Cÿ2±LÙ7Ç�Ä�Æ7Ò9·�º$�GË�Ë(×Ò�ÆL»7Ù�Ò7¹�¸x×�� ×
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ºR»�Ê7»U«7¸�©�ªC«R¬¸�ª2¹>ºR»�Ò7ÙU¸L»Cÿ7Æ@Ç�ÄGÆ�¬�¬G«{¹�ù9·k¯�´7Á�Â�Ã�½RÂC¶�³�±�²\À�2®�¯7°�®�±�²�¾2¿z¯GË
¼C«�ºR»C½7Æ�¬�ù�Æ�¾y´�È¯1�fÊ�¼�¼�ÿ�Æ�¬7ù�ÆCºj·{Ë>×
º��CÆ�Æ2ÓGÿ�¸�Ç�ÓUÿ7Æ�¬�ù�ÆCºs¸�Ç�Ót·�¯UËm×´l�-ºLª7Ò�»\·;¸�Ç�Ó>Ëm×
Æ�¬�ù�ÆvÆO×É�ª7Ò�Ê�¼�¼O·-ÆOÀk´UË Æ�¬7ù�ÆMÒ�È¯1��¹GÆ$�Gÿ�Æ�¬�ù�ÆO·k»�Ê7Ò�ù�ÆL»\·�ÆCËmÀ;ºLª2Ù�Ò�¸7ÆO·kÆGËmÀk¯1F^Æ�GUË(×¯1��ºLÆ7»CÿLÒ�Æ7©�Æ7ÒUº2Ê�¼O·-Æ#ÀkÒUËm×��

In thepost-processingstepwe first computetheembeddingandthenreplaceinternalseg-
mentsby input segments.It would be incorrectto changetheorderof two steps:first, the
orderingof theY-structureis anorderingon internalsegmentsandwe mustusethesame
orderingin the embeddingstep. Second,the input may containmultiple occurrencesof
the samesegmentand the orderingby ID-numberdoesnot breakties betweenidentical
segments.

An Optimization: Therunningtimeof SWEEPSEGMENTSis O ¢k¢ n ¥ s£ log ¢ n ¥ m£R¥ m£
wheren is thenumberof segments,s is thenumberof nodesof G andm is thenumberof
edgesof G. If thereareno overlappingsegmentsthenm ¤ O ¢ n ¥ s£ sinceG is planar.
In thepresenceof overlappingsegments,m maybeaslargeasn ¢ n ¥ s£ . The time bound
canbeseenasfollows. ThereareO ¢ n ¥ k £ lookups,insertions,anddeletionsin theX- and
Y-structure,eachfor a costof O ¢ log ¢ n ¥ m£�£ . Observe thatn ¥ m is anupperboundon
thenumberof itemsin theY-structureandthatn ¥ s is anupperboundon thenumberof
itemsin theX-structure.Sinces ¦ n2 wehavelog ¢ n ¥ s ¥ m£"¤ O ¢ log ¢ n ¥ m£�£ . Thetotal
numberof itemshandledby thereverseitemsoperationson theY-structureis O ¢ m£ . Since
thecostof reverseitemsis proportionalto thenumberof itemsreversed,the total costfor
all reverseitemsoperationsis O ¢ m£ . Thenumberof operationsonG is O ¢ n ¥ k ¥ m£ , each
for a costof O ¢ 1£ .

Experimentsshow thatasignificantfractionof therunningtime is spentin thegeometric
primitivessweepcmpandcomputeintersection, in particular, if the rationalkernelis used
(which we recommend).Therationalkernelhasa built-in floatingpoint filter, i.e.,all geo-
metrictestsarefirst performedin floatingpoint arithmetic,theroundingerroris estimated,
andonly if the error estimationindicatesthat the resultof the floating point computation
maybewrong,thecomputationis repeatedwith exactarithmetic.Thefloatingpoint filter
is discussedin detail in Section8.7.

The functioncomputeintersectionperformsorientationtestsandcomputesan intersec-
tion point. Thefloatingpoint filter appliesto theorientationtestsbut doesnot applyto the
computationof intersectionpointssinceconstructionsof new pointsarealwaysperformed
with exactarithmetic.

Thefunctioncomputeintersectionis calledwhenever two segmentsbecomeadjacentin
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Figure10.55 Theintersectionp is first discoveredwhent is insertedinto theY-structureandis
rediscoveredwhens is removedfrom theY-structure.

the Y-structure. Segmentsmay becomeadjacentin the Y-structuremore than once,see
Figure10.55.Weshow how to avoid therecomputationof intersections.

We maintaina dictionary inter dic which mapspairs of segmentsto items in the X-
structure.Theappropriatedatatypeis a two-dimensionalmap.
ö
local declarations÷kþ øÇ(ÊRÓw��½�L®�¯7°�®�±�²9À-L®�¯7°7®�±�²OÀSº2Æ���ÿ�«R»�Æ@Ç(¾ «{¹�»�Æ7ÒCÿL¬G«7¸x·l¹(«L¼GËm×

Whenever a pair of segmentsthat is adjacentin theY-structurebecomesnon-adjacentwe
storetheir intersectionin thedictionaryandwheneverapair of segmentsbecomesadjacent
weconsultthedictionaryto find outwhethertheir intersectionwasalreadycomputed.

When processingan event two intersectionsmay get lost. Considerthe sequenceof
itemscorrespondingto segmentspassingthroughor endingin p sweep. Let sit last be the
last item in this sequenceand let sit pred and sit succbe the items beforeand after the
sequence,respectively; sit last doesnot exist if thereareno segmentspassingthroughor
endingin p sweep.

Sweepingthroughp sweepreversesthe subsequencestartingwith sit first and ending
with sit last andhencetwo intersectionscanget lost, the intersectionstoredin sit last and
the intersectionstoredin sit pred. The intersectionstoredin sit last is with the segment
associatedwith sit succandtheintersectionstoredin sit pred is with thesegmentassociated
with thesuccessorof sit pred. This is theitem sit predsucc.
ö
optimization,part 1÷-øºLÆ���ÿ�«R»�Æ�ÇD3U«R»ÈÖ�ÿ�ºR»�Ò7ÙG¸L»7Ù�Ò�Æ��-«�¹CÉ9·�º�«R»�ÿ�¼�Ê�º@»UËm×«2Én·93U«@»(Ë  L®�¯7°�®�±�²�º+�uÈvÖCÿ�º@»�Ò7ÙU¸L»LÙ�Ò�Æ#�BA�Æ�'\·Sº7«R»Cÿ7¼�Ê�ºR»(Ë(×L®�¯7°�®�±�²�º$�vÈvÖCÿ�º@»�Ò7ÙU¸L»LÙ�Ò�Æ#�BA�Æ�'\·Sº7«R»Cÿ�º{ÙG¸�¸CË(×«�¹�»�Æ7ÒCÿ7¬C«7¸x·Sº��(ÀSº��GË�È43U«R»\×�
ö
optimization,part 2÷-øºLÆ���ÿ�«R»�Æ�ÇD3U«R»ÈÖ�ÿ�ºR»�Ò7ÙG¸L»7Ù�Ò�Æ��-«�¹CÉ9·�º�«R»�ÿRÓ�Ò�Æ7¬GËm×



120 GeometryAlgorithms

«2Én·�3U«R»�Ë L®�¯7°�®�±�²�º��uÈÖ�ÿ�ºR»�Ò7ÙG¸L»7Ù�Ò�Æ��BACÆ�'\·�º�«R»�ÿRÓ�Ò�Æ7¬GËm×L®�¯7°�®�±�²�º��vÈÖ�ÿ�ºR»�Ò7ÙG¸L»7Ù�Ò�Æ��BACÆ�'\·�º�«R»�ÿRÓ�Ò�Æ7¬�ÿ�ºSÙU¸�¸�Ë>× ��� º�«R»Cÿ7ÉC«RÒUºR»«�¹�»�Æ7Ò�ÿ7¬G«7¸x·�º��>ÀSº���ËhÈ43U«R»9×ÖCÿ�ºR»�ÒLÙU¸L»7Ù�Ò�Æ#�k¸��GÊ@¹�ù�Æ�ÿ�«{¹CÉx·Sº�«�»Cÿ@Ó�Ò�Æ7¬9À�ºLÆ���ÿ�«R»�Æ@Çp·l¹>«L¼GË�Ëm×�
¸�ª�Ç�Ó�Ù�»�Æ�ÿ�«�¹�»�ÆLÒUºLÆ�¸L»C«Lª2¹\·9��ÿ�º�»�Ò7ÙC¸L»LÙ�Ò�ÆxÀ�ÖCÿ�ºR»�Ò7ÙU¸L»7Ù�Ò�ÆOÀS«�¹�»�Æ7Ò�ÿL¬C«7¸xÀ;º�«@»�ÿRÓ�Ò�ÆL¬UËm×º�«@»�ÈvÖCÿ�ºR»�Ò7ÙU¸L»7Ù�Ò�Æ#��Ó�Ò�Æ�¬O·Sº7«R»Cÿ�º�ÙG¸�¸�Ë>×«2Én·sº�«R»MK^È�º�«R»CÿRÓ�Ò�Æ�¬�Ë¸�ª@Ç�Ó�Ù�»�Æ�ÿ�«�¹�»�Æ7ÒUºLÆ�¸L»U«Rª2¹e·9��ÿ�ºR»7Ò7ÙG¸L»LÙ�Ò�Æ#À ÖCÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�ÆOÀ�«�¹�»�ÆLÒ�ÿ7¬G«2¸xÀ�º�«R»UËm×

Wealsoneedtochangethefunctioncomputeintersection. Beforecomputinganintersection
point we checkwhetherthe two segmentsalreadyhave an intersectionevent in the X-
structureby a lookupin inter map. If thelookupfails wecomputetheintersectionandadd
it to theX-structure.
ö
geometricprimitives÷-þ øºR»�Ê7»U«7¸�©�ªC«R¬¸�ª@Ç�Ó�Ù�»�Æ�ÿ�«�¹�»�Æ7ÒUºLÆ�¸L»G«LªR¹e·SºRª7Ò�»Gº2Æ���½@ÂG¶�³@±�²9ÀSºLÆ���ÿ�«@»�Æ@Ç>¾R¿q�Cÿ�ºR»�ÒLÙU¸L»7Ù�Ò�ÆOÀº2ª7Ò�»UºLÆ���½�L®�¯L°�®�±�²\À�º2Æ���ÿ�«R»�Æ�Ç(¾L¿XÖCÿ�º@»�Ò7ÙU¸L»LÙ�Ò�ÆOÀ¸7ª2¹>ºR»zÇ(Ê2Ó���½�L®�¯L°�®�±�²\À�L®�¯L°�®�±�²OÀSºLÆ���ÿ�«R»�Æ{Ç>¾2¿B«�¹�»�Æ7ÒCÿ7¬C«7¸xÀº2Æ���ÿ�«R»�Æ@Ç�º�«R»��UË ºLÆ���ÿ�«@»�Æ@Ç�º�«@»:�XÈÖCÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�Æ#��º�ÙU¸�¸j·Sº�«@»��GËm×L®�¯7°�®�±�² º$� ÈÖCÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�Æ#�LACÆ�'\·;º�«R»��GË>×L®�¯7°�®�±�² º�� ÈÖCÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�Æ#�LACÆ�'\·;º�«R»5�7Ë>×

«2É�·hª7ÒU«2Æ2¹�»�Ê7»G«Lª2¹t·Sº��9À�º��%�^»�Ê2Ò�ù�Æ7»9·SË�Ëh½7È?�¿�¿ª7ÒU«2Æ2¹�»�Ê7»G«Lª2¹t·Sº+�>À�º$���^»�Ê2Ò�ù�Æ7»9·SË�Ëh¾7È?��Ë
ºLÆ���ÿ�«R»�Æ�Ç�«R»�È�«�¹�»�Æ7ÒCÿ7¬C«7¸x·Sº$�OÀSº���Ë(×«2Én·s«R»È�ÈB¹(«L¼GË ÂG¶�³R±�²4�9×º$�1�-«{¹�»�Æ7ÒUº2Æ�¸L»U«LªR¹Uÿ7ª�É�ÿ�¼C«S¹GÆ�ºj·�º+�>À=�UËm×«R»�È?�Cÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�Æ#��«�¹>ºLÆ2Ò�»9·C�OÀ�º�«�»+�UË>×�
ÖCÿ�ºR»�Ò7ÙU¸2»7Ù�Ò�Æ#�f¸��GÊ2¹�ù�Æ�ÿ�«S¹CÉ9·;º�«@»+�OÀ�«@»(Ëm×��

10.7.4 ExperimentalEvaluationof theSweepLine Algorithm
Wereportabouttestsfor threekindsof testdata, namelyrandom,difficult, andhighly de-

generateinputs,threedifferentimplementationsof pointsandsegments, namelythefloating
point kernel(FK), therationalkernel(RK) andtherationalkernelwith turned-off floating
point filter (FK 
 ), andwith and without the optimization. We describethe testdata,list
runningtimes,andcommenton theresults.

RandomInputs: Therandomdatasetconsistsof n segmentswhoseendpointshaverandom
k bit coordinates.Table10.8givesthenumberof nodesandedgesof theoutputgraphand
therunningtime for n ¤ 200anddifferentvaluesof k. Theexperimentsindicatethat the
optimizationdescribedabove andthe floating point filter areeffective. The optimization
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k V E RK � RK� O RK RKO FK FKO

10 4813 9028 2.27 2 1.2 1.09 0.73 0.67
20 4742 8884 2.63 2.19 1.31 1.1 0.7 0.67
30 5467 10334 3.07 2.57 1.52 1.26 0.8 0.77
40 5478 10356 3.78 3.13 1.69 1.38 0.81 0.77
50 5168 9736 3.66 3.13 1.62 1.3 0.76 0.73
60 5558 10516 4.36 3.59 1.81 1.43 0.82 0.79
70 5909 11218 5.2 4.23 2.13 1.6 0.86 0.83
80 5174 9748 4.75 3.78 1.86 1.43 0.78 0.74
90 4808 9016 4.86 3.82 1.77 1.34 0.71 0.68

100 5080 9560 5.92 4.5 2.12 1.54 0.75 0.73

Table10.8 200randomsegments,coordinatesarerandomk-bit integers.An “O” indicatesthe
useof theoptimization.

is moreeffective for the rationalkernelsbecausethecomputationof intersectionsis more
costly in exactarithmetic. Floatingpoint arithmeticis fasterthanexactarithmeticbut the
differenceis nevermorethana factorof two in runningtime. Wehave to admitthoughthat
thedifferencecanbemadearbitrarily largerby choosinglargervaluesof k.

Difficult Inputs: Let size ¤ 2k andlet y ¤ 2sizë(¢ n § 1£ . Therandomdatasetconsists
of n segmentswherethe i -th segmenthasendpoints¢ size ¥ rx1, size ¥ i á y ¥ ry1£ and
¢ 3 á size¥ rx2, 3 á size§ i á y ¥ ry2£ andrx1, rx2, ry1, ry2 arerandomintegersin [ § s Î s] for
somesmall integers. For s ¤ 0 all segmentsin thedifficult datasetpassthroughthepoint
¢ 2 á sizeÎ 2 á size£ , andfor smallbut non-zerovaluesof s they intersectin theneighborhoodof
this point. Table10.9givestheresultsfor thedifficult datasetwith s ¤ 10,k ¤ 10,20, ëRëRë
, 100,andn ¤ 200. Thefloatingpoint filter andtheoptimizationareagainquiteeffective.
Thefloatingpoint implementationproducedincorrectresultsfor all valuesof k; thefloating
point implementationdoes,however, work correctlyfor smallervaluesof n and/orlarger
valuesof s.

Highly DegenerateInputs: The highly degeneratetest set consistsof n segmentswith
randomcoordinatesin a small grid with side length s. For example, for n ¤ 100 and
s ¤ 10 oneshouldexpecta largenumberof degeneracies.We usedthis testsetto support
our claim that thealgorithmhandlesall degeneracies.We do not reportrunningtimesfor
thehighly degenerateinputs.

Thereadersmayperformtheir own experimentsby runningeitherthesweep-segments-
demoin xlmanor thesweeptime programin thedemodirectory.

Weweresurprisedby two outcomesof ourexperiments.
First, we expectedthe implementationusingtherationalkernelto bemuchslower than

thefloatingpointcomputationandnotjustbyafactorof two. Weachievethesmallfactorby
theuseof thefloatingpointfilter, by theoptimizationwhichavoidsthecostlyrecomputation
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k V E RK � RK � O RK RKO FK FKO

10 20134 39669 9.84 8.29 5.07 4.46 error error
20 20298 39997 11.75 9.71 5.65 4.64 error error
30 20296 39994 12.33 10.5 6.04 4.88 error error
40 20298 39997 14.79 11.71 6.5 5.13 error error
50 20300 40000 16.12 12.5 6.7 5.22 error error
60 20298 39997 16.32 12.95 6.91 5.45 error error
70 20300 40000 18.77 14.84 7.51 5.69 error error
80 20300 40000 19.82 15.91 7.62 5.72 error error
90 20298 39997 21.27 16.25 7.68 5.71 error error

100 20296 39994 24.61 18.39 8.58 6.24 error error

Table10.9 Thedifficult examplewith 200segments.An “O” indicatestheuseof the
optimizationanderrorindicatesthatthecomputationwith thefloatingpoint kernelgave the
incorrectresult.

of intersections,andby theobservationthatmany equalitytestsfor pointscanbereplaced
by testsfor identity of points.

Second,we expectedthefloatingpoint implementationto have difficultieswith thedif-
ficult example. However, we weresurprisedby the fact that it never crashed.It always
producedan output,albeit an incorrectone. We try to explain this phenomenonby argu-
ing that the programdoesnot crashaslong asthesentinelsarehandledcorrectly, i.e, the
segmentslower sentinelanduppersentinelhave all segmentsbetweenthemandall inter-
sectionpointsprecedepstop. We do not carewhat the geometrictestsdo with segments
thatarenotsentinels.If sentinelsarehandledcorrectly, every lookupin theY-structurewill
returnanitemdifferentfrom thefirst itemin theY-structure23. Also thewalksperformedin
theY-structurewill determinea subsequencethatdoesnot includethesentinelitems. For
this reasonnoneof theoperationson theY-structurewill fail; i.e., it will neverhappenthat
we askfor thesuccessorof thelastor thepredecessorof thefirst item. Also sincepstopis
handledcorrectly, wewill neverattemptto extractnext seg from anemptyseg queue.
Exercisesfor 10.7
1 Let G0 andG1 begraphsof typeGRAPHô POINT� SEGMENTõ . Write a functionthat

checkswhetherthegraphsareisomorphic,i.e., whethertherearebijectionsi V : V0 �
V1 andi E : E0 � E1 suchthat G0[ � ] � G1[i V � �+� ] for all nodesof G0 andsuchthat
i E � e��� � i V � �+��� i V ��� �9� andG0[e] � G1[i E � e� ] for all edgese � � ��� � � of G0.

2 Use the solutionto the previous exerciseto write a function that runs two implemen-
tationsof SEGMENTINTERSECTIONandthenchecksthecomputedgraphsfor iso-
morphism.

23 This sentencerequiresknowledgeof theimplementationof sortedsequences.Theimplementationis suchthatif
thecomparisonswith thefirst andthelastelementof thesortedsequencearecorrectandtheoutcomeof any other
comparisonis arbitrary, lookupwill not returnthefirst element.
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3 Write a trivial implementationof SEGMENTINTERSECTION� G � report� that simply
checkseverypair of segmentsfor anintersection.

4 Extendthesweepline algorithmor any of theotheralgorithmssuchthatit computesthe
trapezoidaldecompositioninducedby a setof segments.

10.8 Polygons

We definethetypespolygonandgeneralizedpolygon.A polygonis anopenregion of the
planewhoseboundaryis a closedpolygonalchain24 anda generalizedpolygonis anything
thatcanbeobtainedfrom polygonsby regularizedsetoperations.Both classesoffer func-
tions for point location,for intersectionwith lines andsegments,andfor moving objects
around.Generalizedpolygonsoffer, in addition,theregularizedsetoperationscomplement,
union,intersection,difference,andsymmetricdifference.

This sectionis structuredasfollows: in Section10.8.1we discussthe functionality of
polygonsand generalizedpolygons,in Section10.8.2we give the essentialsof the im-
plementationof polygons,in Section10.8.3we give themathematicsunderlyingthe rep-
resentationof generalizedpolygons,and in Section10.8.4we give the highlightsof the
implementationof generalizedpolygons.

We adviseyou to exercisethe polygondemoin xlman beforereadingthis section,see
Figure10.56.

10.8.1 Functionality
A closedpolygonalchain P is a cyclic sequence¢ p0 Î p1 Î�ëRëRë�Î pn
 1 £ of points. Thepoints
arecalledtheverticesof thechainandthenumberof verticesis calledthesizeof thechain.
The verticesof a closedpolygonalchainare indexed modulo the size n of the chain, in
particular, pn ¤ p0. A closedpolygonalchain inducesa set S¢ P £ of segments,namely
the setof segmentspi pi ý 1, 0 ¦ i ¦ n § 1, connectingconsecutive vertices. A closed
polygonalchainis calledsimpleif all nodesof thegraphG ¢ S¢ P £�£ definedby thesegments
in S¢ P £ have degreeequalto two, i.e., if no two segmentsin S¢ P £ exceptfor consecutive
segmentsshareapoint. A closedpolygonalchainP is calledweaklysimpleif thesegments
in S¢ P £ aredisjoint exceptfor commonendpoints25 andif thechaindoesnot crossitself.
Figure10.57showssomeexamples.

A weaklysimplepolygonalchainsplits theplaneinto anunboundedregion andoneor
more boundedregions. For a simple polygonalchain thereis just one boundedregion.
Whena weaklysimplepolygonalchainP is traversedeithertheboundedregion is consis-
tently to the left of P or theunboundedregion is consistentlyto theleft of P; this follows
from the fact thata weaklysimplechaindoesnot crossitself. We saythat P is positively
orientedin the former caseandnegatively orientedin the latter case. We call the region

24 A precisedefinitionis givenbelow.
25 It is allowedthatsegmentsthatarenotconsecutive on P shareanendpoint.
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Figure10.56 A screenshotof thepolygondemoin xlman.Thedisplayshows ageneralized
polygon.Theboundarycyclesareindicatedby arrows andtheinsideof thepolygonis shaded.
Thevariousbuttonsallow theuserto constructpolygonsby mouseinputor by calling
generators,to forceverticesto agrid, to computeintersections,unions,differences,and
symmetricdifferences,to performpoint locationqueries,andto computecomplements.

to the left of P thepositive sideof P. We overloadnotationanduseP alsoto denotethe
positive sideof P, seeFigure10.58. The positive sideof P is an opensetand P is its
boundary.

Frequently, we do not want to distinguishbetweena polygonalchainandthepolygonal
regiondefinedby it. Weusethewordpolygonto coverbothaspects.

We have two classesof polygons: rat polygonshave rat points as their verticesand
polygonshave points as their vertices. Both classesoffer essentiallythe samefunction-
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Figure10.57 P is simpleandQ is weaklysimplebut not simple.R is not weaklysimple
becauseit crossesitself at r ß r1 ß r4, andS is not weaklysimplesinces2 lies in theinteriorof
anothersegment.

p2

p1

p0

p3

q0

q3

q1

q2

Q

P

Figure10.58 Theboundedregion is to theleft of P; P is positively oriented.Theunbounded
region is to theleft of Q, Q is negatively oriented.

ality, but, of course,only rat polygonsguaranteecorrectresults.Weuserat polygonsin this
section.

Thedeclarations
Ò�ÊL» ÓGª�¼�'�ù�ª2¹BÂ%�>×
Ò�ÊL» ÓGª�¼�'�ù�ª2¹BÂ��O·-¸�ª2¹>ºR»¼�«�ºR»C½LÒ�Ê7» ÓCªC«�¹�»C¾2¿zÓG¼OÀµ7Ã�®�µ�� ²�Ö�Â�®�¸��GÆ�¸$A�ÈÒ�ÊL» ÓGª�¼�'�ù�ª2¹�v�vlC³@°�Â�Õ7®eÀÄCª�ª�¼MÒ�ÆCº�ÓCÆ�¸L» ªLÒU«LÆ2¹�»�Ê7»U«Lª2¹BÈÒ�Ê7» ÓCª�¼�'�ù�ªR¹�v�v^´�®�LÂ�®�µ�² ¶L´U³@®�±�²�Á�²U³7¶2±(Ëm×

introducepolygonsP1 andP2; P1 is initialized to the empty polygonandP2 is initial-
izedto thepolygonwith vertex sequencepl. Thesecondargumenttakesoneof thevalues
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NO CHECK, SIMPLE, WEAKLY SIMPLE of a local enumerationtype CHECK TYPE.
If check is SIMPLE, the polygon must be simple, and if check is WEAKLY SIMPLE,
the polygon must be weakly simple. The third argumenttakes one of the valuesRE-
SPECTORIENTATION or DISREGARDORIENTATION. If respectorientation is DIS-
REGARD ORIENTATION, the orientationof pl is chosensuchthat the boundedregion
with respectto pl lies to the left of pl. The meaningof this flag is undefinedif pl is not
weaklysimple.

Simplicity andweaksimplicity canalsobecheckedby thefunctionsÄGª�ª�¼�Â��-«�º º�«SÇ�ÓG¼�Æx·{Ëm×ÄGª�ª�¼�Â��-«�º ��Æ�Ê�AC¼�' º�«SÇ�ÓC¼�ÆO·{Ëm×
Assignmentandcopy constructorareavailablefor polygons.Thefunctions
¼C«�ºR»C½LÒ�ÊL» ÓGª�«�¹�»C¾ Â��^©�Æ7Ò�»U«7¸�ÆCºm·{Ëm×¼C«�ºR»C½LÒ�ÊL» ºLÆLù2Ç(Æ2¹�»�¾uÂ��fÆ�¬�ù�ÆCºj·{Ëm×

returnthelist of verticesandthelist of segmentsof P, respectively. Thesecondfunctionis
alsoavailableasP ë segments¢#£ .

Let l bea line andlet s beasegment.Thefunctions¼C«�ºR»C½LÒ�ÊL» ÓGª�«�¹�»C¾zÂ��-«{¹�»�Æ7ÒUº2Æ�¸L»U«LªR¹t·�¼GË>×¼C«�ºR»C½LÒ�ÊL» ÓGª�«�¹�»C¾zÂ��-«{¹�»�Æ7ÒUº2Æ�¸L»U«LªR¹t·�º�Ë>×
returnthecrossingsbetweenthechainP andl or s, respectively. Thefunction
Ò�ÊL» ÓGª�¼�'�ù�ª2¹BÂ��k¸7ª@Ç�ÓG¼�Æ�Ç(Æ2¹�»\·SË

returnsthepolygonwhoselist of verticesis thereversalof P’s list. If P is weaklysimple,
thepositivesideof thecomplementis thenegativesideof P andvice versa.

Theremainingfunctionsfor polygonsassumethat P is weaklysimple. Their meaningis
undefinedif P is notweaklysimple. RecallthataweaklysimplepolygonP splitstheplane
in anunboundedregion andoneor moreboundedregions. Also recall thatwe designated
theregion(s)to theleft of P asthepositivesideof P anduseP alsofor thepositivesideof
P.

Let p beapoint. Thefunction
«�¹�»Â���º�«2¬�Æ ª�É9·lÓmË>×

returnsthesideof P to which p belongs,i.e., ¥ 1 if p belongsto thepositive side,0 if p
lieson P, and § 1 if p belongsto thenegativeside,seeFigure10.59.Thefunction
Ò�ÆLùU«Lª2¹ A(«�¹C¬MÂ��^Ò�Æ7ùU«Lª2¹ ª�É9·^ÓmËm×

returnstheregionwith respectto P to which p belongs,i.e.,BOUNDED REGIONif p lies
in theboundedregion of P, ON REGIONif p lies on P, andUNBOUNDED REGIONif
p lies in theunboundedregion. Onecanalsoaskfor thecontainmentin a specificregion
by
ÄGª�ª�¼�Â��-«�¹>º�«2¬�ÆO·lÓ>Ëm×ÄGª�ª�¼�Â��fª2¹ ÄCª2Ù�¹C¬�ÊLÒ�'\·lÓmË>×ÄGª�ª�¼�Â��fª2Ù�»Gº�«2¬�ÆO·^ÓmËm×
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Figure10.59 Side-oftests:Weperformedside-oftestswith respectto thegeneralizedpolygon
of Figure10.56for 5000randompoints.Thepointson thedifferentsidesareshown atdifferent
grey level.

P Q

R

Figure10.60 Theintersectionof P andQ is a line segment;R � Ý P � Q Þ is a rectangleminusa
line segment.

Thefunction
´�Á�² ²�Ö�Â�®BÂ��lÊ7Ò�Æ�ÊO·SËm×

returnsthesignedareaof theboundedregion of P. Thesignof theareais positive if P is
positively orientedandis negative if P is negatively oriented.

We cometo generalizedpolygons. The classof polygonsis not closedunderboolean
operations.In fact,verystrangeobjectscanbegeneratedfrom polygonsby booleanopera-
tions,seeFigure10.60.Theclassof generalizedpolygonsencompassesall setsthatcanbe
constructedfrom polygonsby theso-calledregularizedsetoperations, see[Req80, TR80,
Hof89]. Wereferthereaderto [Nef78] for thegeneralcase.

In order to definethe regularizedset operationswe needto review someelementary
conceptsof topology. For asetX weuseint X, cl X, bdX, andcpl X to denoteits interior,
closure, boundary, andcomplement, respectively. An opensetX is calledregular if X ¤
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p0
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p1 � q0 q1
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(a) (b)

Figure10.61 In (a), thepolygonsPandQ shareanedge,P � Q is aclosedline segment,and
reg Ý P � Q Þ is theemptyset.In (b), P � Q is thehalf-closedregionbetweenthecyclesP andQ;
thechainP doesnot belongto P � Q andthechainQ belongsto it. Theregularizedset
differencereg Ý P � Q Þ is theopenregionwith boundariesP andQ.

int cl X. The following setsarenon-regular: the planeminusa singlepoint or the plane
minusa line. A setis calledpolygonalif its boundaryconsistsof a finite numberof points
andopenline segments.Theregularizationof a set X is definedasint cl X; we usereg X
asa shorthandfor int cl X. We show that regularizationgeneratesregularsetsandthat the
regularizedsetoperations26 appliedto regularpolygonalregionsgenerateregularpolygonal
regions,seeFigure10.61.

Lemma 10

(a) Let X beanyset.Thenreg X is regular.
(b) Let X beanyopenset. X is regular iff X and int cpl X havethesameboundary.
(c) Let P bea weaklysimplepolygonalchain. Thentheboundedregionandtheunbounded

region with respectto P are regular polygonalsets.
(d) If P andQ areregular polygonalregionsthensoareregcpl P, reg � P � Q � , reg � P � Q� ,

reg � P � Q � , andreg � P � Q � .
Proof We startwith part(a). Let X beany setandlet Y   reg X. We needto show thatY
is regular. WehaveY ¡ cl Y andhenceY ¡ int cl Y sinceY is open.WehaveY ¡ cl X by
definitionof Y andhencecl Y ¡ cl cl X   cl X. Thusint cl Y ¡ int cl X   Y.

We turn to part (b). Assumefirst that X is regular, i.e., X   int cl X, andlet x beany
point in the boundaryof X. Thenx ¢ cl X � X sinceX is open. Assumethat thereis a
neighborhoodU of x suchthatU £ int cpl X  �¤ . ThenU ¡ cl X andhencex ¢ int cl X,
acontradictionto theregularityof X.

To prove theconversewe observe that X ¡ int cl X sinceX is open. We needto show
that the containmentis not proper. Considerany point x ¢ bdX. By assumptionevery
neighborhoodU of x hasU £ int cpl X ¥ ¦¤ . Thusx ¥¢ int cl X andhenceint cl X ¡ X.

For part (c) we observe that the boundaryof the boundedas well as the unbounded
region with respectto P is equalto P andhencebothregionsarecertainlypolygonal.The
regularityof bothregionsfollows from part(b) andthefactthat P is weaklysimple.

26 Theregularizedunionof two setsX andY is definedasreg§ X ¨ Y © ; thedefinitionof theotherregularizedset
operationsis analogous.
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The resultsof the regularizedsetoperationsarecertainlypolygonal;regularity follows
from part(a).

Theclassesrat genpolygonandgenpolygonrepresentregularpolygonalregionsoverthe
rationalandthefloatingpointkernel,respectively. In ourexamplesweuserat genpolygons;
genpolygonstandsfor generalizedpolygon.

Theconstructors
ª�«�¬ �®$¯ °w±�²�³��±$¯µ´#¶ª�«�¬ �®$¯ °w±�²�³��±$¯�·@¸9ª�«�¬ °w±�²�³�+±$¯4¹5º%¶

constructtheemptygeneralizedpolygonandthegeneralizedpolygoncorrespondingto R,
respectively. Thesecondconstructorrequiresthat R is aweaklysimplepolygon.Thereare
two specialgeneralizedpolygons,theemptyoneandthe full one. The full polygonis the
entireplane.

Thefunctions» ±�±�²¼´�½I¾�¿ ®�À�°�¬�³�¸Áº%¶» ±�±�²¼´�½I¾�¿ Â$Ãw²�²6¸Jº:¶
returntrueif P is theemptysetor theentireplane,respectively.

If p is apoint andP is ageneralizedpolygonthen» ±�±�²¼´�½I¿�¾$Ä�® ±�ÂÅ¸7°%º
returnsÆ 1 if p ¢ P, returns0 if p lies on P, andreturnsÇ 1 otherwise,seeFigure10.59.

Thefunction
ª�®�È¾�±$¯ É5¾�¯�Äµ´�½7ª+®�È¾�±$¯ ±�ÂÅ¸7°%º%¶

returnstheregionwith respectto P to which p belongs,i.e.,BOUNDED REGIONif p lies
in theboundedregion of P, ON REGIONif p lies on P, andUNBOUNDED REGIONif
p lies in theunboundedregion. Theboundedregionof theemptypolygonis emptyandthe
boundedregionof thefull polygonis theentireplane.
Thefunction
¹�Ê�Ë Ë�Ì�´�Í*´�½m«�ª�®�«6¸Áº%¶

returnsthe signedareaof the boundedregion of P. The sign of the areais positive if P
is boundedandis negative if P is unbounded.This functioncannotbeappliedto the full
polygon.

For thefollowing operationslet P andQ begeneralizedpolygons.
ª�«�¬ �®$¯ °w±�²�³��±$¯µ´�½9Î�±�À+°w²�®�À5®�¯�¬�¸Jº

returnstheregularizedcomplementof P and
�®�¯ ª�«�¬ °w±�²�³��±$¯µ´�½LÃ�¯:¾�¬�®6¸H·�º:¶�®�¯ ª�«�¬ °w±�²�³��±$¯µ´�½I¾�¯�¬+®�ªÈ¿�®+Î$¬È¾�±$¯1¸I·�º:¶�®�¯ ª�«�¬ °w±�²�³��±$¯µ´�½mÄw¾$Â�ÂÅ¸H·�º%¶�®�¯ ª�«�¬ °w±�²�³��±$¯µ´�½I¿�³$À Äw¾$Â�ÂÅ¸I·�º%¶



130 GeometryAlgorithms

P

Q
P Ï Q

P Ð Q

P Ñ Q

Figure10.62 Two polygonsP andQ andtheresultsof thethreebooleanoperationsÒ , Ó , and Ô .

P

Q
P Ï Q

P Ð Q

P Ñ Q

Figure10.63 Two polygonsP andQ andtheresultsof thethreebooleanoperationsÒ , Ó , andÔ . Observe thatthepositive sideof Q is unbounded.

returnreg � P � Q � , reg � P £ Q � , reg � P � Q� , andreg � P � Q � , respectively. Thewordunion
is a reserved word of CÕÈÕ , hencethe nameunite for the union-operation.Figures10.62
and10.63show someexamples.

A generalizedpolygoncanberepresentedby its boundarycyclesaswill beexplainedin
Section10.8.3.Thefunction
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Figure10.64 Thecomplementof thegeneralizedpolygonof Figure10.56.Observe thatthe
orientationof all boundarycyclesis reversed.

²�¾�¿�¬�Ö�ª�«�¬ °w±�²�³��±$¯w×;´�½L°w±�²�³��±$¯:¿%¸Jº%¶
returnsthe list of boundarycyclesof P. The list is orderedaccordingto nesting,i.e., if a
boundarycycle D is nestedin aboundarycycleC, thenC is beforeD in thelist of boundary
cycles.

10.8.2 The Implementationof Polygons
Polygonsarea handletype,i.e., a polygonis realizedasa pointerto a representationclass
(calledpolygonrepandrat polygonrep, respectively) whichcontainstheactualrepresenta-
tion. Thememberfunctionptr ��� of classpolygonreturnsthepointerto therepresentation
object.

The representationconsistsof a list of points,a list of segments,four extremepoints,
andanintegerwhichstorestheorientationof thepolygon.Theorientationis positive if the
boundedregion is to theleft of thepolygonandis negativeotherwise.
²�¾�¿�¬�Ö$´wØ+Ù�Ú�Ë�× °�¬ ²�¾�¿�¬�¶²�¾�¿�¬�Ö�Û�Í+Ü�Ý�Í+Ú�Ë�×*¿�®� ²�¾�¿�¬�¶´wØ+Ù�Ú�Ë4Þ$À�¾�¯#ßà³$À�¾�¯1ßáÞ$ÀÈ«�Þ�ßà³$À5«�Þ�¶¾�¯+¬â±�ªw¾�®$¯�¬�¶

Here,pt list containsthelist of points,seg list containsthelist of segments(thei -th segment
in seg list connectsthe i -th point in pt list to the i Æ 1-th point in pt list), andxmin, ymin,
xmax, andymaxareverticeswith minimal x-coordinate,minimal y-coordinate,maximal
x-coordinate,andmaximaly-coordinate,respectively.
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Wewill next discusssomeof thememberfunctionsof polygon.

The SignedAr ea of a Simple Polygon: Assumethatseg list is the list of boundaryseg-
mentsof a simple polygon P. We show how to computethe signedarea A � P � of the
boundedfaceof P. Thesignof theareais positive if theboundedfacelies to theleft of P
andis negativeotherwise.

Lemma 11Let P bea simplepolygonandlet n bethenumberof segmentsin theboundary
of P. For 0 ã i ä n, let pi be the source point of the i -th boundarysegment. Let p
bean arbitrary point in the planeand let Ai   A �Cå i � be the signedarea of the triangle
å i  M� p æ pi æ pi ç 1 � . Then

A � P �� 
0è i é n

Ai

is thesignedareaof A.

Proof We useinductionon n andassumew.l.o.g. that thesignedareais positive. Assume
first that P is a triangle, seeFigure10.65. If p lies in the boundedfaceof P or on P,
theboundedfaceof P is partitionedby the trianglesê 0, ê 1, and ê 2, andhenceA � P �ë 
A ��ê 0 �ÅÆ A ��ê 1 �6Æ A �ìê 2 � . If p lies in theunboundedfaceof P, then p canseeeitherone
or two edgesof P. If p canseeoneedgeof P, say p0 p1, then

A � P �í Mî A �ìê 1 �$î�Æ�î A ��ê 2 ��î�Ç<î A ��ê 0 �$î�  A ��ê 1 ��Æ A �ìê 2 �6Æ A ��ê 0 ��æ
wherethesecondequalityfollows from thefactthat ê 1 and ê 2 arepositively orientedand
ê 0 is negatively oriented.If p canseetwo edgesof P, sayp0 p1 andp1 p2, then

A � P �í Mî A �ìê 2 �$î�Ç<î A ��ê 1 ��î�Ç<î A ��ê 0 �$î�  A ��ê 2 ��Æ A �ìê 1 �6Æ A ��ê 0 ��æ
wherethe secondequalityfollows from the fact that the orientationof ê 2 is positive and
theorientationsof ê 0 and ê 1 arenegative. Thiscompletesthebasestepof theinduction.

Assumenext that n ï 4. Thenthereis an i suchthat thesegment pi pi ç 2 is contained
in the interior of P 27. Let Q be thepolygonobtainedfrom P by replacingthesegments
pi pi ç 1 andpi ç 1 pi ç 2 by thesegmentpi pi ç 2. Then

A � P ��  A � Q�ÅÆ A �ìê0�
whereê¦ M� pi æ pi ç 1 æ pi ç 2 � . Applying theinductionhypothesisto Q yields

A � Q��  i ð 1

j ñ 0

A ��ê j �6Æ A � p æ pi æ pi ç 2 �@Æ
nð 1

j ñ i ç 2

A �ìê j �
andapplyingtheinductionhypothesisto ê yields

A ��ê0�í  A �ìê i �@Æ A �ìê i ç 1 ��Æ A � pi ç 2 æ pi æ p�1  A �ìê i ��Æ A �ìê i ç 1 �íÇ A � p æ pi æ pi ç 2 ��ò
27 Consideranarbitrarytriangulationof P. Thedualof thetriangulationis a treeandhencethereis at leastone

trianglein thetriangulationwhich hastwo edgesof P in its boundary. Thetwo edgesarepi pi ó 1and pi ó 1 pi ó 2
for somei .
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p0 p1
p0 p0p1 p1

p

p

p

p2 p2 p2

Figure10.65 Let ô i õ�ö p÷ pi ÷ pi ó 1 ø for i õ 0÷ 1÷ 2, andlet P õ?ö p0 ÷ p1 ÷ p2 ø . Then
A ö P ø�õ A ö ô 0 ø�ù A ö ô 1 ø+ù A ö ô 2 ø in all threecases.

Adding thetwo equationscompletestheinductionstep.

Theimplementationfollowsdirectly from thelemmaabove.
ú
polygon:computeareaûCü¿�¬+«�¬È¾�Î¼¹�Ê�Ë�ý�Ë�Ì�´�Í?Î�±�À�°�Ã+¬�®+ý�«�ª+®�«6¸HÎ�±�¯5¿�¬þ²�¾�¿�¬�Ö�Û�Í�Ü�Ý�Í+Ú�Ë�×$ÿ?¿�®��ý�²�¾�¿�¬5º�

¾$Â�¸Á¿�®��ý�²�¾�¿�¬l½m²�®$¯��¬��1¸Áº Ö���º;ª+®�¬�Ã�ª�¯��Å¶
²�¾�¿�¬�ý+¾�¬�®�À<¾�¬��<¿�®��ý�²�¾�¿�¬1½7�®�¬�ý+¾�¬�®�À1¸	��º:¶´wØ�Ù�Ú�Ë ° �<¿�®��ý�²�¾�¿�¬�
C¾�¬�1½C¿�±$Ã�ª+Î�®6¸Áº:¶
¾�¬��2¿�®��ý�²�¾�¿�¬1½I¿�ÃÈÎ�Î�¸Á¾�¬5º5¶
¹�Ê�Ë�ý�Ë�Ì�´�Í*Ê ���Å¶���:¾�²�®¦¸ ¾�¬5º� Û�Í+Ü�Ý�Í+Ú�Ë�¿��<¿�®��ý�²�¾�¿�¬�
C¾�¬�Å¶Ê��������=«�ª�®�«6¸m°1ßÁ¿@½I¿�±$Ã�ª+Î�®6¸ º%ß ¿6½B¬+«�ª��®�¬Å¸Áº�º%¶¾�¬��<¿�®��ý�²�¾�¿�¬l½I¿JÃÈÎ�Î@¸Á¾�¬5º%¶�
ª�®�¬�Ã�ª�¯?Ê�¶�

The time to computethesignedareaof a polygonis O � n� . Theconstantfactorin the O-
expressionis fairly large,in particular, with therationalkernel.Observe thattheareasof n
trianglesarecomputedandthatanareacomputationof a triangleamountsto theevaluation
of a3 � 3 determinant.

Determining the Orientation: Thesimplestway to computetheorientationof a polygon
P is to takethesignof thearea.This takeslineartimebut is slow; seetheremarkat theend
of theprecedingsection.A fasterapproachis asfollows.

Let q be the lexicographicallysmallestvertex of P andlet p andr be the predecessor
andsuccessorverticesof q on P. Thentheorientationof P is equalto theorientationof
thetriple � p æ q æ r � , seeFigure10.66.Observe thatthis statementis not truefor anarbitrary
vertex q; it is only truefor avertex thatis extremein somedirection.
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� � � � � �� � � � � �� � � � � �� � � � � �� � � � � �� � � � � �� � � � � �� � � � � �� � � � � �� � � � � �

� � � � � �� � � � � �� � � � � �� � � � � �� � � � � �� � � � � �� � � � � �� � � � � �� � � � � �� � � � � �

rq

p

Figure10.66 Thetriple ö p÷ q ÷ r ø haspositive orientation.If q is thelexicographicallysmallest
vertex of thepolygon,theregion to theleft of thepolygonalchainis bounded.This conclusion
cannotbedrawn for anarbitraryvertex.

Theimplementationof orientationfollowsdirectly from theprecedingparagraph.
ú
polygon:computeorientationû=ü¿�¬+«�¬È¾�Î�¾�¯�¬DÎ�±�À�°�Ã�¬�®�ý�±�ªÈ¾�®�¯�¬�«�¬�¾�±�¯1¸IÎ�±$¯È¿�¬þ²�¾�¿�¬�Ö�Û�Í�Ü�Ý�Í�Ú�Ë�×�ÿ4¿�®��ý�²�¾�¿�¬5º� ²�¾�¿�¬�ý+¾�¬�®�À���ý�¾�¬��2¿$®��ý�²�¾�¿�¬l½mÂw¾�ªÈ¿�¬�¸ º%¶´wØ�Ù�Ú�Ë����<¿�®��ý�²�¾�¿�¬�
��+ý�¾�¬�1½C¿�±�Ã�ª�Î�®6¸ º%¶

²�¾�¿�¬�ý+¾�¬�®�À<¾�¬�¶Â+±�ª�«�²�²+ý�¾�¬�®�À�¿�¸Á¾�¬6ßÁ¿�®$�ý�²�¾�¿�¬5º¾$Â ¸ Î�±�À�°w«�ª�®6¸Á¿�®��ý�²�¾�¿�¬�
C¾�¬�#½I¿$±�Ã�ª+Î�®6¸Áº:ß �Èº Ö��2º� ��ý�¾�¬��<¾�¬�¶���<¿�®��ý�²�¾�¿�¬�
���ý�¾�¬��1½I¿�±�Ã�ª�Î�®@¸Áº%¶�
´wØ�Ù�Ú�Ë¼°!�<¿�®��ý�²�¾�¿�¬�
C¿$®��ý�²�¾�¿�¬1½9Î$³�Î�²+¾�Î�ý�°+ª+®�Ä@¸"��ý+¾�¬Èº#�1½9¿�±�Ã+ª�Î�®6¸ º%¶´wØ�Ù�Ú�Ë*ª��<¿�®��ý�²�¾�¿�¬�
C¿$®��ý�²�¾�¿�¬1½9Î$³�Î�²+¾�Î�ý+¿JÃwÎ�Î�¸"��ý+¾�¬Èº#�1½9¿�±�Ã+ª�Î�®6¸ º%¶
ª�®�¬�Ã�ª�¯$���=±�ªÈ¾$®$¯�¬�«�¬w¾�±$¯1¸m°�ß"�Åßmª5º:¶�

Point Containment: Let P beaweaklysimplepolygon.Thefunction
ª�®�È¾�±$¯ É5¾�¯�Äµ´�½7ª+®�È¾�±$¯ ±�ÂÅ¸IÎ�±$¯:¿�¬µ´�Ø�Ù�Ú�Ë�ÿ¼°:ºµÎ�±$¯:¿�¬

returnstheregionof P containingp. In orderto decidecontainmentwefirst usetheextreme
verticesfor a quick test. If p lies to the left of xminor to theright of xmaxor below ymin
or above ymax, we returnUNBOUNDED REGION.Next we checkwhetherp lies on P.
Assumethis is not thecase,i.e., p lies eitherin theboundedfaceor theunboundedfaceof
P.

We usethe following observation. Considera vertical upward ray r p startingin p and
assumethatr p doesnotpassthroughany vertex of P. Thenr p intersectsanoddnumberof
segmentsof P if f p lies in theboundedregionof P. Theobservationsolvestheproblemiff
r p doesnotpassthroughany vertex of P.

We useperturbationto extendthesolutionto arbitrarypoints p. If p doesnot lie on P,
thepoint q obtainedfrom p by moving p by an infinitesimalamountto the right belongs
to thesamefacewith respectto P as p. Moreover, theverticalupwardray rq startingat q
doesnotpassthroughany vertex of P. In particular, rq doesnot intersectany verticaledge
of P.
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Considera segments of P. If s is vertical,rq doesnot intersectit. Soassumethats is
not vertical. Let a betheendpointof s with thesmallerx-coordinateandlet b betheother
endpointof s. Thenrq intersectss if xa ä xq ä xb andq lies to the right of theoriented
line % througha andb. Here,we usedxz to denotethe x-coordinateof a point z. Since
xq   xp Æ�& for aninfinitesimal & , thefirst conditionis equivalentto xa ã xp ä xb andthe
secondconditionis equivalentto p beingto theright of % .

Weobtainthefollowing code.
ú
polygon:region of andsideof ûHüª�®�È¾�±$¯Èý�É5¾�¯�Äq´wØ�'�Ì+Ü+Ø�Ú����7ª+®�È¾�±$¯wý�±�ÂÅ¸IÎ�±$¯È¿�¬-´wØ�Ù�Ú�Ë�ÿ¼°%º*Î�±$¯:¿�¬��(�(

Ã:¿�®?®�Þ�¬�ª�®�À5®*)�®�ª�¬È¾�Î�®�¿;Â�±�ª�«���Ã5¾�Î$É?¬�®�¿�¬1½
¾�¯�¬DÎ�Þ+�,�*´wØ�Ù�Ú�Ë-���9Î�À�°wý�Þ�³�¸m°#ßm°+¬�ªÅ¸Áº�.�×�Þ$À%¾J¯:º%¶¾�¯�¬DÎ�Þ0/��*´wØ�Ù�Ú�Ë-���9Î�À�°wý�Þ�³�¸m°#ßm°+¬�ªÅ¸Áº�.�×�Þ$ÀÈ«�ÞÈº%¶¾�¯�¬DÎ�³+�,�*´wØ�Ù�Ú�Ë-���9Î�À�°wý�³�Þ�¸m°#ßm°+¬�ªÅ¸Áº�.�×�³$À%¾J¯:º%¶¾�¯�¬DÎ�³0/��*´wØ�Ù�Ú�Ë-���9Î�À�°wý�³�Þ�¸m°#ßm°+¬�ªÅ¸Áº�.�×�³$ÀÈ«�ÞÈº%¶
¾$Â�¸HÎ�Þ+�þÖ��21�18Î�Þ0/�×��31�1 Î�³+�þÖ��21�18Î�³/D×��Èº;ª�®�¬�Ã�ª�¯54wÚ�6wØ	4�Ú�7�Í�7wý$¹�Í�ÜwÙ�Ø�Ú�¶
²�¾�¿�¬�Ö�Û�Í�Ü�Ý�Í�Ú�Ë�×�ÿ*¿�®�+²�¾�¿�¬��µ°�¬�ª�¸Áº�.�×�¿�®��ý�²�¾�¿�¬�¶(�(

Î#�w®+Î$É » ±�Ã�¯�Ä+«�ª�³D¿�®�$ÀÈ®$¯�¬È¿
²�¾�¿�¬�ý+¾�¬�®�À<¾�¬�¶Â+±�ª�«�²�²+ý�¾�¬�®�À�¿�¸Á¾�¬6ßÁ¿�®$�²�¾�¿�¬5º� Û�Í+Ü�Ý�Í+Ú�Ë�¿��<¿�®��²�¾�¿�¬�
C¾�¬��Å¶¾$Â ¸Á¿6½=Î�±$¯�¬�«�¾�¯:¿�¸m°:º�º ª�®�¬�Ã�ª�¯âØ�Ú�ý�¹�Í+ÜwÙ�Ø�Ú�¶� (�(

Î�±$Ã�¯�¬<¾�¯+¬�®�ªÈ¿�®�Î�¬È¾�±$¯5¿8�5¾�¬9��)�®�ª�¬È¾�Î�«�²þª�«�³2¿�¬+«�ª�¬È¾�¯+D¾�¯?°
¾�¯�¬DÎ�±$Ã�¯+¬ ���6¶
Â+±�ª�«�²�²+ý�¾�¬�®�À�¿�¸Á¾�¬6ßÁ¿�®$�²�¾�¿�¬5º� Û�Í+Ü�Ý�Í+Ú�Ë�¿��<¿�®��²�¾�¿�¬�
C¾�¬��Å¶´wØ+Ù�Ú�Ë?«��2¿6½I¿$±$Ã�ª�Î�®@¸Jº%¶ ´wØ�Ù�Ú�Ë » �<¿6½7¬�«�ª��®�¬�¸Jº:¶
¾�¯+¬D±�ªÈ¾�®$¯�¬��*´wØ�Ù�Ú�Ë����9ÎJÀ�°Èý�Þ�¸C«6ß » º5¶¾$Â ¸ ±�ªÈ¾�®$¯+¬������EºµÎ�±$¯�¬È¾J¯�Ãw®6¶¾$Â ¸ ±�ªÈ¾�®$¯+¬�×��Eº � (�(

«<¾�¿¼ªÈ¾�9��¬�±�Â »²�®�Ä�«+ý�¿:��«�°1¸I«6ß » º%¶�
¾$Â ¸á´wØ�Ù�Ú�Ë-���9Î�À�°wý�Þ�¸I«6ßB°%º Ö9���?ÿ�ÿ4´wØ�Ù�Ú�Ë����9ÎJÀ�°Èý�Þ�¸7°1ß » º Ö��ÿ�ÿ;���m±�ªÈ¾�®$¯+¬�«�¬È¾�±�¯1¸I«6ß » ß7°%º Ö�� ºÎ�±$Ã�¯+¬���Å¶�

ª�®�¬�Ã�ª�¯k¸ Î�±�Ã�¯�¬�<!/������>=,4wÚ�6�Ø	4wÚ�7�Í�7wý�¹�Í�Ü�Ù�Ø�Ú?�@6�Ø	4wÚ�7�Í�7wý�¹�Í�Ü�Ù�Ø�Ú?º%¶�
Given the function regionof it is easyto implementsideof . The positive side of P is
equalto theboundedregionif P is positively orientedandis equalto theunboundedregion
otherwise.
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ú
polygon:region of andsideof ûBA0ü¾�¯+¬?´wØC'�Ì+Ü�Ø�Ú-���I¿�¾$Ä�®+ý�±�Â@¸HÎ�±$¯È¿�¬-´wØ�Ù�Ú�Ë�ÿ¼°%ºµÎ�±$¯:¿�¬� ª�®�È¾�±�¯Èý$É5¾�¯�Ä;É��?ª�®�È¾�±$¯Èý�±�ÂÅ¸m°%º:¶¿:�5¾�¬�Î:�k¸=É:º �

Î�«�¿�®?Ø�Ú�ý�¹�Í+ÜwÙ�Ø�Ú�� ª�®�¬�Ã+ª�¯��Å¶Î�«�¿�®56wØ	4wÚ�7�Í�7wý�¹�Í+ÜwÙ�Ø�Ú�� ª�®�¬�Ã+ª�¯ °�¬�ª�¸Jº�.�×�±�ªÈ¾�®$¯+¬�¶Î�«�¿�®,4wÚ�6wØ	4�Ú�7�Í�7wý$¹�Í�ÜwÙ�Ø�Ú�� ª�®�¬�Ã+ª�¯!.@¸m°�¬�ª�¸Jº�.�×�±�ªÈ¾�®$¯+¬5º%¶Ä+®�Â+«$Ãw²�¬-� «�¿�¿�®�ª�¬�¸D�����E��º%¶áª�®�¬�Ã�ª�¯��Å¶��

The Complement of a Polygon: The complementof a weakly simple polygon is easy
to compute. We simply reversethe list of segments. The complementhasthe opposite
orientation.
ú
polygon:complementûCü´wØC'�Ì+Ü�Ø�Úµ´�Ø�'�Ì+Ü�Ø$Ú����9Î�±�À�°w²�®�Àw®$¯�¬6¸Jº Î�±$¯:¿�¬� ²�¾�¿�¬�Ö�Û�Í�Ü�Ý�Í�Ú�Ë�×&¹�¶Û�Í�Ü�Ý�Í�Ú�ËD¿�¶Â+±�ª�«�²�²6¸Á¿�ßm°+¬�ª�¸Jº�.�×�¿�®$�ý�²�¾�¿�¬5º ¹l½L°�Ã:¿	�1¸IÛ$Í�Ü�Ý�Í+Ú�Ë�¸Á¿@½B¬+«�ª��®�¬Å¸Áº:ßÁ¿6½9¿�±�Ã+ª�Î�®6¸ º�º�º5¶ª�®�¬�Ã�ª�¯4´wØ�'�Ì+Ü+Ø�Ú�¸9¹�ßF.?±�ªÈ¾�®$¯�¬+«�¬È¾�±$¯#¸Jº�º%¶�

10.8.3 The Mathematicsof GeneralizedPolygons
Thepurposeof this sectionis to give themathematicalunderpinningfor therepresentation
of regularpolygonalsets.We show that a regularpolygonalsetcanbe representedby its
list of boundarycycles.

If X is a regular polygonalsetand p is an arbitrarypoint in the planethe intersection
U £ X for U asufficiently smallneighborhoodof p hasoneof thefollowing threeforms:

G If p is containedin (theinteriorof) X thenU £ X ¡ X.

G If p is containedin theinteriorof thecomplementof X thenU £ X  ¦¤ .

G If p is containedin theboundaryof X thenU £ X andU £ int cpl X areunionsof
“piecesof pie” asshown in Figure10.67.

We call a setX trivial if eitherX  �¤ or X   IR2. Let X bea non-trivial polygonalset.
Wecall acollectionP1, . . . , Pk of weaklysimplepolygonsa representationof X if:

G thesetof segmentsin theboundaryof X is thedisjointunionof thesetof segmentsof
the Pi ’s,and

G theorientationof eachPi is suchthat X is locally to theleft of Pi , and

G the Pi arepairwisenon-crossing,i.e., therearenoconsecutivesegmentspq andqr on
somePi andxq andqy onsomePj with i ¥  j andthesegmentsinterleaving around
q, seeFigure10.68.
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p
p

Figure10.67 Theshadedpartof theplanebelongsto thepolygonalregion X andp lies in the
boundaryof X. If p is avertex of X andU is asufficiently smallneighborhoodof p thenU Ò X
andU Ò int cpl X areunionsof piecesof pie. If p lies in therelative interiorof aboundary
segmentof X thenX lookslike anopenhalf-planein thevicinity of p.

q

x

r

p

y

Figure10.68 Thechains öIHJHJH ÷ p÷ q ÷ r ÷ H"HJH ø and öKHJH"H ÷ x ÷ q ÷ y ÷ HJH"H ø crossin q.

Figure10.69showsanexample.

Lemma 12Everynon-trivial polygonalsethasa representation.

Proof Considera boundarysegments of X. SinceX is regular, X lies on only oneof the
sidesof s andhences canbeorientedsuchthat X is locally to theleft of s.

Considernext a point p asshown in Figure10.67.SinceX is theunionof piecesof pie
in theneighborhoodof p we canjoin theboundarysegmentsof X incidentto p suchthat
any two consecutivesegmentsdefineoneof thepiecesof thepie. In this way no crossings
areintroduced.Also, sincenoneof thepiecesof thecomplementof X is degeneratedto a
line, everyboundarysegmentincidentto p is usedonly once.

Theconstructionguaranteesthat thepolygonsformedareweaklysimpleandsatisfythe
two propertiesof a representationstatedabove.

Therepresentationof a polygonalsetis not uniqueasFigure10.69shows. Westill need
to justify thechoiceof the namerepresentation.In what sensedoesa representationof a
polygonalset“represent”theset?

Westartwith theobservationthatthepolygonsin arepresentationform aso-callednested
family. Let Pi and Pj be two polygonsin a representation.SincePi and Pj do not cross,
we have either bRPi £ bR Pj   ¤ or bR Pi L bR Pj or bR Pj L bR Pi , wherebRP
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p0

p2
p5

p4

p9

p3

p8

p1

p7

p6

Figure10.69 Theopenshadedregionconsistsof two connectedsets,oneof which is simple. X
canberepresentedby ö p0 ÷ p1 ÷ p2 ÷ p4 ÷ p5 ÷ p6 ÷ p2 ÷ p3 ÷ p9 ÷ p8 ÷ p7 ÷ p3 ø or by ö p0 ÷ p1 ÷ p2 ÷ p3 ø ,ö p2 ÷ p4 ÷ p5 ÷ p6 ø , ö p3 ÷ p9 ÷ p8 ÷ p7 ø , or by ö p0 ÷ p1 ÷ p2 ÷ p4 ÷ p5 ÷ p6 ÷ p2 ÷ p3 ø , ö p9 ÷ p8 ÷ p7 ÷ p3 ø .

denotestheboundedregion with respectto a polygon P. We saythat Pj is nestedin Pi if
bRPj L bRPi .

We cannow definea forest F on the polygonsin a representation.A polygon Pj is a
child of apolygonPi if Pj is nestedin Pi andthereis no Pk suchthat Pj is nestedin Pk and
Pk is nestedin Pi . If Pj is a child of Pi in F , we saythat Pj is directly nestedin Pi . We
have:

Lemma 13 If Pj is a child of Pi in F then Pj and Pi havedifferentorientations.All roots
of F havethesameorientation.

Proof If Pi is positively orientedthenbR Pi belongsto X in thevicinity of Pi andto the
left of Pi . SincePj is directly nestedin Pi andsinceit is part of the boundaryof X, Pj

mustbenegatively oriented.If Pi is negatively orientedthenbR Pi belongsto int cpl X in
thevicinity of Pi andto theleft of Pi . SincePj is directly nestedin Pi andsinceit is part
of theboundaryof X, Pj mustbepositively oriented.

If X is bounded,all rootsof F arepositively orientedandif X is unbounded,all rootsof
P arenegatively oriented.

It is convenientto turn theforestF into a treeby addinganartificial root. Thepolygon
associatedwith theroot representsthe“circle at infinity”. Thecircleat infinity is positively
orientedif X is unboundedandis negatively orientedif X is bounded.WeuseP0 to denote
theartificial polygonrepresentingthecircleat infinity. Everypointof theplaneis contained
in theboundedregionwith respectto thecircle at infinity.

Weassumefrom now on thatthepolygonsP0, P1, . . . , Pk in a representationareordered
suchthatno Pi is nestedin a Pj for i ä j . In otherwords,parentsprecedetheir children.

Lemma 14Let P0, P1, . . . , Pk bea representationof a polygonalsetX andlet p bea point
in theplanethatdoesnot lie onanyof thepolygonsin therepresentation.Let i bemaximal
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such that p ¢ bRPi . If Pi is positivelyorientedthen p ¢ X andif Pi is negativelyoriented
thenp ¥¢ X.

Proof Observe first that i exists sinceevery point is containedin the boundedregion of
thecircle at infinity. Assumew.l.o.g. that Pi is positively oriented. Let Pj1 to Pjl be the
childrenof Pi in F . Wehave

bR Pi M � bR Pj1 N ò�ò�ò N bRPjl � ¡ X

andi ä j1, . . . , i ä jl . Thus p ¥¢,� bR Pj1 N ò�ò�ò N bR Pjl � by thedefinitionof i . Thisshows
that p ¢ X.

10.8.4 The Implementationof GeneralizedPolygons
Generalizedpolygonsareahandletype,i.e.,ageneralizedpolygonis realizedasapointerto
a representationclass(calledgenpolygonrepandrat genpolygonrep, respectively) which
containsthe actualrepresentation.The memberfunction ptr �O� returnsthe pointer to the
representingobject.

Therepresentationconsistsof aflagk which indicateswhetherthepolygonis trivial and
a list pol list of polygons. More precisely, we have a local enumerationtype kind with
elementsEMPTY, FULL, andNON TRIVIAL andk is equalto EMPTY or FULL iff the
polygonis emptyor full andis equalto NON TRIVIAL, otherwise.If thepolygonis trivial,
pol list is empty, andif thepolygonis non-trivial, pol list is thelist of boundarycycles.
®$¯�Ã�ÀDÉ5¾�¯�Ä � Í�Ý�´+Ë�ÌÅßQP#4R'�'�ßàÚ�Ø$Ú Ë�¹ÈÙ:SÈÙ�Ê�' � ¶
É5¾J¯�ÄµÉ#¶²�¾�¿�¬�Ö�ª�«�¬ °w±�²�³��±$¯w×q°w±�² ²�¾�¿�¬�¶
Wenext discusssomememberfunctionof generalizedpolygons.

Checking a Representation: We definea function check representationthat appliesto a
list pol list of polygons.It returnstrueif pol list is a legalboundaryrepresentation,i.e., if:

G thesegmentsof thepolygonsin pol list meetonly atendpoints,i.e, theplanarmapG
definedby themhas2m edges,wherem is thenumberof segments,andnoparallel
edges.

G thereareno crossingsbetweenpolygons,

G if D is directlynestedin C thenD andC havealternateorientations,andC is before
D in thelist of polygons,and

G all outermostpolygonshave thesameorientation.
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In the following programwe checkonly thefirst two items. We know of no methodto
checktheotheritemsthat is substantiallydifferentfrom our methodto computeboundary
representations.Thelattermethodwill bedescribedin Section10.8.4.
ú
gen polygon:check representationû9ü¿�¬+«�¬È¾�Î » ±�±�²4Î#�w®+Î$É�ý�ª�®$°1¸IÎ�±$¯:¿�¬¼²�¾�¿�¬�Ö$´wØ�'�Ì+Ü�Ø�Ú�×$ÿq°w±�²+ý�²�¾�¿�¬5º� Ü�¹�Ê�´T�Ö$´wØ�Ù�Ú�Ë�ßIÛ�Í�Ü$Ý�Í+Ú�Ë�×&ÜÅ¶

²�¾�¿�¬�Ö�Û�Í�Ü�Ý�Í�Ú�Ë�×¼¿�®��ý�²�¾�¿�¬�¶´wØ�'�Ì+Ü+Ø�Ú¼´#¶Â+±�ª�«�²�²6¸=´#ßm°�±�²+ý�²�¾�¿�¬5º� ²�¾�¿�¬�Ö�Û�Í+Ü�Ý�Í+Ú�Ë�×;Û9'��*´�½I¿�®��À5®$¯�¬È¿%¸Jº%¶¿�®��ý�²�¾�¿�¬l½9Î�±$¯wÎ@¸IÛ9'wº%¶�
Û�Í�Ü�Ý�Í�Ú�Ë�ý�Ù�Ú�Ë�Í+¹�Û�Í�U�ËÈÙ$Ø�ÚÅ¸Á¿�®��ý�²�¾�¿�¬Åß9ÜÅßm¬�ª�Ã�®�º:¶
¾$Â�¸ Ü1½L¯�Ã�À » ®�ª�ý�±�Â�ý�®�Ä�+®�¿:¸JºWV���/YX�¿�®��ý�²�¾�¿�¬1½=²�®$¯��¬��1¸Jºqºª�®�¬�Ã�ª�¯�P�«�²�¿�®6¸:Z�Î#�w®+Î$É�ý�ª�®$°��[��ª�±$¯�µ¯�Ã�À » ®�ª?±�Â�®�Ä��®�¿YZ�º%¶(�(

¯w±µ°�«�ª�«�²�²�®�²µ®�Ä�+®�¿¯w±�Ä+®\)�¶ ®�Ä�+®?®@¶Â+±�ª�«�²�²+ý�®�Ä�+®�¿�¸I®6ß=ÜÈº¾$Â ¸ ¬+«�ª��®�¬Å¸I®wº]���4¬�«�ª��®�¬�¸CÜ#½9Î�³�Î�²�¾�Î�ý�«�Ä�^+ý�¿�ÃÈÎ�Î�¸C®wº�ºqºª�®�¬�Ã�ª�¯�P�«�²�¿�®@¸:Z�Î#�w®�Î$Éwý�ª�®�°_� °w«�ª�«�²�²�®�²µ®�Ä��®�¿YZ�º:¶ú
check representation:check for crossingsûª�®�¬�Ã�ª�¯?¬�ª�Ãw®6¶�

» ±�±�²*Ü�Í+Ú�ý$´�Ø�'�Ì+Ü�Ø$Ú����9Î#��®+Î�Éwý�ª�®$°�ª�®�¿�®�¯+¬�«$¬È¾�±�¯#¸Áº Î�±$¯:¿�¬� ¾$Â�¸ ¬�ªÈ¾:)È¾�«�²6¸Áº¼º¼ª+®�¬�Ã�ª�¯*°�±�²�³��±�¯:¿�¸Jº@½m®�À�°�¬�³�¸Jº:¶ª�®�¬�Ã�ª�¯âÎ#�w®+Î$É�ý�ª�®$°1¸7°w±�²�³��±$¯:¿:¸Jº�º%¶�
We describehow to checkfor crossings.Considerany node ` of G. Eachedgee out

of ` correspondsto a segments of oneof thepolygonsin pol list. The polygonsrunning
through ` introduceapairingon theedgesincidentto ` , wheretwo edgesarepairedif they
correspondto consecutive edgesof oneof thepolygons.We numberthepairsandreplace
eachedgeby the label of its pair. Thenit mustnot happenthat we have distinct labelsa
andb interlacingaround̀ , i.e., thecyclic sequenceof labelsinducedby theedgesoutof `
mustnot containa subsequenceof theform a æ+ò�ò�òJæ b æ+ò�ò�òJæ a æ+ò�ò�ò�æ b. This is easilychecked
by meansof a pushdown storeS. We iterateover theedgese out of ` . If theedgelabelof
e agreeswith thelabelon thetop of S, we pop S, if it doesnot agree,we pushthelabelof
e. Thereis nocrossingat ` if f thepushdown storeis emptyat theendof theiteration.
ú
check representation:check edge labelsûIüÂ+±�ª�«�²�²+ý�¯w±�Ä+®�¿%¸ )�ßCÜÈº� ¿�¬�«+Î$É�Ö�¾�¯�¬�×;Û6¶Â+±�ª�«�²�²+ý�«�Ä^�ý�®�Ä��®+¿�¸I®�ß )Èº� ¾$Â ¸ Û#½=®�À�°+¬�³�¸Jºa1�18²�« » ®�²-
7®��bV��?Û#½7¬�±�°1¸Jº*ºÛ#½L°�Ã5¿	�1¸I²�« » ®�²-
m®9�Èº:¶®�²�¿�®



10.8 Polygons 141

Û#½L°w±�°1¸Jº%¶�
¾$Â�¸cVmÛ#½m®�À�°�¬�³Å¸Jº¼º;ª�®�¬�Ã+ª�¯�P�«�²�¿$®6¸:Z�Î#��®+Î$Éwý�ª+®$°_�pÎ�ª�±�¿�¿�¾�¯�dZ�º%¶�

It remainsto computetheedgelabels.Wedo soin a two stepprocess.We first constructa
dictionarythatstoresfor everysegments theedgee� s� in G correspondingto it, i.e.,having
thesamesourceandsink. We theniterateover all pairs � s æ t � of consecutivesegmentsand
givee� s� ree ande� t � thesamelabel.
ú
check representation:check for crossingsûIüÀ5«�°ÈÖ�Û�Í�Ü�Ý�Í+Ú�Ë�ßC®�Ä��®+×þ¿�®�$À5®$¯�¬�ý�¬�±+ý�®�Ä��®6¶
Â+±�ª�«�²�²+ý�®�Ä��®�¿%¸I®6ßCÜÈº� Û�Í�Ü�Ý�Í�Ú�ËD¿5�DÜ�
m®9�Å¶¯w±�Ä+®\)���Ü1½C¿�±$Ã�ª�Î�®6¸I®wº%¶¿�®�$À5®�¯�¬�ý�¬�±�ý�®�Ä��®f
C¿C�,� ¸-¿6½C¿�±$Ã�ª�Î�®6¸Jº]���4Ü�
K)��=?®��áÜ1½Bª�®9)�®�ªw¿�«�²6¸I®�ºþº%¶�
®�Ä��®+ý�«�ª�ª�«�³�Ö�¾J¯�¬�×q²�« » ®�²@¸CÜÈº%¶¾�¯+¬<Î�±�Ã�¯�¬����Å¶Â+±�ª�«�²�²6¸m´#ßm°w±�²�ý�²�¾�¿�¬wº� ²�¾�¿�¬�ý+¾�¬�®�À<¾�¬�¶Î�±$¯:¿�¬?²�¾�¿�¬�Ö�Û$Í�Ü�Ý�Í+Ú�Ë�×�ÿ4¿�®��ý�²�¾�¿�¬��*´�½I¿�®�$À5®$¯�¬w¿�¸Jº%¶Â+±�ª�«�²�²+ý�¾�¬�®�À�¿�¸Á¾�¬6ßÁ¿�®$�ý�²�¾�¿�¬5º� ®�Ä��®4®��<¿�®�$ÀÈ®$¯�¬�ý�¬+±+ý�®�Ä�+®-
9¿�®��ý�²+¾�¿�¬�
9¾�¬�9�Å¶®���Ü#½7ª�®9)�®�ªÈ¿�«�²6¸C®wº%¶®�Ä��®*Â��<¿�®�$ÀÈ®$¯�¬�ý�¬+±+ý�®�Ä�+®-
9¿�®��ý�²+¾�¿�¬�
9¿$®�+ý�²�¾�¿�¬1½9Î�³+Î�²�¾�Î�ý�¿�Ã�Î�Î�¸ ¾�¬Èº#�9�Å¶²�« » ®�²-
m®9�\�D²�« » ®�²-
BÂ��\�<Î�±$Ã�¯�¬���Å¶��
ú
check representation:check edge labelsû

Point Containment: The implementationof sideof follows directly from Lemma14. If
P is eitheremptyor full, theansweris obvious. If P is non-trivial, wescanthroughthelist
of polygonsin therepresentation.If p liesononeof thepolygons,wereturnON REGION.
Otherwise,we find the last Pi suchthat p lies in the boundedregion of Pi ; Pi might not
exist, i.e.,beequalto thefictitiouspolygonP0. Wereturntheorientationof Pi .ú
gen polygon:sideof ûHü¾�¯+¬DÜ�Í�Ú�ý$´wØ�'�Ì+Ü�Ø�Ú����I¿�¾$Ä�®+ý�±�Â@¸HÎ�±�¯:¿�¬q´wØ�Ù�Ú�Ë�ÿ¼°%º¼Î�±$¯:¿�¬� ¾$Â�¸ ®�À�°+¬�³�¸Jºµº;ª�®�¬�Ã�ª�¯!.R�:¶¾$Â�¸ Â�Ãw²�²6¸Jº*º;ª�®�¬�Ã�ª�¯��g�:¶

´wØ�'�Ì+Ü+Ø�Ú¼´#ßá´wý�¾�¶» ±�±�²¼´wý�¾�ý�®�ÞÈ¾�¿�¬È¿]�?Â+«�²�¿$®6¶
Â+±�ª�«�²�²6¸=´#ßm°�±�²�³��±�¯:¿�¸ º�º� ª�®�È¾�±$¯Èý�É5¾�¯�ÄqÉ!�*´�½7ª�®�È¾�±$¯Èý�±�ÂÅ¸m°%º:¶¾$Â ¸áÉ!���DØ�Ú�ý$¹�Í�ÜwÙ�Ø$ÚDº¼ª+®�¬�Ã�ª�¯��6¶¾$Â ¸áÉ!����6wØ	4�Ú�7�Í�7wý$¹�Í�ÜwÙ�Ø$Ú?º � ´�ý�¾*�4´#¶á´wý�¾�ý�®�ÞÈ¾�¿�¬È¿]�?¬�ª�Ãw®6¶ ��
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¾$Â�¸ ´wý�¾�ý�®�ÞÈ¾�¿�¬È¿µº;ª�®�¬�Ã+ª�¯4´wý�¾6½m±�ªÈ¾�®$¯+¬�«�¬È¾�±�¯1¸Jº:¶´!� ¸m°�¬�ªÅ¸Jº�.�×�°�±�²+ý�²�¾�¿�¬Èº@½BÂ�ª�±�¯�¬Å¸Jº:¶ª�®�¬�Ã�ª�¯!.$´�½=±�ªw¾�®$¯�¬�«�¬È¾�±$¯1¸ º%¶ (�( �4´0�#½=±�ªÈ¾�®�¯�¬�«�¬È¾$±$¯1¸Jº�

Boolean Operations: We only discussthe binary booleanoperationsand leave the im-
plementationof complementas an exercise. The implementationsof all binary boolean
operationsfollow a commonprinciple. Let P0 andP1 betwo generalizedpolygonsandlet
R betheresultof thebooleanoperation.WeconstructR in stages:

(1) We first dealwith thecasethateither P0 or P1 is trivial. Theremainingstagesarenot
neededif this is thecase.

(2) WeconstructtheplanarmapG inducedby P0 andP1.
(3) We classifythe facecyclesof G, i.e., computefor eachfaceits statuswith respectto

P1 andP2.
(4) Giventheclassificationof theedgescomputedin theprecedingstage,wemarkall edges

of G thatarerelevantfor theresultR of thebooleanoperation.An edgeis relevantif the
faceto its left belongsto R.

(5) We simplify thegraphG by deletingedges.We keeponly thoseedgesthatseparatea
facebelongingto R from a facebelongingto thecomplementof R.

(6) Wetracethefacecyclesof G andcomputetherepresentationof R.

Only thefirst andthefourth stagedependon thebooleanoperation.All otherstagesare
genericandapplyto all booleanoperations.In thesequelweconcentrateontheintersection
routine.

Wedefineconstantsh+i jgk+l0m , nOo�n hgi jpkdlm , hrq jpkdl0m , and nOo�n hrq jpkdlm whichweuse
to labeledgesin stagestwoandthree.Theconstantsarechosensuchthatbooleanoperations
are possibleon them. After stagestwo and threeevery edgee of G will have a label
describingthestatusof thefaceto its left with respectto P0 andP1.

Thefunctionsdefinedin s constructlabeledmapt realizestagestwo andthree,thefunc-
tions definedin s simplify grapht realizestagefive, and the functionsdefinedin s collect
polygont realizestagesix. Wewill discussthembelow.

Stageone is easy. If eitherargumentis empty the intersectionis empty, and if either
argumentis full theresultis theotherargument.

In stagefour we labelthoseedgesasrelevantwhichbordera faceof G whichbelongsto
P0 andP1. Thesearepreciselytheedgeswhoselabelis equalto P0faceÆ P1face.
ú
gen polygon:booleanoperationsûuA ü¿�¬+«�¬È¾�Î�¾�¯�¬*´0�+ý�Â+«+Î�® �E�:¶¿�¬+«�¬È¾�Î�¾�¯�¬µ¯w±�¬�ý$´0��ý�Â+«+Î�®v��/6¶¿�¬+«�¬È¾�Î�¾�¯�¬*´d��ý�Â+«+Î�® ��w�¶¿�¬+«�¬È¾�Î�¾�¯�¬µ¯w±�¬�ý$´d�$ý�Â+«+Î�®v��x6¶ú

constructlabeledmapûú
simplifygraphû
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ú
collectpolygonûÜ�Í�Ú�ý$´wØ�'�Ì+Ü�Ø�Ú¼Ü�Í+Ú�ý$´�Ø�'�Ì+Ü�Ø$Ú����I¾�¯+¬�®�ªÈ¿$®�Î�¬�¾�±$¯#¸IÎ�±$¯È¿�¬;Ü�Í+Ú�ý$´�Ø�'�Ì+Ü�Ø$Ú�ÿþ´d��ºµÎ�±$¯:¿�¬� (�(

¿�¬�«��®DÙ
¾$Â�¸ ®�À�°+¬�³�¸Jºa1�10´d��½=®�À�°�¬�³�¸Jº¼ºª�®�¬�Ã�ª�¯�Ü�Í�Ú�ý$´wØ�'�Ì+Ü�Ø�Ú�¸9Ü�Í+Ú�ý�´wØC'�Ì�Ü+Ø�Ú+ý�¹�Í�´����BÍ�Ý�´+Ë�ÌÈº:¶¾$Â�¸ Â�Ãw²�²6¸Jº*º;ª�®�¬�Ã�ª�¯4´d�:¶¾$Â�¸ ´d��½7Â�Ãw²�²6¸Áº¼º¼ª+®�¬�Ã�ª�¯WX�¬9�:¾�¿�¶(�(

¿�¬�«��®�¿*Ù�Ù*«�¯�ÄEÙ�Ù�Ùú
genbooleanoperations:setup labeledmapû(�(
²�« » ®�²µª�®�²�®9)�«$¯+¬4®�Ä��®�¿�ß ¿�¬�«�+®âÙ	S

®�Ä��®+ý�«�ª�ª�«�³�Ö » ±�±�²�×-ª+®�²�®9)�«�¯�¬�¸CÜÅß9Â+«�²�¿�®wº%¶
¾�¯�¬?Ä��*´0��ý�Â+«+Î�®\�*´d�$ý�Â�«+Î�®6¶®�Ä��®4®6¶Â+±�ª�«�²�²+ý�®�Ä�+®�¿�¸I®6ß=ÜÈº-¾$Â ¸I²�« » ®�²-
m®��\����ÄÈºqª�®�²�®9)�«$¯+¬�
m®��*�?¬�ª�Ãw®6¶(�(

¿�¬�«��®�¿]SE«$¯�Ä\S5Ùú
genbooleanoperations:extract resultû�

We cometo stagestwo andthree. We definethe graphG, we introduceP0 asa syn-
onym for the this-argumentof the intersection,we definean edgearray label, and call
constructlabeledmap. It computestheplanarmapdefinedby thesegmentsof P0 and P1

andlabelsall edgesof this map.
ú
genbooleanoperations:setup labeledmapûIüÜ�¹�Ê�´T�Ö$´�Ø�Ù�Ú�Ë�ßCÛ�Í�Ü�Ý�Í�Ú�Ë�×&ÜÅ¶
Î�±�¯:¿�¬?Ü�Í+Ú�ý�´wØ�'�Ì+Ü+Ø�Ú�ÿþ´���>X�¬9�5¾�¿�¶
®�Ä��®+ý�«�ª�ª�«�³�Ö�¾J¯�¬�×q²�« » ®�²@¶
Î�±�¯:¿�¬�ª�ÃwÎ�¬�ý�²�« » ®�²�®�Ä�ý�À5«�°1¸m´0�@ß=´d�ÈßCÜ6ßI²�« » ®�²wº%¶

Thefunctionconstructlabeledmaprealizesstagestwoandthree.It first callsconstructinitial map
for stagetwo andthenusesextendlabeling for stagethree.A call of extendlabelingwith
argumente labelstheedgesof thefacecycleof G containinge.
ú
constructlabeledmapû9üú

constructinitial mapûú
extendlabelingû¿�¬+«�¬È¾�Î5)�±�¾�Ä?Î�±$¯:¿�¬�ª�ÃÈÎ�¬�ý�²�« » ®�²�®�Ä+ý�ÀÈ«�°1¸CÎ�±$¯5¿�¬þÜ�Í+Ú�ý$´wØC'�Ì+Ü�Ø�Ú�ÿ;´0�6ßÎ�±$¯:¿�¬�Ü�Í+Ú�ý$´wØC'�Ì+Ü�Ø�Ú�ÿ;´d�5ßÜ�¹�Ê�´�T�Ö$´wØ�Ù�Ú�Ë�ßIÛ�Í+Ü�Ý�Í�Ú�Ë�×�ÿ;ÜÅß®�Ä��®�ý�«�ª�ª�«�³�Ö�¾�¯�¬�×�ÿþ²�« » ®�²�º� Î�±$¯:¿�¬�ª�ÃÈÎ�¬�ý+¾�¯:¾�¬È¾�«�²+ýÁÀ5«�°1¸7´0�Åß7´d�5ßCÜ6ßC²�« » ®�²�º:¶
®�Ä��®+ý�«�ª�ª�«�³�Ö » ±�±�²�×])w¾�¿�¾�¬�®�ÄÅ¸CÜÅßCÂ�«�²�¿�®�º%¶
®�Ä��®4®6¶Â+±�ª�«�²�²+ý�®�Ä�+®�¿�¸I®6ß=ÜÈº� ¾$Â ¸ )È¾�¿�¾�¬�®�Ä-
m®��Èº&Î�±$¯�¬w¾�¯�Ãw®6¶
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®�Þ�¬�®$¯�Ä�ý�²�« » ®�²�¾�¯��¸7´0�6ß=´g�:ßCÜ@ßI®@ß )w¾�¿�¾�¬�®�Ä6ßC²�« » ®�²wº:¶��
Stagetwo is realizedby constructinitial map. It takestwo generalizedpolygonsP0 andP1

andcomputestheplanarmapG inducedby their segmentsusingthesegmentintersection
algorithmof Section10.7. It alsocomputesa label for every dartof G. Thelabelof a dart
e  3� `Èæyz� of P0 is h+i jgk+l0m if P0 is locally to theleft of e andis nOo�n hgi jpkdlm otherwise.
Theanalogousstatementholdstruefor dartsof P1.

We proceedin severalsteps.In thefirst stepwe collect thesegmentsof P0 and P1 into
a list seg list andlabeleachsegmentwith thegenpolygonto which it belongs.Notethata
segmentmaybelongto P0 andP1. Wethereforeusethelabels1, 2 and3, where3 indicates
thata segmentbelongsto bothpolygonsandlabel i , 1 ã i ã 2, indicatesthat thesegment
belongsto Pi ð 1.

In a secondstepwe computethe planarmap inducedby the segmentsin seg list. In
this planarmapevery nodemusthave evendegree. If thefloatingpoint kernelis usedthe
mapreturnedby SEGMENTINTERSECTIONmaybenon-planeor have a vertex of odd
degree;if this is thecasewerecommenduseof therationalkernel.

In thethird stepwecomputethelabelof eachdart.Wediscussit below.
ú
constructinitial mapû"A ü¿�¬+«�¬È¾�Î5)�±�¾�Ä?Î�±$¯:¿�¬�ª�ÃÈÎ�¬�ý+¾�¯:¾�¬È¾$«�²�ý�ÀÈ«�°1¸CÎ�±$¯5¿�¬þÜ�Í+Ú�ý$´wØC'�Ì+Ü�Ø�Ú�ÿ;´0�6ßÎ�±$¯:¿�¬�Ü�Í+Ú�ý$´wØC'�Ì+Ü�Ø�Ú�ÿ;´d�5ßÜ�¹�Ê�´�T�Ö$´wØ�Ù�Ú�Ë�ßIÛ�Í+Ü�Ý�Í�Ú�Ë�×�ÿ;ÜÅß®�Ä��®�ý�«�ª�ª�«�³�Ö�¾�¯�¬�×�ÿþ²�« » ®�²�º�

²�¾�¿�¬�Ö�Û�Í�Ü�Ý�Í�Ú�Ë�×¼¿�®��ý�²�¾�¿�¬�¶À5«$°ÈÖ�Û$Í�Ü�Ý�Í+Ú�Ë�ßÁ¾�¯�¬+×µ¿$®��ý�²�« » ®�²6¸"�wº%¶
Î�±$¯:¿�¬?²�¾�¿�¬�Ö�Û$Í�Ü�Ý�Í+Ú�Ë�×�ÿv'���*´0�1½m®�Ä��®�¿%¸Jº%¶Î�±$¯:¿�¬?²�¾�¿�¬�Ö�Û$Í�Ü�Ý�Í+Ú�Ë�×�ÿv'+�*�*´d��½m®�Ä��®�¿%¸Jº%¶
Û�Í�Ü�Ý�Í�Ú�ËD¿�¶Â+±�ª�«�²�²6¸Á¿�ß '��Èº � ¿�®��ý�²�« » ®�²-
C¿C�*�E�:¶¿�®��ý�²�¾�¿�¬1½=«$°�°w®�¯�ÄÅ¸Á¿�º%¶�
Â+±�ª�«�²�²6¸Á¿�ß 'g��º � ¿�®��ý�²�« » ®�²-
C¿C�*����/@¶¿�®��ý�²�¾�¿�¬1½=«$°�°w®�¯�ÄÅ¸Á¿�º%¶�
Û�Í�Ü�Ý�Í�Ú�Ë�ý�Ù�Ú�Ë�Í+¹�Û�Í�U�ËÈÙ$Ø�ÚÅ¸Á¿�®��ý�²�¾�¿�¬Åß9ÜÅßm¬�ª�Ã�®�º:¶
¯w±�Ä+®\)�¶{ ¾�Âk¸Q|�Í+¹�Ú�Í'�����P�'�Ø�Ê�Ë�ý�|�Í+¹�Ú�Í'�º¾$Â�¸ Ü+®$¯�Ã:¿�¸CÜÈº}V����Eº¼®�ª�ª�±�ª�ý#�w«$¯�Ä�²�®�ª�¸	�5ßLÀ5®+¿~�EZ�Ü+®$¯�Ã:¿�¸CÜÈº}V����1½�Z�º%¶Â+±�ª�«�²�²+ý�¯w±�Ä�®�¿�¸ )�ß=ÜÈº� ¾�¯+¬�Ä�®���DÜ1½=±�Ã�¬+Ä+®�Å¸ )5º%¶¾$Â ¸CÄ+®��<!/�V����wº¼®�ª�ª�±�ª�ý:�w«$¯�Ä+²�®�ª�¸	�:ßLÀÈ®�¿8�EZ�±�Ä�Ä4Ä+®��ª�®�®5)�®�ª�¬�®�Þl½�Z�º%¶�
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{ ®�¯�Äw¾$Âú
constructinitial map:computedart labelsû�

It remainsto computethedartlabels.
Considera dart e andits reversal. We assigna polygonto e asfollows. If thesegment

s   G[e] belongsto a uniquepolygon,e inheritsthepolygonfrom G[e]. Otherwise,either
thecyclic adjacency predecessoror thecyclic adjacency successorof e mustbeparallelto
e, i.e.,have thesametargetase. We arbitrarily assigne to P0 in theformercaseandto P1

in thelattercase.
Thepolygon Pi is locally to the left of e if s ande point into thesamedirection,i.e., if

thedotproductof theunderlyingvectorsis positive.
ú
constructinitial map:computedart labelsûIü²�« » ®�²#½I¾J¯:¾�¬�¸CÜ6ß"�Èº%¶®�Ä��®4®��Å¶Â+±�ª�«�²�²+ý�®�Ä��®�¿%¸I®��ÅßCÜ�º� ¾$Â�¸ ²�« » ®�²-
m®�����V����2ºµÎ�±$¯+¬È¾�¯�Ãw®@¶®�Ä��®4®��D®��6¶ ®�Ä��®4®+ý�ª�®�)��?Ü1½7ª+®9)�®�ªÈ¿$«�²6¸I®wº:¶´wØ�Ù�Ú�Ë «��DÜ�
C¿$±$Ã�ª�Î�®@¸I®wº#�Å¶´wØ�Ù�Ú�Ë » �DÜ�
B¬+«�ª��®�¬Å¸I®wº#�Å¶Û�Í�Ü�Ý�Í�Ú�ËD¿5�DÜ�
m®9�Å¶

¾$Â�¸D¸ » .4«wº�X ¸Á¿6½B¬�«�ª��®�¬�¸Jº,.â¿6½I¿�±�Ã�ª�Î�®6¸Áº�ºqÖ9���2º²�®�Ä+«+ý�¿:��«$°1¸I®6ßC®+ý�ª�®C)5º:¶(�(
¯w±��2¿*«$¯�Ä�®¼°w±�¾J¯�¬<¾�¯�¬�±µ¬9�w®D¿�«�À5®*Äw¾�ª�®+Î$¬È¾�±$¯

¿:�5¾�¬�Î:�k¸-¿�®��ý�²�« » ®�²-
C¿C�4º� Î�«�¿�®>���à²�« » ®�²�
m®����*´0��ý�Â+«�Î�®6¶²�« » ®�²�
m®+ý�ª�®�)�5�µ¯w±�¬�ý�´0��ý�Â+«�Î�®6¶» ª�®�«�É�¶Î�«�¿�®�/��à²�« » ®�²�
m®����*´d�$ý�Â+«�Î�®6¶²�« » ®�²�
m®+ý�ª�®�)�5�µ¯w±�¬�ý�´d�$ý�Â+«�Î�®6¶» ª�®�«�É�¶Î�«�¿�®���� � ®�Ä�+®4Â��?Ü1½9Î�³�Î�²�¾�Î�ý�«�Ä^+ý�°�ª+®�ÄÅ¸9®wº%¶¾$Â�¸ ¬+«�ª��®�¬Å¸CÂÈº}V��?¬�«�ª��®�¬�¸C®wºµºþÂ���Ü1½9Î�³�Î�²�¾�Î�ý�«�Ä^+ý�¿�Ã�Î�Î@¸9®wº:¶
²�« » ®�²-
m®��5�4´0�+ý�Â+«+Î�®@¶²�« » ®�²-
m®+ý$ª�®9)�v�*¯�±�¬�ý$´0�+ý�Â+«+Î�®@¶²�« » ®�²-
7Â��5�4´d��ý�Â+«+Î�®@¶²�« » ®�²-
7Ü1½Bª�®9)�®�ªw¿�«�²6¸9Âwº#�,�µ¯w±�¬�ý$´+�$ý�Â+«+Î�®6¶���

The functionextendlabelingclassifiesthe faceF to the left of dart e. It scansthe face
cycle containinge, marksall dartsof thecycle asvisited,andcomputesthe“or” of all dart
labelson thecycle in d.
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If all dartsof the facecycle originatefrom either P0 (d is lessthan four) or P1 (d is
divisible by four), we still have to classifythefacecycle with respectto theotherpolygon
andupdated accordingly. Thiswill bediscussedbelow.

Finally, thelabeld is propagatedto all dartsof thecycle. If thelabelis contradictory, i.e.,
claimsthatthefaceis a Pi -faceandanot-Pi -face,we raiseanerror.
ú
extendlabelingû=ü¿�¬+«�¬È¾�Î5)�±�¾�Ä4®�Þ�¬�®$¯�Ä�ý�²�« » ®�²�¾�¯�Å¸HÎ�±$¯5¿�¬;Ü�Í+Ú�ý�´wØ�'�Ì+Ü+Ø�Ú�ÿþ´�ÅßHÎ�±$¯5¿�¬*Ü�Í+Ú�ý$´wØ�'�Ì�Ü�Ø�Ú�ÿ;´d�:ßÎ�±$¯5¿�¬4Ü�¹�Ê�´�T�Ö$´wØ�Ù�Ú�Ë�ßIÛ�Í+Ü�Ý�Í�Ú�Ë�×�ÿ;ÜÅß ®�Ä��®4®6ß®�Ä�+®+ý�«�ª�ª+«�³�Ö » ±�±�²+×$ÿ,)È¾�¿�¾�¬�®�Ä6ß®�Ä�+®+ý�«�ª�ª+«�³�Ö�¾�¯+¬�×�ÿþ²�« » ®�²wº� ¾�¯�¬?Ä����Å¶&¾�¯�¬�²�®$¯+�¬9�����6¶

®�Ä��®µÞ��D®6¶Ä+± � )È¾�¿�¾�¬�®�Ä�
LÞ�5�4¬�ª�Ãw®@¶ ²�®$¯+�¬9�Y���6¶(�(
¯�±�Ä+®5)��E¿�±�Ã�ª�Î�®6¸=Þ5º%¶(�(
¾�Â�¸CÜ1½=±$Ã+¬+Ä+®��¸u)5º~����/wºv)0/���)�¶

Ä�1K�?²�« » ®�²�
BÞ�Å¶
Þ���Ü1½7Â+«+Î�®+ý�Î�³�Î�²�®�ý�¿�ÃÈÎ�Î@¸=Þ5º:¶� ���5¾�²�®¦¸9Þ;V���®wº%¶

¾$Â�¸ Ä�<�w������31�1 ÄDÖ�w2º� ú
extendlabeling: facecyclehasonly dartsfromonepolygonû �

Þ���®6¶{ ¾�Âk¸Q|�Í+¹�Ú�Í'�����P�'�Ø�Ê�Ë�ý�|�Í+¹�Ú�Í'�º¾$Â�¸ Ä�<�w����*´0��ý�Â+«�Î�®5�4¯�±�¬�ý$´0�+ý�Â+«+Î�®�1�1¸CÄ
( wÈº�X#w����µ´d�$ý�Â+«+Î�®\�µ¯w±�¬�ý�´d�$ý�Â+«�Î�®?º®�ª�ª�±�ª�ý#��«$¯�Ä+²�®�ª�¸	�:ß À5®�¿8��Z�Î�±$¯�¬�ª+«�Äw¾�Î�¬w¾�¯�þ®�Ä��®4²�« » ®�²�¿6½�Z�º%¶{ ®�¯�Äw¾$Â

Ä+± � ²�« » ®�²-
BÞ�5��ÄÅ¶Þ���Ü1½7Â+«+Î�®+ý�Î�³�Î�²�®�ý�¿�ÃÈÎ�Î@¸=Þ5º:¶� ���5¾�²�®¦¸9Þ;V���®wº%¶�
It remainsto deal with the casethat all darts of the facecycle F belong to the same
genpolygon, say Pi . Let ` be the sourceof e. We distinguishtwo cases:eitherno dart
out of ` hasa determinedstatuswith respectto P1ð i or this is not thecase.In the former
casè cannotlie ontheboundaryof P1ð i andhencè ’ssidewith respectto Pi ð 1 determines
thestatusof F with respectto Pi ð 1. In the lattercaselet f be thenearestadjacency pre-
decessorof e suchthat thestatusof f with respectto P1ð i is alreadyknown. For all darts
betweeneand f thestatusis still unknown andhencenoneof themcanbecontainedin the
boundaryof P1ð i ; f maybecontainedin theboundaryof P1ð i or not (in thelattercase,f
belongsto a facecycle which wasalreadyconsideredandhenceits statuswith respectto
bothpolygonsis known). In eithercasethestatusof F with respectto P1ð i is givenby the
statusof f with respectto P1ð i , seeFigure10.70.
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y
F

e f

Figure10.70 Thedart f is thenearestadjacency predecessorof e whosestatuswith respectto
P1� i is known. Theedgesbetweene and f do notbelongto theboundaryof P1� i andhenceF
andthefaceto theleft of f have thesamestatuswith respectto P1� i .

ú
extendlabeling: facecyclehasonly dartsfromonepolygonû=ü®�Ä��®*ÂÅ¶Â+±�ª�¸ Â��?Ü1½9Î$³�Î�²�¾�Î�ý�«�Ä^+ý�°�ª�®�Ä@¸I®�º%¶0Â$V���®6¶ Â��?Ü1½9Î�³�Î�²�¾�Î�ý�«�Ä^+ý�°�ª+®�Ä6¸CÂ�ºþº� ¾$Â�¸ Ä�<�w������?ÿ�ÿD²�« » ®�²-
7Â��5<�w;V����31�1 ÄDÖ�w ÿ�ÿD²�« » ®�²-
7Â��4×\w"º» ª+®�«�É#¶�
¾$Â ¸ Â����?®<º� ¯w±�Ä+®\)��E¿�±�Ã�ª�Î�®6¸C®wº%¶¾$Â�¸ Ä�<�w������2ºÄ31I�k¸á´0�1½I¿�¾$Ä+®+ý�±�ÂÅ¸CÜ�
�)��Èº����E�5=¼´0��ý�Â+«�Î�®��8¯�±�¬�ý$´0�+ý�Â+«+Î�®4º%¶¾$Â�¸ ÄDÖ�w2ºÄ31I�k¸á´d��½I¿�¾$Ä+®+ý�±�ÂÅ¸CÜ�
�)��Èº����E�5=¼´d�$ý�Â+«�Î�®��8¯�±�¬�ý$´d��ý�Â+«+Î�®4º%¶�
®�²�¿�®� ¾$Â�¸ Ä�<�w������2ºþÄ31I�k¸ ²�« » ®�²-
7Â���<�w º:¶¾$Â�¸ ÄDÖ�w2º Ä31I�k¸?¸ ²�« » ®�²-
BÂ�� ( w2º�X5w º%¶�
Wecometo stagefive. At thispointall dartsof G arelabeledasrelevantor non-relevant.

A dartis labeledrelevantif thefaceto its left belongsto theresultR of thebooleanopera-
tion.

We simplify the graphby removing darts. We proceedin two steps. In the first step
we removeparalleldartsthatcomefrom overlappingsegmentsin thetwo argumentsof the
booleanoperation,seeFigure10.71. This turnsall facecyclesof G into weakly simple
polygons. In the secondstepwe remove all edgesfrom the graphthat do not separateR
from its complement.

Thedetailsof thefirst stepareasfollows. Let e and f betwo paralleldartsandassume
that f is thecyclic adjacency successorof e. This impliesthatwehaveafacecycle � eæ f ree �
of lengthtwo. This facecycle definesa polygonof areazerowhich we canremove. We
removethefacecycleby removing its two constituentdartsandmaking f anderee reversals
of eachother. Therecannotbea setof threeparalleldartsandhencethetargetof f should
bedifferentfrom thetargetof its cyclic adjacency successor.
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e

f

erev

f rev
u �

Figure10.71 Thedartse and f comefrom asegmentof P0 andP1, respectively. Thefacecycleö e÷ f rev ø consistsof only two darts.Weremove e and f rev andmake f anderev reversalsof each
other.

Thefirst simplificationstepleavesuswith a planarmapwithout paralleldarts.This im-
pliesthatall facecyclesareweaklysimplepolygons.In thesecondstepwemergeadjacent
facesthatbelongto thesamesideof theresultpolygon.

A darte doesnotseparateR from its complementif e anderee areeitherbothrelevantor
both irrelevant. In theformercaseR existson bothsidesof theedgeandin thelattercase
thecomplementof R livesonbothsidesof theedge.

Thesecondstepmayremoveall edgesfrom thegraph.This will bethecaseif theresult
is eitheremptyor full. We needto distinguishthesecases.We have the former caseif
thereareno relevantedgesbeforesimplificationandwe have thelattercaseif all edgesare
relevantbeforesimplification.Wereturntruein thelattercase.
ú
simplifygraphû9ü¿�¬+«�¬È¾�Î » ±�±�²�¿�¾ÁÀ�°w²�¾$Â�³�ý��ª�«$°��1¸9Ü�¹�Ê�´�T�Ö$´�Ø�Ù�Ú�ËÅßCÛ�Í�Ü�Ý�Í�Ú�Ë�×�ÿ;ÜÅß®�Ä��®�ý�«�ª�ª�«�³�Ö » ±�±�²+×�ÿqª�®�²�®�)�«$¯�¬5º� ®�Ä��®4®6¶ ¯w±�Ä�®�)Å¶Â+±�ª�«�²�²+ý�¯w±�Ä�®�¿�¸ )�ß=ÜÈº� ²�¾�¿�¬�Ö�®�Ä��®+×-Í��DÜ#½=±$Ã�¬�ý�®�Ä��®�¿%¸ )5º%¶Â+±�ª�«�²�²6¸C®6ß=Í:º� ®�Ä��®*Â���Ü#½9Î�³�Î�²�¾�Î�ý�«�Ä�^+ý�¿�ÃÈÎ�Î�¸I®�º%¶¾$Â ¸ ¬�«�ª��®�¬�¸C®wº�V��*¬�«�ª��®�¬�¸CÂwºµº4Î�±�¯�¬È¾�¯�Ã�®6¶®�Ä��®4®+ý$ª�®9)��DÜ#½7ª�®9)�®�ªÈ¿�«�²6¸C®wº%¶Ü1½mÄ+®�²+ý�®�Ä�+®6¸I®wº%¶ Ü1½mÄ�®�²+ý�®�Ä��®6¸CÜ1½Bª�®9)+®�ªw¿�«�²6¸CÂwº�º:¶Ü1½I¿�®�¬�ý�ª�®9)+®�ªÈ¿�«�²@¸I®�ý�ª�®9)�ß=ÂÈº:¶��

» ±�±�²þ¯w±$¯wý�¬�ªÈ¾#)w¾�«�²+ý�ª+®�¿JÃw²$¬5�?Â+«�²�¿�®6¶
Â+±�ª�«�²�²+ý�¯w±�Ä�®�¿�¸ )�ß=ÜÈº� ²�¾�¿�¬�Ö�®�Ä��®+×-Í��DÜ#½=±$Ã�¬�ý�®�Ä��®�¿%¸ )5º%¶Â+±�ª�«�²�²6¸C®6ß=Í:º� ¾$Â ¸ ª�®�²�®9)�«$¯+¬�
m®���1�1 ª+®�²�®9)�«�¯�¬�
7Ü1½Bª�®9)�®$ªÈ¿�«�²@¸C®wº#�*º¯w±$¯wý�¬�ªÈ¾#)w¾�«�²+ý�ª+®�¿JÃw²$¬5�4¬�ª�Ã�®6¶

¾$Â ¸ ª�®�²�®9)�«$¯+¬�
m®��*���?ª+®�²�®9)�«�¯�¬�
7Ü1½Bª�®9)�®$ªÈ¿�«�²@¸C®wº#�*º� Ü#½mÄ+®�²+ý�®�Ä��®6¸9Ü1½7ª�®9)�®�ªÈ¿�«�²@¸I®�º�º%¶0Ü1½mÄ�®�²+ý�®�Ä��®6¸I®wº:¶ ���
ª�®�¬�Ã�ª�¯*¯w±$¯Èý�¬�ªÈ¾#)È¾�«�²+ý�ª�®�¿ÁÃw²�¬6¶�
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After simplificationevery uedgeof G separatesR from its complementandhencebe-
longs to the boundaryrepresentation.Also all facecycles are weakly simple polygons.
We concludethat the facecyclesof G form therepresentationof theresultof theboolean
operation.

Thefollowing functioncollectpolygontakesadarte, marksall dartsin thefacecycleof
e asvisited,andcollectsthesegmentscorrespondingto thefacecycle in a list pol.
ú
collectpolygonû9ü¿�¬+«�¬È¾�Î5)�±�¾�Ä?Î�±�²�²�®�Î�¬�ý�°w±�²�³��±$¯#¸HÎ�±$¯5¿�¬;Ü�¹�Ê�´�T�Ö$´wØ�Ù�Ú�Ë�ßIÛ�Í+Ü�Ý�Í�Ú�Ë�×�ÿ;ÜÅß ®�Ä��®4®6ß®�Ä�+®+ý�«�ª�ª+«�³�Ö » ±�±�²+×$ÿ,)È¾�¿�¾�¬�®�Ä6ß²�¾�¿�¬�Ö�Û�Í�Ü�Ý�Í+Ú�Ë�×$ÿq°w±�²wº� °w±�²#½9Î�²�®�«�ª�¸Áº%¶

®�Ä��®µÞ��D®6¶Ä+± � )È¾�¿�¾�¬�®�Ä�
LÞ�5�4¬�ª�Ãw®@¶¯w±�Ä�®5)!�<¿�±$Ã�ª�Î�®6¸9Þ5º%¶¯w±�Ä�®*�>�4¬�«�ª��®�¬�¸9Þ5º%¶
´wØ�Ù�Ú�Ë «��DÜ-
�)�Å¶´wØ�Ù�Ú�Ë » �DÜ-
K�0�Å¶
°w±�²�½=«$°�°w®�¯�ÄÅ¸IÛ�Í+Ü�Ý�Í+Ú�Ë�¸I«�ß » º�º:¶
Þ���Ü1½7Â+«+Î�®+ý�Î�³�Î�²�®�ý�¿�ÃÈÎ�Î@¸=Þ5º:¶� ���5¾�²�®¦¸9Þ;V���®wº%¶�

The function above is the main ingredientfor the last stage.We first simplify G. If this
trivializesG, i.e., removesall edgesfrom it, we eitherreturnthe full genpolygonor the
emptygenpolygon;thereturnvalueof simplifygraphtells uswhich.
ú
genbooleanoperations:extract resultûHü» ±�±�²þ¯w±$¯Èý�¬�ªÈ¾#)È¾�«�²+ý�ª�®�¿JÃw²�¬v�2¿�¾ÁÀ�°w²�¾�Â�³�ý��ª+«$°��1¸=ÜÅß9ª+®�²�®9)�«�¯�¬Èº:¶
¾$Â ¸CÜ1½ ¯�Ã�À » ®�ª�ý�±�Â�ý�®�Ä��®+¿�¸Áº������2º� ¾$Â�¸�¯w±$¯wý�¬�ªÈ¾#)w¾�«�²+ý�ª+®�¿JÃw²$¬�ºª�®�¬�Ã�ª�¯�Ü�Í�Ú�ý$´wØ�'�Ì+Ü�Ø�Ú�¸9Ü�Í+Ú�ý�´wØC'�Ì�Ü+Ø�Ú+ý�¹�Í�´�����P:4R'�'Èº:¶®�²�¿�®ª�®�¬�Ã�ª�¯�Ü�Í�Ú�ý$´wØ�'�Ì+Ü�Ø�Ú�¸9Ü�Í+Ú�ý�´wØC'�Ì�Ü+Ø�Ú+ý�¹�Í�´����BÍ�Ý�´+Ë�ÌÈº:¶�
®�Ä��®+ý�«�ª�ª�«�³�Ö » ±�±�²+×�)È¾�¿�¾�¬�®�ÄÅ¸9ÜÅßCÂ+«�²�¿�®wº%¶
²�¾�¿�¬�Ö$´wØC'�Ì+Ü�Ø�Ú�×qª�®�¿JÃw²�¬�¶ú
genbooleanoperations:form boundarycyclesûª�®�¬�Ã�ª�¯DÜ�Í+Ú�ý$´wØ�'�Ì�Ü�Ø�Ú�¸9ª+®�¿JÃw²$¬�ßCÜ$Í+Ú�ý$´�ØC'�Ì�Ü�Ø�Ú-���BÚ�Ø�ý9U�T�ÍU9|5º%¶

So assumethat G is non-trivial. We cycle over all dartsof G andcollect all facecycles
consistingof relevantdarts.
ú
genbooleanoperations:form boundarycycles,first tryûHüÂ+±�ª�«�²�²+ý�®�Ä��®�¿%¸I®6ßCÜÈº� ¾$Â�¸�)È¾�¿�¾�¬�®�Ä�
7®��b1�1�VBª�®�²�®9)�«$¯+¬�
m®��4º4Î�±�¯�¬È¾�¯�Ã�®6¶²�¾�¿�¬�Ö�Û�Í�Ü�Ý�Í�Ú�Ë�× °w±�²6¶
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Figure10.72 Thedashedboundarycycle is nestedin thesolidcycleandbothcycleshave � as
their leadingnode.In situation(a) theleadingdartof thesolid cycle is e andtheleadingdartof
thedashedcycle is f re� . In situation(b) theleadingdartof thesolidcycle is ere� andtheleading
dartof thedashedcycle is f . In eithercasetheleadingdartof thesolid cyclehassmallerslope.

Î�±�²�²�®�Î�¬�ý�°w±�²�³��±$¯�¸CÜÅß9®6ßu)È¾�¿�¾�¬�®�Ä6ßm°�±�²wº5¶´wØ�'�Ì+Ü+Ø�Ú¼´#¸m°�±�²wº%¶ª�®�¿�Ãw²�¬l½=«$°�°�®$¯�ÄÅ¸=´Èº%¶�
Thecodeabovegeneratestheboundarycyclesin noparticularorder. Wewantanorderthat
reflectsnesting,i.e.,nopolygonshouldbenestedin apolygonfollowing it.

Thereareseveralwaysto achievea properordering.Our first solutiontook time O � n Æ
k logk � and,moreover, wasburdenedwith a fairly largeconstantfactor. We exploited the
fact that if D is nestedin C then D hassmallerunsignedareathanC. We generatedthe
polygonsin an arbitrary orderand then sortedthe polygonsin decreasingorder of their
unsignedarea.

Wedescribeanalternativeapproach.Weshow thatonecanrearrangethedartsof G such
that thecodeabove generatesthepolygonsin theproperorder. Our approachis basedon
the following definition andobservation. Definethe leadingnodeanddart of a boundary
cycleasfollows:

G Theleadingnode `p� C � of aboundarycycleC is thelexicographicallysmallestnodeof
theboundarycycle.

G Theleadingdarte� C � of a boundarycycle is theshallowest(= smallestslope)dartof
C startingin `p� C � if C is positively oriented,andis thereversalof theshallowestdart
in C endingin `R� C � if C is negatively oriented.

Lemma 15 If D is nestedin C theneither:G `R� C � is lexicographicallysmallerthan `R� D � or

G `R� C � is equalto `R� D � ande� C � hassmallerslopethane� D � .



10.8 Polygons 151

Proof Clearly the leadingnodeof C cannotbe lexicographicallylarger thanthe leading
nodeof D. If C andD havethesameleadingnode,thesituationis asshown in Figure10.72
andtheleadingdartof C hassmallerslopethantheleadingdartof D.

Considerthe following orderon darts.A darte  ��"`wæyz� precedesa dart f  �� x æ y � if
either ` lexicographicallyprecedesx or ` is equalto x ande hassmallerslopethan f . This
orderhasthefollowing properties:

G For any boundarycycleC theleadingdartof C precedesall dartsof C.

G If D is nestedin C thentheleadingdartof C precedestheleadingdartof D.

The following compareclassrealizesthe dart ordering; the baseclassledacmpbaseis
discussedin Section2.10.
ú
collectpolygonû A ü¬�®�À�°w²�«�¬+®4Ö�Î�²�«�¿�¿-´wØ�Ù�Ú�ËÅß Î�²�«�¿�¿þÛ$Í�Ü�Ý�Í+Ú�Ë�×Î�²�«�¿�¿µÎ�À�°Èý�Â+±�ª�ý�Î$³�Î�²�®+ý$¬�ª+«+Î�¾�¯�?� °�Ã » ²�¾�Îµ²�®�Ä+«+ý�Î�À�°Èý » «�¿�®+Ö�®�Ä��®+× �
Î�±�¯:¿�¬?Ü�¹�Ê�´�T�Ö$´wØ�Ù�Ú�Ë�ßIÛ�Í+Ü�Ý�Í+Ú�Ë�×�ÿ;ÜÅ¶
°�Ã » ²�¾�Îf�
Î�À�°Èý�Â�±�ª�ý�Î�³�Î�²�®+ý�¬�ª�«+Î�¾�¯+�¸CÎ�±$¯È¿�¬;Ü�¹�Ê�´T�Ö$´wØ�Ù�Ú�Ë�ßIÛ�Í�Ü�Ý�Í+Ú�Ë+×�ÿq5º�� ÜÅ¸9Èº ���
¾�¯�¬�±$°w®�ª+«�¬�±�ª�¸Áº%¸HÎ�±$¯5¿�¬þ®�Ä��®�ÿ?®R�:ß Î�±$¯:¿�¬?®�Ä��®�ÿ�®�/wº¼Î�±$¯5¿�¬� ¯w±�Ä+®\)��?Ü1½I¿�±�Ã�ª�Î�®6¸C®p��º%¶¯w±�Ä+®5�!�?Ü1½I¿�±�Ã�ª�Î�®6¸C®�/wº%¶¾$Â ¸Q)�V���� ºþª�®�¬�Ã�ª�¯âÎ�±�À�°w«�ª�®@¸CÜ�
�)�6ßCÜ�
K���Èº%¶Û�Í+Ü�Ý�Í+Ú�Ë�¿0�*�?Ü�
m®R�:�Å¶Û�Í+Ü�Ý�Í+Ú�Ë�¿�/��?Ü�
m®�/��Å¶ª�®�¬�Ã�ª�¯âÎ�À+°Èý�¿�²�±�°w®�¿�¸Á¿�:ßÁ¿�/�º%¶�� ¶

It is now easyto generatethe boundarycyclesin theappropriateorder. We sort thedarts
of G accordingto the orderingabove andtheniterateover all dartsof G. Whenever we
encountera uedgethat is not containedin a boundarycycle yet, we collect the boundary
cycle. Theuedgeis a pair � eæ ereeC� andeithere or its reversalis relevant(but not both). If
e is relevant, thecycle to be tracedis positively oriented,andif eree is relevant, the cycle
to be tracedis negatively oriented,seeFigure10.72. Thus thereis no needto compute
the orientationsof the boundarycycles; our methodof generatingboundarycycles in an
orderedfashionyieldstheorientationsasaby-product.

Weobtain:
ú
genbooleanoperations:form boundarycyclesûIüÎ�À+°Èý�Â+±�ª�ý�Î�³�Î�²�®+ý�¬�ª�«�Î�¾�¯��Ö�´wØ�Ù�Ú�Ë6ßIÛ$Í�Ü�Ý�Í+Ú�Ë�×qÎ�À�°1¸CÜwº%¶
²�¾�¿�¬�Ö�®�Ä��®+×qÍ���Ü#½=«�²�²+ý�®�Ä��®�¿%¸Jº%¶Í�½C¿�±�ª�¬�¸IÎ�À�°%º%¶
®�Ä��®4®��Å¶Â+±�ª�«�²�²6¸C®��Åß=Í:º
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Figure10.73 Thevertex � is anintersectionbetweentheboundariesof P andQ. Therearefour
facesincidentto � andat leastonebut not all of thembelongto theresultof theboolean
operation.

� ®�Ä��®4®��D®��6¶¾$Â�¸�)È¾�¿�¾�¬�®�Ä�
7®��b1�1�)È¾�¿�¾�¬�®�Ä�
BÜ1½7ª�®9)+®�ªÈ¿$«�²@¸I®�º#�Èº Î�±$¯�¬w¾�¯�Ãw®6¶¾�¯�¬�±�ªÈ¾�®�¯�¬�¶¾$Â�¸ ª�®�²�®9)�«$¯�¬�
m®���º� ±�ªÈ¾�®�¯�¬����p�:¶ �
®�²�¿�®� ®��?Ü1½7ª+®9)�®�ªÈ¿$«�²6¸I®wº:¶ ±�ªw¾�®$¯�¬���.R�:¶ �
²�¾�¿�¬�Ö�Û�Í�Ü�Ý�Í�Ú�Ë�× °w±�²6¶Î�±�²�²�®�Î�¬�ý�°w±�²�³��±$¯�¸CÜÅß9®6ßu)È¾�¿�¾�¬�®�Ä6ßm°�±�²wº5¶´wØ�'�Ì+Ü+Ø�Ú¼´#¸m°�±�²6ßI±�ªw¾�®$¯�¬5º:¶ª�®�¿�Ãw²�¬l½=«$°�°�®$¯�ÄÅ¸=´Èº%¶�

We concludeour treatmentof booleanoperationson polygonswith a discussionof their
asymptoticrunningtime. Considera booleanoperationwith input polygonsP andQ and
resultpolygon R. Let n be the total numberof verticesof P, Q, and R, andlet G be the
graphinducedby thetwo input polygons.Any vertex of G is eithera vertex of oneof the
input polygonsor is an intersectionbetweentheboundariesof the input polygons. In the
lattercaseit will beavertex of theresultpolygon,asFigure10.73shows. Weconcludethat
G hasat mostn verticesandhencecanbecomputedin time O � n logn� . Thetime required
to sorttheedgesbeforetracingtheboundarycyclesis alsoO � n logn� . Let f bethenumber
of facecyclesof G which have dartsfrom only oneof the polygons; f canbe as large
as O � n� . For eachsuchfacecycle we spendtime O � n� to classify it with respectto the
otherpolygonfor a total time of O � f n� (this time boundcouldbe reducedto O � f logn�
by usinga morerefineddatastructurefor point location). All otherstepstake time O � n� .
Weconcludethatthetotal time to computebooleanoperationsis O � n Æ n logn Æ f n� .
A DemoProgram: Wegiveasmalldemoprogram.Weconstructann-gonP with vertices
neartheunit circle. We alsoconstructanaffine transformationT that rotatestheplaneby
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n m P T Q P Ò Q � P Ò Q �
5000 6.175e+06 1.35 0 0.36 12.92 20000

5000 2.47e+07 1.33 0 0.37 13.06 20000

5000 9.88e+07 1.35 0.01 0.39 13.44 20000

5000 3.952e+08 1.35 0 0.35 13.71 20000

5000 1.581e+09 1.35 0 0.36 – –

20000 2.47e+07 5.65 0 1.47 56.13 80000

20000 9.88e+07 5.71 0 1.61 – –

Table10.10 Executiontimeswith floatingpoint kernel:Thefirst two columnsshow n andm,
respectively, thenext four columnsshow thetime to constructP, T , Q õ T ö P ø , andP Ò Q,
respectively, andthelastcolumnshows thenumberof verticesof P Ò Q. A dashin thenext to
lastcolumnindicatesthattheprogramproducedanerrormessageandrecommendeduseof
rat polygons.

anangle�-  2�-�g� 2nm�+� epsabouttheorigin, whereeps  1�g� 10nm� . Let Q   T � P � be
theresultof turning P by angle� andlet R betheunionof P andQ.
ú
n gon timeûIüÄ+±�Ã » ²�®4®$°:¿*�c� ( ¸	�	�1½��RX�¯gXÁÀ�º%¶
´wØC'�Ì+Ü�Ø�Úµ´��4Ú�ý�Ü�Ø�ÚÅ¸m¯1ß"UÅßC®$°:¿+º%¶
Ü�Í�Ú�ý$´wØ�'�Ì+Ü�Ø�Ú;´�ÜÅ¸=´#ß9Ü�Í+Ú�ý$´�Ø�'�Ì+Ü�Ø$Ú����7Ú�Ø�ý9U�T�Í0U9|Èº:¶
ª�®�°w±�ª�¬�ý$¬È¾ÁÀ5®6¸	ZJ¬È¾ÁÀ5®&¬�±*�®$¯�®�ª�«�¬�®q´!�EZ�º%¶
Ë�¹�Ê�Ú�Û9P�Ø$¹�Ý*Ë���ª�±�¬+«�¬È¾�±$¯#¸HØ�¹ÈÙ$Ü�Ù�ÚÅß�'�Í�7+Ê�ý$´5Ù ( ¸7¯!X&À�º%ß ®$°:¿+º%¶
ª�®�°w±�ª�¬�ý$¬È¾ÁÀ5®6¸	ZJ¬È¾ÁÀ5®&¬�±*�®$¯�®�ª�«�¬�®;¬9�w®µ¬�ª�«$¯5¿$Â+±�ª$ÀÈ«�¬È¾�±$¯¼Ë��}Z�º:¶
´wØC'�Ì+Ü�Ø�Ú�·��4Ë�¸=´:º%¶Ü�Í�Ú�ý$´wØ�'�Ì+Ü�Ø�Ú*·�ÜÅ¸H·@ß9Ü�Í+Ú�ý$´�Ø�'�Ì+Ü�Ø$Ú����7Ú�Ø�ý9U�T�Í0U9|Èº:¶
ª�®�°w±�ª�¬�ý$¬È¾ÁÀ5®6¸	ZJ¬È¾ÁÀ5®&¬�±�Î�±�À+°�Ã�¬�®þËÅ¸=´:ºv��Z�º:¶
Ü�Í�Ú�ý$´wØ�'�Ì+Ü�Ø�Úþ¹!�*´�Ü1½LÃ�¯5¾�¬�®6¸H·�ÜÈº%¶
ª�®�°w±�ª�¬�ý$¬È¾ÁÀ5®6¸	ZJ¬È¾ÁÀ5®&¬�±�Î�±�À+°�Ã�¬�®;´?Ã�¯:¾�±�¯?Ë�¸=´:ºv�EZ�º%¶

Tables10.10and 10.11show the executiontimes for the floating point and the rational
kernelanddifferentvaluesof n andm. Observe that we ran extremeexamples.We took
5000-gonsand20000-gonsandrotatedthemby angles2�-�g� 2 � n � m� , wherem ranges
between106 and109. Thisamountsto rotationsby anglesbetween10ð 8 and10ð 10 degrees.

Thefloatingpointkerneldid notalwaysobtaina result.In thetwo caseswhereit did not
obtaina result, it discoveredthat thereis a problem. For n   5000andn   1 ò 581 � 109

it reportedthat the mapcomputedby SEGMENTINTERSECTIONis not planarandfor
n   20000andm   9 ò 88 � 107 it reportedthatthereis a nodeof odddegreein themap.
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n m P T Q P Ò Q � P Ò Q �
5000 6.175e+06 1.69 0 1.4 30.8 20000

5000 2.47e+07 1.73 0 1.41 31.45 20000

5000 9.88e+07 1.74 0.01 1.4 33.93 20000

5000 3.952e+08 1.77 0 1.41 34.01 20000

5000 1.581e+09 1.78 0.009995 1.41 34.7 20000

20000 2.47e+07 7.25 0 5.66 140.9 80000

20000 9.88e+07 7.37 0 5.69 141.6 80000

20000 3.952e+08 7.45 0 5.66 143.2 80000

20000 1.581e+09 7.52 0.01001 5.58 145.1 80000

20000 6.323e+09 7.53 0 5.6 149.2 80000

Table10.11 Executiontimeswith rationalkernel:Themeaningof thecolumnsis thesameas
for Table10.10.

It is instructive to studythe outputof theprogramwhenthe testfor the planarityof G
is not made.ThegraphG constructedby SEGMENTINTERSECTIONhad19994nodes
(andso6 nodesaremissing)and59952edges,10012nodeshaddegreetwo (12 too many)
and9982nodeshaddegreefour (18 too few). Thegenusof G wasone. G hadfacecycles
of lengthtwo andthreeandonly onefacecycle of lengthlargerthanthree(thereshouldbe
two). All edgesof thegraphweredeclaredrelevantandhenceremovedby simplifygraph.
The full polygon was returned. It took several hoursof detective work to discover this
explanationfor thebehavior of thefloatingpoint implementation.Thedetective work was
considerablyhelpedby the fact that the executionwith the rational kernel producedthe
correctresultandhenceweknew thattheerrormustbein thefloatingpoint arithmetic.

It would be fantasticif the floating point implementationwould alwaysdegradegrace-
fully, i.e., either computethe correctresult or tell that the problemis too difficult for a
floatingpoint computation.Wearenotmakingthis claim.

Althoughthefloatingpoint implementationdid notalwaysobtainthecorrectresultit can
handlesurprisinglydifficult cases.

The rationalkernelalwaysworked correctly, as it is supposedto do. Thereis abouta
factorthreeoverheadfor theuseof therationalkernel.

Exercisesfor 10.8
1 Implementthefunctioncomplementfor generalizedpolygons.
2 Implementthe functionunite for generalizedpolygons.Startfrom the implementation

of intersectionanddescribetherequiredmodifications.
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10.9 A Glimpseat Higher-DimensionalGeometricAlgorithms

Wegiveanoverview of theextensionpackagefor higher-dimensionalcomputationalgeom-
etry, exhibit a relationshipbetweenconvex hulls andDelaunaytriangulations,anduseit to
derivetheformulafor theside-of-spheretest.Foradetailedtreatmentof higher-dimensional
geometrywe referthereaderto [Ede87].

10.9.1 The ExtensionPackagefor Higher-DimensionalGeometry
The extensionpackage[MMN ç 98] featuresa higher-dimensionalkernel,simplicial com-
plexes,convex hulls andDelaunaydiagrams.

Thehigher-dimensionalkernelofferspoints,lines,segments,rays,vectors,hyperplanes,
spheres,affine transformations,andgeometricoperationsandpredicatesin d-dimensional
Euclidianspacefor arbitrarydimensiond. Examplesfor geometricpredicatesaretheori-
entationtest,theside-of-spheretest,the testof whethera point is containedin a simplex,
andthecomputationof theaffinerankof asetof points.Examplesfor geometricconstruc-
tions arethe constructionof a hyperplanefrom a setof points,or the computationof the
intersectionof a line anda hyperplane.

The extensionpackageoffers threegeometricdatastructures:regular simplicial com-
plexes,convex hulls andDelaunaydiagrams.

A simplicial complex is a collectionof simplicesin which the intersectionof any two
simplicesin thecollectionis a faceof both28. A simplicial complex is regular if f all max-
imal simplicesof the collection29 have the samedimensionand if its maximalsimplices
areconnectedundertheneighboringrelation30. Thedatatyperegl complex realizesregular
simplicial complexes. It supportsnavigation in thecomplex (go to the i -th neighbor)and
updateoperationson the complex (adda new simplex andmake it the neighborof some
existing simplices).Regularsimplicial complexesgeneralizetriangulationsto arbitrarydi-
mension.

Convex hullsarerepresentedasregularsimplicial complexes,namelyby acomplex aris-
ing from a triangulationof the hull. Figure10.11shows an examplein two-dimensional
space.

Theconvex hull complex is built by anaturalgeneralizationof theincrementalhull algo-
rithm of Section10.1.2.Wheneverapoint p is addedto aconvex hull, asimplex with peak
p is addedto theconvex hull for every facetof thehull visible from p.

Thedatatypeconvex hull supportsnavigationthroughtheunderlyingtriangulation,navi-
gationovertheboundaryof thehull, visibility queries(find all facetsvisiblefrom apoint p),
point locationqueries(doesa point p lie in theinterior, on theboundary, or in theexterior
of thehull) andinsertionof new points.

Delaunaytriangulationsare also representedas simplicial complexes. The datatype

28 Theemptysetis a faceof any simplex.
29 A simplex is maximalif it is not containedin any othersimplex.
30 Two simplicesof dimensionk areneighborsif they sharea faceof dimensionK   1.
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delaunayextendsthe functionality of the type pointsetof Section10.6 to higherdimen-
sions.It supportsnavigationin thecomplex, insertionof new points,point locationqueries
(returnthesimplex containinga querypoint p), nearestneighborqueries(returnthepoint
closestto aquerypoint p), andrangesearcheswith spheresandsimplices(returnall points
containedin aquerysphereor querysimplex, respectively).

10.9.2 DelaunayDiagramsandConvexHulls
Theimplementationof Delaunaydiagramsin higher-dimensionalspaceis basedonapow-
erful relationshipbetweenDelaunaydiagrams,Voronoidiagrams,andconvex hulls in one
higherdimension.

Let d beapositiveinteger. Weusex0, x1, . . . , xd ð 1, andz for theCartesiancoordinatesof
ad Æ 1-dimensionalspace.OurDelaunaytriangulationslive in thed-dimensionalsubspace
with coordinatesx0, x1, . . . , xd ð 1 andthecorrespondingconvex hullswill live in thed Æ 1-
dimensionalspacewith coordinatesx0, x1, . . . , xd ð 1, andz. We call the formerspacethe
basespace.

Theparaboloidof revolution P is definedby

z ¡ x2
0 Æ x2

1 Æ�ò�ò�òJÆ x2
d ð 1 ò

It is obtainedby rotatingthe two-dimensionalparabolaz ¡ x2
0 aboutthe z-axis. The key

for theentiresectionis thefollowing observation.

Lemma 16 TheintersectionbetweenP and any hyperplaneh that is not parallel to the
z-axisis a curveC whoseprojectioninto thebasespaceis a sphere andanysphere in the
basespacecanbeobtainedin thatway.

Proof Sinceh is notparallelto thez-axisit is definedby anequation

z ¡ a0x0 Æ a1x1 Æ�ò�ò�òJÆ ad ð 1xd ð 1 Æ ad ò
Any point � x0 æ x1 æ+ò�ò�ò�æ xd ð 1 æ z� in theintersectionbetweenP andh satisfies

x2
0 Æ x2

1 Æ�ò�ò�òÁÆ x2
d ð 1 ¡ z ¡ a0x0 Æ a1x1 Æ�ò�ò�òÁÆ ad ð 1xd ð 1 Æ ad

andhence

� x0 Ç a0� 2� 2 Æ�ò�ò�òJÆ¢� xd ð 1 Ç ad ð 1� 2� 2 ¡ ad Æ¢� a2
0 Æ�ò�ò�òJÆ a2

d ð 1�"� 4 ò
This is theequationof aspherein basespacewith centerc andradiusr where

c ¡;� a0 � 2 æ+ò�ò�ò ad ð 1 � 2� and r ¡ ad Æa� a2
0 Æ�ò�ò�òJÆ a2

d ð 1�"� 4 ò
Thustheprojectionof P £ h into basespaceis a sphere.Conversely, if we startwith any
sphereB with centerc andradiusr in basespaceanddefinecoefficientsa0, a1, . . . , ad

throughc ¡¤� a0 � 2 æ+ò�ò�ò ad ð 1 � 2� andr 2 ¡ ad Æ;� a2
0 ÆMò�ò�ò�Æ a2

d ð 1 � � 4 thenthe hyperplane
z ¡ a0x0 Æ a1x1 Æ�ò�ò�òJÆ ad ð 1xd ð 1 Æ ad will intersectP in acurveprojectinginto B.
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Figure10.74 TheconnectionbetweenDelaunaydiagramsin theplaneandconvex hulls in
three-space.Thelifting mapis indicatedby dashedlines.Thefour pointson theleft arenot
co-circularandhencetheconvex hull of thelifted pointsis a tetrahedron.TheDelaunaydiagram
is theprojectionof thelower partof thetetrahedron.
Thefour pointson theright areco-circularandhencethelifted pointslie in acommonplane.
Theconvex hull of thelifted pointsis a rectanglecontainedin this plane.TheDelaunaydiagram
is theprojectionof therectangleandtheprojectionof any triangulationof therectangleis a
Delaunaytriangulation.

For apoint p ¡;� x0 æ x1 æ+ò�ò�ò�æ xd ð 1� in basespacewecall

lift � p��¡;� x0 æ x1 æ+ò�ò�ò�æ xd ð 1 æ x2
0 Æ x2

1 Æ�ò�ò�òJÆ x2
d ð 1 �

its lifting onto P, i.e., theintersectionof P with averticalupwardraystartingin p. Weuse
thelifting mapto establishasurprisingconnectionbetweenDelaunaydiagramsandconvex
hulls.

Let Sbeany full-dimensionalfinite setof pointsin basespaceandlet p0, p1, . . . , pd be
d Æ 1 affinely independentpointsin S. Thelifted pointslift � p0 � , lift � p1 � , . . . , lift � pd � define
a hyperplaneh. By theabove, this hyperplaneintersectsP in a curve C whoseprojection
into the basespaceis a sphereB. Of course,B passesthrough p0, p1, . . . , pd. In other
words,B is thecircumsphereof thesimplex spannedby p0, p1, . . . , pd.

Next consideranarbitraryadditionalpoint p in basespace.If p lies insideB thenlift � p�
lies below h, if p lies on B then lift � p� lies on h, andif p lies outsideB then lift � p� lies
above h. We concludethat the interior of the circumsphereof p0, p1, . . . , pd is void of
pointsof S if andonly if nopoint of

lift � S�_¡$� lift � p� î p Ë S�
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Figure10.75 A screenshotof thedelaunayandconvex hull demo(in demo/book/Geo).The
screenshotshows thelower convex hull of 32 randompointsin theunit squarelifted to the
paraboloidof revolution.

lies below h, or in otherwords,if h supportsthe lower convex hull of lift � S� . The lower
convex hull of a point setconsistsof all pointsof the convex hull which arevisible from
z ¡MÇÍÌ .

Let ustakeacloserlook at thelowerconvex hull. Weneedto distinguishcasesaccording
to whetherthepointsin Sareco-sphericalor not,seeFigures10.74and10.75.

If the points in S arenot co-spherical,the dimensionof list � S� is onehigher than the
dimensionof Sandhencelist � S� is full-dimensional.Theconvex hull of lift � S� is a d Æ 1-
dimensionalobject.Thelower convex hull consistsof all facetswith adownwardnormal.

If thepointsin S areco-spherical,thepointsin lift � S� lie in a commonhyperplaneand
the dimensionof lift � S� is the sameasthe dimensionof S. The Delaunaydiagramof S
is identicalto theconvex hull of S andany triangulationof theconvex hull is a Delaunay
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triangulation.Theconvex hull of lift � S� is ad-dimensionalobject;it is simply thelifting of
theconvex hull of S to aplanein d Æ 1-dimensionalspace.

Wesummarize.

Theorem 3 For any finite point set S in basespacethe Delaunaydiagram DD � S� is the
vertical projectionof the lower convex hull of lift � S� into basespace31. A Delaunaytrian-
gulationis theverticalprojectionof a triangulationof thelowerhull.

The precedingtheoremis the basisfor the implementationof Delaunaydiagrams.We
maintainthe convex hull of the lifted points. All queriesaboutDelaunaydiagramsare
translatedinto queriesaboutthecorrespondinghull.

10.9.3 SidednessandOrientation
In this sectionwe show how the resultsof theprecedingsectioncanbeusedto definethe
orientation,side-of,andregion-ofpredicatefor spheres.

Let p0, p1, . . . , pd be d Æ 1 points in basespaceand let p be an additionalpoint in
basespaceandlet S be thespherepassingthroughp0, p1, . . . , pd. Defineorientation� S� ,
sideof sphere� Sæ p� , andregionof sphere� Sæ p� by

orientation� S�Î¡ orientation� p0 æ p1 æ+ò�ò�ò�æ pd ��æ
sideof sphere� Sæ p�Î¡ Ç orientation� lift � p0 ��æ lift � p1 ��æ+ò�ò�ò�æ lift � pd ��æ lift � p�J��æ

regionof sphere� Sæ p�Î¡ boundedregion if o � S�_� o � Sæ p�ÐÏ 0
onregion if o � S�_� o � Sæ p��¡ 0
unboundedregion if o � S�_� o � Sæ p� ä 0

whereweusedo asanabbreviation for orientationin thelastformulato savespace.
We will next show that sideof sphere� Sæ p� and regionof sphere� Sæ p� have their in-

tendedmeaning.

Lemma 17Let p0, p1, . . . , pd bed Æ 1 affinelyindependentpointsin basespaceandlet p
beanadditionalpoint in basespace. Thenwehave

sideof sphere� Sæ p��¡ Æ 1 if p lies insideS
0 if p lies on S

Ç 1 if p lies outsideS

if orientation� S�[Ï 0 and

sideof sphere� Sæ p��¡ Æ 1 if p lies outsideS
0 if p lies on S

Ç 1 if p lies insideS

31 In thediscussionaboveweassumedthatS is full-dimensional.If S is containedin a lower dimensionalsubspace,
we only needto restrictthediscussionto thissubspace.Moreprecisely, assumethatS is containedin a
k-dimensionalsubspace.We mayassumew.l.o.g thatthefirst k coordinatesspanthissubspaceandcanthenuse
theargumentabovewith d replacedby k.
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if orientation� S� ä 0. Also

regionof sphere� Sæ p��¡ boundedregion if p lies insideS
onregion if p lies on S
unboundedregion if p lies outsideS

Proof Observefirst thattheassumptionthat p0, p1, . . . , pd areaffinely independentimplies
that

orientation� S��¡ orientation� p0 æ p1 æ+ò�ò�òJæ pd �ÒÑ¡ 0 ò
Furthermore,by symmetry, we may assumewithout lossof generalitythat the points p0,
p1, . . . , pd arepositively oriented.Undertheassumptionthat p0, p1, . . . , pd arepositively
orientedthefollowing threestatementsareequivalent:

(a) p is inside(on,outside)thesphereS.
(b) lift � p� liesbelow (on,above)thehyperplanethroughpointslift � p0 � , lift � p1 � , . . . , lift � pd � .
(c) � lift � p0 ��æ lift � p1 ��æ+ò�ò�ò�æ lift � pd ��æ lift � p� � is negatively oriented.

We arguedtheequivalenceof thefirst two itemsin theprecedingsection.Theequivalence
betweenthelasttwo itemsfollowsfrom Lemma3 in Section8.2.2.Thisestablishesthefirst
claim. Thesecondclaim followsdirectly from thefirst.

Exercisesfor 10.9
1 Let p0, p1, . . . , pd bed Ó 1 affinely dependentpoints(orientationÔ p0 Õ p1 Õ�Ö:Ö	Ö×Õ pd Ø-Ù 0)

in basespaceandlet p beanadditionalpoint. Discussthepossiblevaluesof sideof sphere
andregionof sphere for thed Ó 2 tuple Ô p0 Õ p1 Õ�Ö	Ö:Ö×Õ pd Õ pØ .

2 Assumethat the basespaceis two-dimensionalandthat all points in S lie on the line
x0 Ó x1 Ù 1. Whatdoestheconvex hull of lift Ô SØ look like?

3 Assumethat the basespaceis two-dimensionalandthat all pointsin S lie on a circle.
Whatdoestheconvex hull of lift Ô SØ look like?

4 Considera circular rangequerywith a squareC in a setS. Translatethequeryby the
lifting map.Whatis theresult?

5 Show how to implementanearestneighborqueryby useof thelifting map.

10.10 A CompleteProgram: The Voronoi Demo

We discussthevoronoi demoin xlman. Thedemoillustratesmany of thegeometricalgo-
rithmsavailablein LEDA andwehavealreadyseenseveralscreenshots.Thedemois alsoa
representativeexamplefor thedesignof geometricdemosin LEDA andusefulasastarting
point for thedevelopmentof furtherdemos.Westartwith anoverview, thengivethedetails
of the implementation,andendwith a discussionof whatcango wrongwhenthedemois
runwith thefloatingpointkernel.

It is bestto have the demorunningwhile readingthis section. Figure10.76shows yet
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anotherscreenshotof thedemo. The window consistsof a panelpart anda displaypart.
Thepanelpartin turn is structuredin four parts.Thereis a list of elevenchoiceitemswhich
control which geometricstructuresare to be displayed;in the situationshown only the
buttonfor theDelaunaydiagramis pressedandhenceonly theDelaunaydiagramis shown.
Thereis a list of threechoiceitemswhich controlhow mouseclicks in thedisplaypartof
thewindow areto beinterpreted.In thesituationshown everyclick of theleft mousebutton
addsa point. Theothertwo buttonsallow theuserto input pointsandcirclesrespectively.
Thereis a choiceitem which allows theuserto switchbetweentherationalkernelandthe
floatingpoint kernel,andthereis a booleanitem anda slider item thatcontrolwhetherthe
input pointsareroundedto a grid andhow many grid linesthereare. Finally, therearesix
buttonsfor openingsub-menus,for clearingthewindow, for askingfor help,andfor exiting
thedemo.

10.10.1Overview
The Voronoi demoallows the userto constructa sceneof pointsandto visualizeseveral
fundamentalgeometricdatastructuresfor it: thenearestandfurthestsiteDelaunaydiagram,
thenearestandfurthestsiteVoronoidiagram,theconvex hull andthewidth, theminimum
spanningtree,theminimumenclosingandthemaximumemptycircle, theminimumwidth
andtheminimumareaannuli,andthecrustof thepoint set.

The point set is constructedeitherby mouseinput or by calling oneof the generators
(sub-menupoints). For mouseinput thereis the choicebetweensinglepoints,pointson
a line segment,and points on a circle. The currentset of points is maintainedas a list
p list of rat points. Thelist is initially emptyandis clearedby theclear-button.Any newly
constructedpoint is addedto it. It is importantto rememberthataddinga line segmentor
addingacircle addspointsthatlie exactlyona line or acircle.

The geometricstructuresto be displayedcanbecomputedwith theuseof threediffer-
ent geometrykernels: the rationalkernelwith the built-in floating point filter (this is the
default), the rationalkernelwithout the built-in floatingpoint filter, andthefloating point
kernel.This allows theuserto comparetherelativespeedsof thekernelsandalsoto check
visually whetherthefloatingpoint kernelworkedcorrectly. Whenthefloatingpoint kernel
is used,theprogrammayabortor produceincorrectresults.

Thegeometricstructuresarenotcomputeddirectlyfor thepointsin p list but for aderived
setof points. Thederivedsetof pointsis calledrp list for usewith therationalkerneland
is calledfp list for usewith thefloatingpoint kernel.Thefollowing procedureaddsa point
to rp list andfp list.
ú
manipulatep list, rp list, andfp list ûÁü)0Ú0Û$ÄvÜgÚ9)�®+ý:ÝRÚYÛ�¯�¬ßÞHÎ�Ú$¯+à�¬váâ�¬�ý#ÝRÚ0Û�¯�¬�ÿ*Ý+ã� ÝRÚYÛ�¯�¬�äCÝ>�\Ý_å7¬0Ú�ý#ÝRÚYÛ�¯+¬fÞ×ãdæÛCä¢ÞcV�á0Ú#ç�¯�Ä�ý�¬Ú+ý��ápÛ�Ä�ã� ä�Ýwý�èYÛ�à�¬-åuâCÝ�Ýw®�¯�ÄßÞ"ä#Ýdã+æéá9ÝÈý9èYÛ�à�¬�å�âCÝ�Ýw®$¯�ÄßÞ�Ýdãgæêá�®�¬9ç0á�¯-æ �

ÄÚCç�ëRè�®¼Þ��4¬�á9ç�¯wÎ�â�¬�®rÞ ä�Ý_å7Þ�Î9Ú�Ú�á+ÄrÞ�ã%ßm¬�á9ç�¯wÎ9â�¬YÛ�Ú$¯wý:Ýá�®+ÎãdæÄÚCç�ëRè�®5ì��4¬�á9ç�¯wÎ�â�¬�®rÞ ä�Ý_å�ì�Î9Ú�Ú�á+ÄrÞ�ã%ßm¬�á9ç�¯wÎ9â�¬YÛ�Ú$¯wý:Ýá�®+Îãdæ
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Figure10.76 A screenshotof theVoronoidemo.A Delaunaytriangulationis displayed.

ÝRÚYÛ�¯�¬*¬�Ý-Þ9Þ�ß ìpãdæä�ÝÈý�èYÛ�à�¬�åuâCÝ�Ýw®$¯�ÄßÞm¬9Ýdãgæá9ÝÈý�èYÛ�à�¬�åuâCÝ�Ýw®$¯�ÄßÞ�á0â�¬+ý#ÝYÚYÛÁ¯�¬fÞm¬9Ý+ã�ã+æ�
Theadditionof a point is controlledby variablesroundto grid andtruncationprec. Let p
bea rat point. If roundto grid is false,p is addedto rp list andfp ¡ pò to point��� is added
to fp list; the Cartesiancoordinatesof fp are the optimal approximationsof the rational
coordinatesof p by doubles. Observe that when roundto grid is false,the points p and
fp arein generaldistinct. In particular, if p list containspointson a circle or segment,the
correspondingpointsin fp list will lie closeto thecircle or segmentbut not exactly on it.
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Suchinputswill frequentlyoverburdenthe floating point kernel,e.g., try to constructthe
crustof co-circularpoints.

Whenroundto grid is true,themantissaeof theCartesiancoordinatesof fp aretruncated
to truncationprecbinaryplaces,i.e.,all but thefirst truncationprecbitsaresetto zero.This
movesthepointsonagrid with 2tr uncat ion pr ec grid lines.Thepointwith thetruncatedcoor-
dinatesis thenaddedto fp list andrp list. Truncationwith smallvaluesof truncationprec
will visibly movethepoints.Whenroundto grid is true,rp list andfp list containthesame
setof points.

Thedemoalsogivesa feelingfor therunningtime of thevariousalgorithms.Whenever
the userrequeststo changethe display(for example,by requestingfor an additionalge-
ometricstructure,by droppinga request,or by switchingto anotherkernel)all requested
structuresarerecomputed.

The democanmake mistakeswhenrun with thefloatingpoint kernel. Whenusingthe
floatingpointkernel,setroundto grid to trueandplay with truncationprecto geta feeling
for the limits of thefloatingpoint kernel. You canalwaysswitch to therationalkernelfor
a visualcomparisonof the result. We want to point out onefrequentlyoccurringmistake.
When the crust of points on a circle is constructedand a high value of truncationprec
is used,the output is frequentlycompletelywrong. This comesfrom the fact that crust
constructstheDelaunaydiagramof fp list N VD � fp list � , whereVD � fp list � denotestheset
of verticesof theVoronoidiagramof fp list. The lattersetcontainsmany pointscrowding
nearthecenterof thecircleandthis confusesthecomputationof theDelaunaydiagram.

Whenthescenecontainsmany pointson circlesor segments,therunningtime with the
rationalkernelmaygoupsharply. Thereasonis thattheseinputsareverydifficult, because
ourgeneratorsguaranteethatthepointslie exactlyonacircle or line, respectively.

10.10.2Implementation
Westartwith theglobalstructureof theprogram.

We usea globalvariablep list to storethecurrentsetof points,a list fp list to storethe
correspondinglist of float points,a pointerWp to thedisplaywindow, andintegersdisplay
andinput thatgovernwhichgeometricstructureto displayandwhichkind of geometricob-
ject is selectedfor input. Thevariablekernelcontrolswhich kernelis usedandthevariable
usefilter controlswhetherthefilter is usedin the rationalkernel(it canbechangedin the
settingsmenu).Wehavealreadyexplainedtherole of useto grid andtruncationprec.

In themain programwe first setup thedisplaywindow W andthengo into an infinite
loop. At thebeginningof the loop we wait for a mousebutton to bepressed.Themouse
button is eitherpressedon oneof the sevenbuttonsin the lower row of the panelsection
(caseszeroto six) or in the displaypart of the window (caseMOUSE BUTTON(1)); the
buttonsin thetoprow of thedisplaypartarehandledelsewhereaswill beexplainedbelow.

In caseof theeventMOUSE BUTTON(1)weputbacktheevent,sothatthemouseclick
canbeprocessedagain,andcall get input� W æ input� to furtherprocessthemouseclick.

At theendof theinnerloop wedraw thewindow asgovernedby thevariabledisplay.
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ú
voronoi demo.cûCü{ ÛJ¯ÈÎ�èCçYí�®4Ö�'�Í�7+Ê ( ÝRè�â$¯�®+ý�â�è��åK�È×{ ÛJ¯ÈÎ�èCçYí�®4Ö�'�Í�7+Ê ( )�®+Î�¬Ú9á�åK�È×{ ÛJ¯ÈÎ�èCçYí�®4Ö�'�Í�7+Ê ( á0â�¬�ýC)�®+Î�¬0ÚCá�åK��×{ ÛJ¯ÈÎ�èCçYí�®4Ö�'�Í�7+Ê ( �gÛ�¯Yí�Ú���åK�È×{ ÛJ¯ÈÎ�èCçYí�®4Ö�'�Í�7+Ê ( �á0âCÝ���gÛ�¯_åî�È×{ ÛJ¯ÈÎ�èCçYí�®4Ö�'�Í�7+Ê ( ë+Û�¬CÜpâCÝ+à ( ë9ç�¬�¬�Ú$¯Y��/fåI�È×{ ÛJ¯ÈÎ�èCçYí�®4Ö	Ügâ�¬9��åK�È×{ ÛJ¯ÈÎ�èCçYí�®4Ö�'�Í�7+Ê ( á0â�¬�ý#�gÛ�¯YíÚ#��åK��×ú

definitionof bit mapsûú
definitionof displaymaskûà�¬â�¬pÛ�Î�èYÛ�à�¬�Ö�á0â�¬�ý#ÝRÚYÛ�¯+¬�×ïÝÈý�è0Û�à�¬�ßFá9Ýwý�èYÛ�à�¬ßæà�¬â�¬pÛ�Î�èYÛ�à�¬�Ö#ÝRÚYÛJ¯�¬�×väCÝÈý�èYÛ�à�¬fæà�¬â�¬pÛ�Î*�gÛ�¯0íÚ��gX~ð9Ý-æà�¬â�¬pÛ�Î�Û�¯�¬�íRÛ�à	ÝRè�â9ì����ßæà�¬â�¬pÛ�Î�Û�¯�¬>Û�¯�Ý�ç�¬����ræ
®$¯�ç9Ü ��ñ |����ÅßòP�|��c� � æà�¬â�¬pÛ�Î�Û�¯�¬�ó�®�á�¯w®�è\� ñ |fæà�¬â�¬pÛ�ÎvëRÚ�Ú�èvç+à�®+ý9äYÛ�è�¬�®9á\�?¬�á�çw®ræà�¬â�¬pÛ�Î�Û�¯�¬4¬�á�ç�¯ÈÎ�â�¬RÛ�Ú$¯Èý#Ýá�®+Î~��w��ßæà�¬â�¬pÛ�ÎvëRÚ�Ú�è5á0ÚCç�¯Yí+ý�¬0Ú+ý��ápÛCí5�4¬�á9ç�®ræú
further global variablesûú
manipulatep list, rp list, andfp list û{ ÛJ¯ÈÎ�èCçYí�®4Ö�'�Í�7+Ê ( á0â�¬�ý#ó�®9á�¯w®9è+ý�¯0â:ÜÈ®Yà�åI�È×ú
displayinggeometricstructuresûú
graphedit for graphwinû{ ÛJ¯pô�èCçYí�®�õ�'�ö�7÷ ( ó�®9á�¯�®�è+ý�¯Râ×Ü5®Yà$ý#ç�¯Yí�®9ä-åî�pø{ ÛJ¯pô�èCçYí�®�õ�'�ö�7÷ ( äè�Ú�â�¬�ýCó�®9á$¯w®�è�ý�¯Yâ:ÜÈ®0àråî�pøú
displayinggeometricstructuresûú
graphedit for graphwinû{ ÛJ¯pô�èCçYí�®�õ�'�ö�7÷ ( ó�®9á�¯�®�è+ý�¯Râ×Ü5®Yà$ý#ç�¯Yí�®9ä-åî�pøú
global drawingfunctionsûú
actionfunctionsûú
point generatorsûú
addinga geometricobjectûÛ�¯+¬\Ügâ0Û�¯-Þ×ã� �gÛ�¯YíÚC��ð�ÞJù�ú��rûJü�/��ßû	Z�SRý ñ ý#þYý0ÿò7gÿ#÷�� ñ ÷����pZ9ãdæð�Ý���ÿ�ð�æú

setup windowûäÚ�áfÞ�æ�æ×ã� ÛJ¯�¬\ë�ç�¬���ð�å�á�®�â�í�ý×ÜgÚCç+à�®�Þ×ãdæá0â�¬�ý#ÝYÚYÛ�¯�¬����Kç+à�®+ýCäRÛ�è$¬�®�áv��çgà�®+ý9äRÛCè�¬�®9áfæÛCä¢Þ�ë�ç�¬������pã]ë0á�®�â�ófæ
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à:�gÛ�¬Yô:��Þ�ë�ç�¬gã �
ô�âYà�®��Rý	4	��öwýC6�4�
�
Yý�þfÞ×��ã��ÐÝ�ç�¬�ý#ëRâôCó�ý�®9)�®$¯+¬fÞ×ãdæ�®�¬�ý0Û�¯�Ý�ç+¬fÞuð�û�ÛJ¯�Ý�ç�¬Rãdæë0á�®�â�ó�æô�âYà�®>��� � ú

generatepointsmenuû æDëá�®�â�ó�æ �
ô�âYà�®�/�� � ú

settingsmenuû æFë0á�®�â�ó�æ �
ô�âYà�®�ú�� ô�è�®�â9á�ý�â�è�èrÞ×ãdæ ë0á�®�â�ó�æô�âYà�®\w��

(�( à�¬0â�á�¬��á0âCÝ��ðgÛ�¯ÛCä�ÞDó�®9á�¯w®�è\����P�|cã�á0â#Ý��Èý�®�íYÛ�¬fÞ"íRÛ�à	ÝYè�â�ìßû"ä#ÝÈý�è0Û�à�¬gãgæ®�è0à�®�á0â#Ý��Èý�®�íYÛ�¬fÞ"íRÛ�à	ÝYè�â�ìßû áCÝÈý�è0Û�à�¬gãgæë0á+®�â�ó�æô�âYà�®���
(�( �w®�è#Ý�w®�èCÝÈýC�gÛJ¯_åuÚCÝw®�¯-Þuð+ãgæ ëá�®�â�ó�æ�

í�á0â���Þ íRÛ�à	ÝRè�â9ìgãdæ�
áâ�¬�ý#ÝRÚ0Û�¯�¬����IÝ0ápÛ�¯�¬+ý0à�¬�â�¬RÛ�à�¬pÛ9ô�àOÞ�ãdæá+®�¬9ç0á�¯��ræ�

Thedrawing functionsareneededfor bothkernelsandhenceareincludedtwice. We com-
mentbelow why wedid notusetemplates.

Wegivemoredetails.

Settingup theWindow: Westartby definingahelpstringandthepanelhelpwin thatpops
upwhenthe“about”-buttonis pressed.Wethendefinethepanelsectionof W. It consistsof
threesetsof choiceitems, a booleanitem, a slider item, anda setof six buttons.We come
backto thembelow.

Having definedthepanelpartweopenthedisplay, statethatwindow coordinatesfor the
x-coordinatearebetween0 and1000andthatthey startat0 for they-coordinate(theupper
boundfor they-coordinatedependsontheactualgeometryof W, statethatnodesaredrawn
with width two, andthatcoordinatesareto beshown.
�
setup window���à�¬�ápÛ�¯���w®�è#Ý	�0à�¬�áRÛ�¯�fæ
�w®�èCÝ	�0à�¬�ápÛ�¯��������
��+Û�à]Ý0á0Ú��á0â:Ü�í�®:ÜgÚ$¯+à�¬�á0â�¬�®0à5à�Ú:ÜÈ®�Ú9ä?¬���®�â�è�0Ú9ápÛ�¬��9ÜOà��pæ
�w®�èCÝ	�0à�¬�ápÛ�¯�������×äÚ9á4¬��YÚ�íRÛ�ÜÈ®$¯+à�Û�Ú�¯Râ�èþ�®�Ú:Ü5®�¬�á�ì�Ú�ä\ÝRÚYÛ�¯�¬Rà~ëRâYà�®�í�Ú�¯��gæ
�w®�èCÝ	�0à�¬�ápÛ�¯������� ��®�è�âCç�¯Râ9ìµ¬�áRÛ�â$¯�9çYè�â�¬pÛ�Ú�¯+à]â�¯Yí�!YÚ9á0Ú$¯YÚYÛ"�gÛ�â��á0â:ÜOàrå �gæ
ÝRâ�¯w®�è#�w®�èCÝ$�%�gÛ�¯-æ
�w®�èCÝ	�%�gÛJ¯_å7¬�®�&�¬��0Û�¬�®×Ü�Þ'�)(�(:ëYä*!YÚ�á0Ú$¯RÚYÛ"��®:ÜgÚ+�9ã+æ
�w®�èCÝ	�%�gÛJ¯_å7¬�®�&�¬��0Û�¬�®×Ü�Þ'���9ã+æ
�w®�èCÝ	�%�gÛJ¯_å7¬�®�&�¬��0Û�¬�®×Ü�Þ'� ,�å-��®%�Rè%�YÚ9á�¯�â$¯0í.��å þ0â�®%�w®9á¢Þ)/'0�0�üRã1��ãdæ
�w®�èCÝ	�%�gÛJ¯_å7¬�®�&�¬��0Û�¬�®×Ü�Þ'���9ã+æ
�w®�èCÝ	�%�gÛJ¯_å7¬�®�&�¬��0Û�¬�®×Ü�Þ'�#à�®�®*2�ö���÷ ñ ý�ý3
149í+®:ÜgÚ�49íÚô	ç9Ü5®�¯+¬â�¬pÛ#Ú$¯$4%5Ú9á0Ú�¯RÚ0Û3�9í�®:ÜRÚ�åKÝpà���ãdæ
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�w®�èCÝ	�%�gÛJ¯_å7¬�®�&�¬��0Û�¬�®×Ü�Þ6��®�è#Ý	��à�¬�áYÛ�¯+gã+æ
�w®�èCÝ	�%�gÛJ¯_åKë�ç�¬�¬0Ú$¯-Þ'�×Ú�ó7�Cãdæð�å"à�®�¬��#ëgÛ�¬CÜgâCÝ$��ô�Ú�è�ÚCápàOÞ�ëRè�âô:ó�û�ë0èCç�®Rã+æð�åuô8�RÚYÛ9ô�®9�	Ü0çRè�¬��0Û�¬�®×Ü�Þ'���gû íRÛ9à	ÝRè9â9ìßû)/�/gûJú�:rûJú�:�û íRÛ9à	ÝRè�â�ì1�#ë+Û�¬pàdû í9á0â3�pãdæð�åuô8�RÚYÛ9ô�®9�0Û�¬�®	Ü�Þ'���gûBÛ�¯�Ý9ç�¬ßûJú�ûJú�:�ûJú�:rû�ÛJ¯�Ý9ç�¬��:ëgÛ�¬pà�ãdæèYÛ�à�¬Yõ0à�¬�ápÛ�¯�Yø~ó�®9á�¯�®�è9��ô8�YÚYÛ9ô�®Yàdæó�®�á�¯w®�è9��ô8�RÚYÛ9ô�®YàråuâCÝ9Ýw®$¯íßÞ)� ñ ,;�9ãgæéó�®9á�¯w®�è���ô8�RÚYÛ�ô�®Yàråuâ#Ý�Ýw®$¯íßÞ)��<�,;�9ãgæð�åuô8�RÚYÛ9ô�®9�0Û�¬�®	Ü�Þ'��ó�®Cá�¯w®9è+�pûuó+®9á�¯�®�è�ûuó�®�á�¯�®�è9��ô'�YÚYÛCô�®YàdûJô'�Râ$¯��®��#ó�®9á�¯�®�èYã+æð�åIëRÚ�Ú�è9�Û�¬�®:Ü�Þ)�×á0ÚCç�¯í1��¬�Ú9�$�áYÛCí=�Rû áÚCç�¯0í1��¬0Ú9�$�áRÛCí�ûBô8�Yâ�¯+�®9�#á0Ú#ç�¯0í1��¬�Ú9�$�ápÛ#ípãgæð�å"Û�¯�¬��0Û�¬�®:Ü�Þ'�?>\Ú�ä*�ápÛ#í�è0Û�¯w®Yà#�@:	A)&fûB���w®�á�®�&C�=�pû9¬�á9ç�¯Rô�â�¬pÛ�Ú�¯	�#Ýá+®ô�û

:rû���:rûJô8�Râ$¯�+®9��¬�á9ç�¯pô9â�¬RÛCÚ$¯��#Ý0á+®�ô0ãdæð�åIë�ç�¬�¬0Ú�¯-Þ'��ÝRÚ0Û�¯�¬pà��Rû /+ûD�#ý#Ý�®$¯+à5â\ÝYÚYÛ�¯�¬*�®�¯w®9á0â�¬Ú9á*ÝRâ$¯�®�è�å��9ã+æð�åIë�ç�¬�¬0Ú�¯-Þ'�#ô�è�®�â9á;�gû úrûD�)Eè�®�â9ápà~ÝRÚ0Û�¯�¬>à�®�¬�â$¯Yí��gÛJ¯YíÚ3��å �9ãdæð�åIë�ç�¬�¬0Ú�¯-Þ'�J�áâCÝ��9�gÛÁ¯��gûGFfûD�?20Ú�â�íRà;�á0âCÝ��WÛ�¯�¬0ÚH��á0â#Ý��ðgÛ�¯�å��9ãdæð�åIë�ç�¬�¬0Ú�¯-Þ'��à�®�¬�¬pÛ�¯�Yà��gûI:rûD�#ý#Ý�®$¯+à5â$¯!ÚCÝ�¬pÛCÚ$¯Wà�®�¬�¬RÛ�¯��íRÛ�â�è�Ú��å���ãdæð�åIë�ç�¬�¬0Ú�¯-Þ'��®�&RÛ�¬;�gû JßûD��ö9&RÛ�¬pà;¬��w®*Ý0á0Ú��á0â:Ü å �9ãdæð�åIë�ç�¬�¬0Ú�¯-Þ'�:âCëYÚCç�¬;�gû �rûD���gÛ�à	ÝRè�â9ìRà\Û�¯YäÚ�áCÜgâ�¬pÛCÚ$¯�âCëYÚCç�¬4¬��+Û�à]Ý0áÚ��á0â:Ü å��9ãdæð�å�íRÛ�à	ÝRè�â9ìfÞ×ãdæð�å"Û�¯+Û�¬fÞKJßû)/'J�J�JßûLJpãdæð�å"à�®�¬���á+®�í�á0â3�fÞ á�®�í�á�â3�+ãgæð�å"à�®�¬���¯YÚ�í+®9�%�pÛCí�¬��-ÞK:Rãdæð�å"à�®�¬��0à?�RÚ3�$��ô9Ú�Ú9áíRÛÁ¯Râ�¬�®YàdÞ9¬9á9çw®0ãdæ
We needto saya few morewordsaboutthe panelpart of the window. The first choice
item controlsthe variabledisplayandconsistsof eleven items. Whenever the i -th button
is pressedthe i -th bit of display is flipped and the function call drawM displayN is made.
Eachitem is drawn asa32x32pixel maptakenfrom thecollectionof pixel mapsdefinedin
LEDA/bitmaps/button32.h.The pixel mapsselectedaredefinedby the arraydisplaybits.
Thepixel mapsareshown blackwhenthecorrespondingbuttonis releasedandareshown
in bluewhenthebuttonis pressed.

The secondchoiceitem controlsthe variableinput. The effect of pressingoneof the
buttonsin this collectionof buttonsis to setinput to thenumberof thebutton.

Thethird choiceitem controlstheuseof thefilter, thebooleanitem controlswhetherthe
input is roundedto agrid, andtheslideritem controlsthenumberof grid lines.

Theotherbuttonsareaddedby thesevenbuttonstatements.Eachbuttonis givenaname,
a number, anda help string that is displayedwhenthemouserestsover the button for an
extendedperiodof time.
�
definitionof bit maps���à�¬â�¬pÛ9ô�ô8�Râ�á	O�Û�¯�Ý�ç+¬��#ë+Û�¬RàQPSR��.T\ÝRÚYÛ�¯+¬��#ë+Û�¬RàOûFèYÛJ¯w®9�#ë+Û�¬pàOûDôÛ#áYô�è�®��#ë+Û�¬pà"Uræà�¬â�¬pÛ9ô�ô8�Râ�á	OvíRÛ�à	ÝYè�â9ì��#ëgÛ�¬pàQPVR��.T4¬�ápÛ�â$¯�1�#ë+Û�¬pàdûI50Ú�á0Ú9�#ë+Û�¬pàOûFä1�$¬�ápÛ�â$¯+��#ë+Û�¬RàOûä1�350Ú9áÚ9�#ë+Û�¬RàOû ¬�á�®�®9�#ëgÛ�¬pàOûI��çRè�è9�#ëgÛ�¬pàOû ®:Ü0Ý�¬�ì1��ô0Û#áYô9è�®9�#ë+Û�¬RàOû®$¯pô�è9��ô0Û#áYô�è�®9�#ë+Û�¬YàOûW�$��â$¯�¯�çRèCç+à3�#ë+Û�¬pàdû@â9�9â$¯�¯�çRè#ç+à��#ë+Û�¬pàOûX�w®�èCÝ$�#ë+Û�¬pàDUræ



10.10 A CompleteProgram:TheVoronoiDemo 167

Action Functions: Someof theitemsin themenupartof thewindow haveactionfunctions
associatedwith them. Recall that action functionsare called with the new value of the
variableassociatedwith theitem(thevalueof thevariableitself is only changedafterreturn
from theactionfunctionsuchthatnew andold valuesof thevariableareavailableduringthe
action).All actionfunctionsfollow thesamescheme.They setthecorrespondingvariable
to thenew value(sincewewantthenew valueduringtheexecutionof theaction),clearthe
window andredraw thesites,recomputerp list andfp list, andrecomputethedisplay. The
functiondrawwill bediscussedbelow.
�
actionfunctions�K�50Ú0ÛCí�ô8�Râ$¯1Y+®9�3Z�á9ç�¯pô�â�ZpÛCÚ$¯$�#Ý�á�®ôOÞ�ÛJ¯1Z&¯w®%�$�#Ý0á�®�ôYã
TZ�á9ç�¯pô9â�ZpÛ�Ú$¯$�#Ý0á�®ô*�µ¯w®3�$�:Ý0á�®ô�æð�Ý	[�ø�ô9è�®�â9áfÞ�ãdæí�á0â3�$�à�Û8Z�®YàdÞ�Ý	��èYÛ9à8Zgãgæá�®ô�Ú:ÜÝ�ç1Z�®9�Cá9Ý	��â$¯í1�9ä#Ý	�9èYÛ9à8ZfÞ�ãdæí�á0â3��Þ íRÛ�à	ÝRè�â9ìgãdæ
U
50Ú0ÛCí�ô8�Râ$¯1Y+®9��á0ÚCç�¯Yí1�3Z0Ú��3Y�ápÛ:íßÞ�ÛÁ¯1Z&¯w®3�$�	ÜpÚ�í+®Rã
T�á0ÚCç�¯Yí9�3Z0Ú9�3Y�ápÛCí\�*¯w®%�$�	ÜgÚ�í�®ræð�Ý	[�ø�ô9è�®�â9áfÞ�ãdæí�á0â3�$�à�Û8Z�®YàdÞ�Ý	��èYÛ9à8Zgãgæá�®ô�Ú:ÜÝ�ç1Z�®9�Cá9Ý	��â$¯í1�9ä#Ý	�9èYÛ9à8ZfÞ�ãdæí�á0â3��Þ íRÛ�à	ÝRè�â9ìgãdæ
U
50Ú0ÛCí�ô8�Râ$¯1Y+®9�Có�®9á�¯w®�èrÞ�ÛJ¯1Z&¯w®3�$�Có�®9á�¯w®�èYã
T�ó�®9á�¯w®�è��*¯w®%�$�Có�®9á�¯w®�èræð�Ý	[�ø�ô9è�®�â9áfÞ�ãdæí�á0â3�$�à�Û8Z�®YàdÞ�Ý	��èYÛ9à8Zgãgæí�á0â3��Þ íRÛ�à	ÝRè�â9ìgãdæ
U

Thefunctionrecomputerp andfp list clearsbothlistsandthenmovesall pointsfrom p list.
Thefunctionaddpoint will becalledwhenever a new point is addedto p list andclear all
clearsthewindow andall lists.
�
manipulatep list, rp list, andfp list ��]^�50Ú0ÛCí�â�í�í1�#ÝYÚYÛ�¯1ZfÞJô�Ú$¯+à8Zvá0â�Z1�#ÝRÚYÛ�¯9Z�_vÝdã
T\Ý	��èYÛ�à'Z�åuâCÝ�Ý�®$¯YíßÞ�ÝgãdæÜgÚ�5�®9�:ÝRÚYÛ�¯1ZßÞ�Ýdãdæ
U
50Ú0ÛCí�á�®ô�Ú:ÜÝ�ç1Z�®9�Cá9Ý	��â$¯0í1��ä�Ý���èYÛ9à8ZßÞ×ã
T�ä�Ý	��èYÛ�à8Z�å ô�è�®�â9áfÞ×ãgæêá�Ý	��èYÛ�à'Z�å ô�è�®�â9áfÞ×ãgæá0â�Z��#ÝYÚYÛ�¯1Z,Ý-æäÚ9á0â�è�èrÞ�Ý-û�Ý$��èYÛ�à8ZRãDÜpÚ�5�®9�#ÝYÚYÛ�¯1ZfÞ�Ýdãdæ
U
50Ú0ÛCí�ô�è�®�â9á1��â�è�èrÞ�ã
T�ð�Ý	[�ø�ô9è�®�â9áfÞ�ãdæÝ	��èYÛ�à'Z�å ô�è�®�â9áfÞ×ãdæ�ä�Ý$��èYÛ�à8Z-å ô�è�®�â�áfÞ×ãdæéá9Ý	�9èYÛ�à8Z�åuô�è�®�â9áßÞ×ãdæ
U
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Global Drawing Functions: ThefunctiondrawareaM disp̀ x0̀ y0̀ x1̀ y1̀ L N drawsthepart
of W coveredby the rectanglewith lower corner M x0̀ y0N anduppercorner M x1̀ y1N . It is
our masterdrawing function. Thegeometricstructuresshown aregovernedby dispandL
is eitherp list or fp list. If L is p list thedrawing functionsusetherationalkernelandif L
is fp list thedrawing functionsusethefloatingpoint kernel.
�
globaldrawingfunctions�L�Z�®)a1b$c�d�Z+®�õ�ô�c�d�e�e"fRý0ÿ#þ�
0ø
51g1hCí�í�i1d3�$��d�i�®�dkj h�¯1Z\í�h�e)b-ûDí9g8l�m$c�®�&9Jrû�í9g8l�m$c�®�n9Jrûòí�g%l�m$c�®�&+/+ûQí9g%l�m$c�®Hn+/+ûô�g$¯=e8Z@c�h�e'ZYõ%fRý0ÿ:þ�
Yø3_\2+o
T

h%pqjK2�r=®'a9b1Z�nsj?o�oti�®�Z3l1i�¯vu
w b	[�ø1e'Z1d�i�Z��'m�l�p�p+®%i	h�¯�Ysj�o;uw b	[�ø�ô�c�®�d�isj�o;u
h%pqjLx$h�e)b@_� w ÷��8�÷1��,+o x�i9d3�$�)a7hJ¯	�%�+h%x�Z��	��d�¯�¯�l�c8l+e7jK2$o;u
h%pqjLx$h�e)b@_�÷�÷��8�÷1��,+o x�i9d3�$�)a7hJ¯	��d�i�®�d9��d$¯�¯�l$c8l+e;jK2+o+u
h%pqjLx$h�e)b@_�y%z$2�21�%�÷1��,	o{x�i9d3�$��ô�g�¯15�®�&��'��l$c�c�jK2+o=u
h%pqjLx$h�e)b@_�9
��%��÷1��,+o x�i9d3�$��x+®�c�d%l�¯$d3nsjK2+o+u
h%pqjLx$h�e)b@_!��$�%��÷1��,+o x�i9d3�$�351g3i1g$¯$g�h;jK2+o;u
h%pqjLx$h�e)b@_�<��9
��8�÷1��,+o x�i9d3�$��p1�3x+®�c�d%l�¯$d�nsj62+o;u
h%pqjLx$h�e)b@_�<�!��$�8�÷1��,+o x�i9d3�$��p1�%51g�i1g$¯�g�h7jK2$o;u
h%pqjLx$h�e)b@_�2�ö1E1�8�÷1��,+o x�i9d3�$�)a+d3&���®'a1b9Z�n���ô�h8iYô�c�®|jK2+o+u
h%pqjLx$h�e)b@_.��ö1E1�8�÷1��,+o x�i9d3�$�)a7hJ¯	��®$¯pô�c9��ô1h)iYô�c�®|j}2+o;u
h%pqjLx$h�e)b@_����
��8�÷1��,+o x�i9d3�$�)a7hJ¯	�1e)b$d�¯	�3Z�i�®�®kj}2	o=u
h%pqjLx$h�e)b@_@E�~%z+�3
��%�÷1�3,+o*x�i9d3�$��ô3i3l=e8ZsjK2	o;u
x�i1d3�$�9e�h8Z�®�e;jK2+o;u
w b	[�ø�p�c%l=e)�	�'m�l�p�p+®%isjK&�Jßû}n9J�ûK&=/pûKn+/�o=uw b	[�ø1e'Z1g%b	�8m�l�p�p+®�i�h�¯1Ykj?o=u

U

If ourcurrentsetof sitesis empty, drawareahasnothingto do. Otherwiseweclearthewin-
dow, draw theselectedgeometricstructures(theconstantsMWA MASK, MAA MASK, . . .
aredefinedin anenumerationtypeanddenote20, 21, 22, . . . ), anddraw thesites.Theap-
pearanceof thewindow is betterif thesitesaredisplayedaftertheselectedgeometricstruc-
tures.Wewantthenew drawing to appearin asingleblow andthereforeput thewindow in
bufferingmodebeforeconstructingthedrawingsof theselectedgeometricstructures.

Onceall drawingsareconstructedweflushthebuffer andstopthebufferingmode.
�
definitionof displaymask���®$¯�l�a�x$h�e)b$c�d�n��)a+d1e'�T

�9
��%�÷9��, � /gû�!��$�%�÷9��, � :�û�<��9
��%��÷1��, � Fßû
<�!��$�%��÷1��, � ��û�����
��%��÷1��, � /#ù�û�y%z$2�2��8�÷1��, � ú�:rû
2�ö1E1�%��÷1��, � ù�Fßû���ö1E1�%��÷1��, � /8:��rû�� w ÷��%��÷1��, � :���ùrû
�÷�÷��%��÷1��, � �	/8:�û�E�~%z+��
1�%�÷1��,�� /'J9:�F

Uku

Themasterdrawing functionis usedby thefunctionsdrawarea, drawandredraw.
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Drawarea (now without the list � POINT� -argument)makesthedistinctionbetweenthe
useof therationalkernelandthefloatingpoint kernel.

Draw is calledwhenever oneof the choiceitemschangingdisplay is calledandat the
endof eachiterationof themain loop andredraw is calledwhenever thegeometryof the
window is changed.Accordingly, we redraw eitheronly thedisplaypartof thewindow (in
draw) or theentirewindow (in redraw).
�
globaldrawingfunctions�L]I�51g1h%xx�i1d3�$��d�i�®�dkj h�¯1Z�x�h�e)b-û�x9g8l�m$c�®�&9Jrû�x9g8l�m$c�®�n9Jrû�x�g%l�m$c�®�&+/+û�x9g%l�m$c�®Hn+/�o
T

h%pqj���®�i�¯w®�c����H<�,�o�x�i1d3�$��d3i�®�dkjLx�h�e)b-ûK&�JrûKn�JßûK&+/gû}n=/+û}p3b$��c1h�e8Z$o;u®�c�e�® x�i1d3�$��d3i�®�dkjLx�h�e)b-ûK&�JrûKn�JßûK&+/gû}n=/+û6i�b$��c1h�e8Z$o;u
U
51g1h%xx�i1d3��j h�¯1Zx$h�e?b;o
T�x�i1d3�$��d�i�®�dkjKx$h�e)b-û w b	[9ø3&8a7hÁ¯vj?ogû w b	[�ø%n%a=h�¯vj�o+û w b�[�ø3&8a	d3&sj?ogû w b$[�ø3n%a$d�&�j�o�o=uIU
51g1h%xHi�®�x�i1d%��j}�+h�¯1x9g3�+O���b-û�x9g%l�m$c�®�&9Jßû�x9g%l�m$c�®�n9Jßû�x9g8l�m$c�®�&=/gû�x9g8l�m$c�®�n=/�o
T�x�i1d3�$��d�i�®�dkjKx$h�e)b$c�d�nfû6&9JrûKn�JßûK&	/+û}n=/�o=uIU

Displaying SpecificGeometricStructur es: For eachof ourgeometricstructureswehave
a functionthatdisplaysit. Wediscussonly a representativesampleof thefunctions.

Wedraw eachsiteasafilled nodeof colorsitecolor, wheresitecolor is aglobalvariable
definedin � furtherglobalvariables� . Thiscodeis notshown. Thedefaultvalueof sitecolor
is red;thecolorcanbechangedin thesettingsmenu.
�
displayinggeometricstructures���51g1h%xx�i1d3�$�9e�h8Z�®�e;jBô�g$¯=e'Z�c1h�e8ZYõ%fYý0ÿ#þ�
Yø%_�2+o
THfRý0ÿ#þ�
�b�u

p9g�i1d�c�ckj6b-ûK2	o w b	[�ø�x�i1d3����p$h3c�c�®�x9��¯�g�x+®�j6b�rVZ9g��8b1g�h�¯9Z�j�odû�e�h8Z+®���ô�g�c�g�i	o=u
U

Most of our geometricstructuresaregraphs.We have to dealwith two kindsof graphs.
VoronoidiagramshavetypeGRAPH� CIRCLÈ POINT� andDelaunaydiagramshavetype
GRAPH� POINT̀ int � . Wedefineadrawing functionfor eachkind of graph.Recallthatwe
usebidirectedgraphsto representDelaunaydiagramsandVoronoidiagrams.We therefore
have to draw uedgesandnotedges.

In order to draw a GRAPH� POINT̀ int � we simply draw eachuedgeas the segment
definedby theendpointsof theedge.
�
displayinggeometricstructures��]��51g1h%xx�i1d3�$�%Y�i1d%b��$��®�x�Y�®1e7jJô�g�¯=e8Z\��~�÷�f9yYõ%fRýÿ#þ�
fû�hJ¯1ZYø%_D
fû8ô�g�c�g�i�ô�g�c$o
T�®�x�Y�®9��d�i�i1d�n0õ8m$g�g�c�øDx�i1d3��¯vj}
fûLp9d�c1e�®$o;u®�x�Y�®4®ku

p9g�i1d�c�c9��®�x�Y+®�e7jI®rû6
+o
h%p�j$�Sx�i1d3��¯�P7®�R	o
Tx�i1d3��¯�Pm®�R��Z�i�l�®ku®�x�Y�®�i@��
vrSi�®�5�®3i	e3d�ckjC®$o;u
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h%p�jKi+o\x�i1d3��¯�PVi9R��Z�i�l�®ku
fRý0ÿ#þ�
�b��
�PLe3g%l9iYô�®kjI®�o8R�u
fRý0ÿ#þ�
�.�
�PVZ1d�i�Y�®�ZsjI®�o8R�uw b	[�ø3x�i1d3�$��®�x�Y�®kjSb�rVZ1g��8b$g9h�¯9Zsj�o+ûL�srSZ1g��'b�g�hÁ¯1Zsj�o+ûJô�g�c1o;u

U
U

Voronoi diagramsarea bit harderto draw. The positionsof the nodesaredetermined
by thecirclesassociatedwith them. A propernode,i.e., a nodeof degreeat leastthree,is
positionedatthecenterof thecircleassociatedwith it. A nodeof degreeoneis positionedat
thecircle at infinity. If its circle is CIRCLEM a ` ` bN thenthenodelies on theperpendicular
bisectorof a andb, andto theleft of theorientedsegmentfrom a to b. Eachedgeis labeled
by thesiteowning theregion to theleft of theedge.An edgee is partof theperpendicular
bisectorof sitesa andb, wherea � G[e] andb � G[G� reversalM eN ].

After thesepreliminariesit is clearhow to draw a Voronoi edge ML�$`9��N . An edgecon-
nectingtwo impropernodesis drawn astheperpendicularbisectorof thepointsa andb, an
edgeconnectingapropernodeandanimpropernodeis drawn asaraystartingat theproper
node,runningalongtheperpendicularbisectorof pointsa andb andextendingtowardsthe
positionof the impropernodeat the circle at infinity, andan edgeconnectingtwo proper
nodesis drawn asasegmentconnectingthenodes.Weobtainthefollowing code.
�
draw voro edges�L�51g1h%xx�i1d3�$�%51g�i1g9��®�x�Y�®�e;jBô�g$¯	e8Z\��~�÷�f�yYõ�ERÿ8~�E�2�ö�û}fYý0ÿ#þ�
0ø%_D!���û�ô�g�c�g3i�ô�g�c$o
T ®�x�Y�®9��d�i�i1d�n0õ8m$g�g�c�øDx�i1d3��¯vj6!���ûLp9d�c�e�®$o+u
®�x�Y�®4®ku
p9g�i1d�c�c9��®�x�Y+®�e7jI®rûS!��=o
T�h%p�jLx�i9d3��¯�Pm®�R	o,ô�g�¯1Z	h�¯�l�®ku

x�i9d3��¯�P�!���rSi�®�5+®�i	e3d�ckjC®$o)R#��x�i1d%��¯�Pm®�R���Z�i3lw®ku
¯$g�x+®�5.��e3g%l1i0ô�®kjI®$o=u¯$g�x+®��C�Z1d�i�Y+®�ZsjI®$o=u
fRýÿ#þ�
�d��!���P7®�R�u
fRýÿ#þ�
�mC��!���P !���rSi�®35�®�i	e3d�ckjC®$o'Rku
!�ö9E�
Yý3~H5�®�ôH��j6m�[�d�o|rSi1g�Z9d�Z�®�0�Jkj?o;u
c�hJ¯w®c���b	�8m=h�e�®ô3Z1g3isj�drû6m=o|rVZ1g���c�hÁ¯w®kj�o=u
h%p�j}!���r}g%l1Z9x�®�YsjK5+o¡����/#_�_!���r}g%l1Z�x+®�Ysj}�+o*����/�o%T w b	[�ø�x�i1d3����c�h�¯w®|j�crûBô3g�c�o;uIU®�c1e�®

h%p�j}!���r}g8l1Z9x+®�Y�j}�=o¡���¢/�o
THfYý0ÿ#þ�
�ô35���!���PV59Rvruô�®$¯1Z�®3isj?o;u

!�ö1E�
Yý3~H5+®ô�H!���P �1Rvr�b$g1h�¯1Z0úkj�o"[�!���P��9Rvr�b$g�hJ¯1Z=/=j?o=u
fYý0ÿ#þ�
 i3b ��ô35��@5+®ôsrSi1g3Z1d�Z�®�0�J�j?o;uw b	[�ø�x�i9d3�$�3i1d3nsjBô35�r�Z1g9�)b$g1h�¯9Z�j?ogûKi�b�rVZ9g9�)b$g�hJ¯9Z�j?odû"ô�g�c�o=u

U®�c�e�®
h8p£j}!���r}g%l1Z�x+®�YsjK5	ot����/�o
T�fRý0ÿ:þ�
�ô%�C�H!���P �1Rvr ô�®�¯1Z�®�isj�o;u

!�ö1E�
Yý3~H5�®ôH�H!���PV59R�r�b$g�h�¯9Z0úkj?o*[�!���PV59Rvr b$g�h�¯1Z+/=j?o;u
fRý0ÿ:þ�
 i�b ��ô%�C�5�®ô�rSi1g�Z1d3Z�®�0�J�j�o;u
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w b	[�ø�x�i1d3���3i1d�nsjJô%��rSZ�g9�'b$g1hJ¯1Zkj?odû}i3b�rSZ�g9�8b�g1hJ¯1Zsj odûJô�g�c$o;u
U®�c�e�®
T�fRý0ÿ:þ�
�ô35.�H!���P�59Rvr ô�®�¯1Z�®�isj�o;u

fRý0ÿ:þ�
�ô%�C�H!���P �1Rvr ô�®�¯1Z�®�isj�o;uw b	[�ø�x�i1d3���1e�®�Y%aÈ®$¯1Zsj"ô35vrSZ9g��8b1g�h�¯9Z�j�odû"ô%��rVZ9g��8b$g9h�¯9Z�j�odûBô3g�c�o=u
U

U
U

The procedureabove hasseriousnumericaldifferences.Considerthe following example.
Assumethatwe computetheVoronoidiagramof threepointsthat lie almoston a common
line. The Voronoi diagramconsistsof one vertex and threerays. The vertex hasvery
largecoordinatesandevenif its coordinatesarecomputedexactly (asthey will bewith the
rationalkernel)theconversionto point in drawray will suffer somelossof accuracy. We
arenow drawing aray from adistantpoint. It is unlikely thatthis ray intersectsthewindow
in thedesiredform.

Thewindow classoffersdrawing functionsthatareappropriatefor this situationasdis-
cussedin Section8.1. The modifieddrawing functionshave an additionalargumentl of
type line, which is supposedto be the line underlyingthesegments or ray r to bedrawn.
In our casel is the bisectorof a andb andhencedeterminedwith high precision. The
additionalargumentis usedasfollows.

If thesourceof r lies in W or thetwo endpointsof s lie in W, l is ignored.Otherwise,the
intersectiont betweenl andthewindow is determinedandthepartof t which alsobelongs
to r or s is drawn.
�
displayinggeometricstructures��]��4�4�Z�®'a9b$c�d�Z�®\õ�ô�c�d�e�e\fYý0ÿ#þ�
fûòô�c�d�e�e\ERÿ'~9E�2�ö�ûòô�c�d�e�e"!�ö9E�
Yý3~fûòô�c�d�e�e\2pÿ#þ9öRø
51g1h%xx�i1d3�$�%51g�i1g9��®�x�Y�®�e;jBô�g$¯	e8Z\��~�÷�f�yYõ�ERÿ8~�E�2�ö�û}fYý0ÿ#þ�
0ø%_D!���û�ô�g�c�g3i�ô�g�c$o
T ®�x�Y�®9��d�i�i1d�n0õ8m$g�g�c�øDx�i1d3��¯vj6!���ûLp9d�c�e�®$o+u
®�x�Y�®4®ku
p9g�i1d�c�c9��®�x�Y+®�e7jI®rûS!��=o
T�h%p�jLx�i9d3��¯�Pm®�R	o,ô�g�¯1Z	h�¯�l�®ku

x�i9d3��¯�P�!���rSi�®�5+®�i	e3d�ckjC®$o)R#��x�i1d%��¯�Pm®�R���Z�i3lw®ku
¯$g�x+®�5.��e3g%l1i0ô�®kjI®$o=u¯$g�x+®��C�Z1d�i�Y+®�ZsjI®$o=u
fRýÿ#þ�
�d��!���P7®�R�u
fRýÿ#þ�
�mC��!���P !���rSi�®35�®�i	e3d�ckjC®$o'Rku
c�hJ¯w®c���b	�8m=h�e�®ô3Z1g3isj�drû6m=o|rVZ1g���c�hÁ¯w®kj�o=u
h%p�j}!���r}g%l1Z9x�®�YsjK5+o¡����/#_�_!���r}g%l1Z�x+®�Ysj}�+o*����/�o%T w b	[�ø�x�i1d3����c�h�¯w®|j�crûBô3g�c�o;uIU®�c1e�®

h%p�j}!���r}g8l1Z9x+®�Y�j}�=o¡���¢/�o
THfYý0ÿ#þ�
�ô35���!���PV59Rvruô�®$¯1Z�®3isj?o;u

!�ö1E�
Yý3~H5+®ô�H!���P �1Rvr�b$g1h�¯1Z0úkj�o"[�!���P��9Rvr�b$g�hJ¯1Z=/=j?o=u
fYý0ÿ#þ�
 i3b ��ô35��@5+®ôsrSi1g3Z1d�Z�®�0�J�j?o;uw b	[�ø�x�i9d3�$�3i1d3nsjBô35�r�Z1g9�)b$g1h�¯9Z�j?ogûKi�b�rVZ9g9�)b$g�hJ¯9Z�j?odûKcrûJô�g�c$o;u
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U®�c�e�®
h8p£j}!���r}g%l1Z�x+®�YsjK5	ot����/�o
T�fRý0ÿ:þ�
�ô%�C�H!���P �1Rvr ô�®�¯1Z�®�isj�o;u

!�ö1E�
Yý3~H5�®ôH�H!���PV59R�r�b$g�h�¯9Z0úkj?o*[�!���PV59Rvr b$g�h�¯1Z+/=j?o;u
fRý0ÿ:þ�
 i�b ��ô%�C�5�®ô�rSi1g�Z1d3Z�®�0�J�j�o;uw b	[�ø�x�i1d3���3i1d�nsjJô%��rSZ�g9�'b$g1hJ¯1Zkj?odû}i3b�rSZ�g9�8b�g1hJ¯1Zsj odûLc�ûJô�g�c1o;u

U®�c�e�®
T�fRý0ÿ:þ�
�ô35.�H!���P�59Rvr ô�®�¯1Z�®�isj�o;u

fRý0ÿ:þ�
�ô%�C�H!���P �1Rvr ô�®�¯1Z�®�isj�o;uw b	[�ø�x�i1d3���1e�®�Y%aÈ®$¯1Zsj"ô35vrSZ9g��8b1g�h�¯9Z�j�odû"ô%��rVZ9g��8b$g9h�¯9Z�j�odû�c�ûBô�g�c$o=u
U

U
U

Thefunctionabove usespoints,lines,circles,andvectorsandhencewould requirefour
templatearguments.Moreover, wewouldhaveto addartificial argumentsof typeLINE and
VECTORsuchthattheappropriatetypeinferencecanbemadeby thecompiler. Wedecided
to useour primitive renamingmechanisminstead.An alternative would be to introducea
classrat kernelô�c�d�e�e\i1d�Z ��®�i�¯w®�c�T

Z�n�bw®�x�®�p�i1d�Z b$g�h�¯1Z fRý0ÿ#þ�
su
Z�n�bw®�x�®�p�i1d�Z e�®�Y%a5®�¯1Z���ö1����öþ�
su
4�4Hd$¯�x�e3gg$¯

U
anda similar classfloat kernel, to usea singletemplateargumentcalledkernel, andto use
qualifiedtype namessuchaskernel::POINT andkernel::SEGMENTin drawvoro edges.
Thisdesignis usedextensively in CGAL [CGA].

We cometo thedrawing functionsfor the individual geometricstructures.Nearestand
furthestsitesDelaunaydiagrams,crusts,andminimum spanningtreesaredrawn by first
computingthestructureandthencalling drawgraphedges. For example,
�
displayinggeometricstructures��]��51g1h%xx�i1d3�$�3x+®�c�d%l�¯$d�nsjBô�g$¯+e8Z#c�h�e8ZYõ%fRýÿ#þ�
Yø3_#2+o
T���~�÷�f9y0õ%fRý0ÿ#þ�
fû�h�¯1Zø¤�9
su

��ö92�÷%zYþ�÷�¥��3
�~pÿ#÷�þ9�|jK2fûS�9
	o;u
x�i1d3�$�%Y�i1d%b��$��®�x�Y�®9e7j}��
fû}Z�i�h3d$¯�Y���ô�g�c�g�i$o;u

U

NearestandfurthestsiteVoronoidiagramsaredrawnby computingthestructureandcalling
drawvoro edges. For example,
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�
displayinggeometricstructures��]��
51g1h%xx�i1d3�$�%51g�i1g$¯�g�h7jBô�g�¯=e'Z#c�h�e'ZYõ%fRý0ÿ:þ�
Yø3_#2+o
T���~�÷�f9y0õ�ERÿ8~9E�2�ö�û}fRý�ÿ#þ�
øt!���u

!Rý3~Yý�þ0ý0ÿ7jK2fû6!��=o;u
x�i1d3�$�%51g�i1g9��®�x�Y�®�e=j}!��ßûK59g�i�g9��ô3g�c�g�i	o=u

U

In orderto displaytheconvex hull andthewidth of oursetof pointswecomputetheconvex
hull (a list of POINTs),convert the list to a list of points, anddraw the list of pointsasa
filled polygonof hull color andasa blackpolygonalline. We alsocomputetheminimum
width slabcontainingoursetof pointsanddisplaythetwo linesboundingtheslab.
�
displayinggeometricstructures��]��51g1h%xx�i1d3�$��ô�g$¯15�®3&��8��l$c�ckjJô�g�¯=e8Z#c�h�e'ZYõ%fRý0ÿ:þ�
Yø3_\2+o
T@c�h�e8ZYõ8fRý0ÿ#þ�
0ø\E�y��.Eý�þ�!�ö9¦1�3y%z$2�2�jK2+o;u

c�h�e8ZYõ'b$g�h�¯1Z0ø*b$g�c|u
fRý0ÿ#þ�
�b�u
p9g�i1d�c�ckj6b-ûLE�y+o�b�g�c�r}d%b�bw®$¯�x�jSb�rSZ1g9�'b�g�hÁ¯1Zsj�o�o=u
w b	[�ø�x�i1d3�$��p�h3c�c�®�x��8b$g�c�n�Y1g�¯vj6b1g�c�û6��l�c�c���ô�g�c�g3i+o+uw b	[�ø�x�i1d3�$�8b�g�c�n�Y1g�¯vj6b1g�c�û6m1c�dô'�=o=u
4�4#�+h%x�Z��
2pÿ#þ�ö.c	/+ûLc�:kuw ÿ'�9
�y�jK2fû�c	/gû�c�:$o;uw b	[�ø�x�i1d3�$��c1h�¯w®kj�c�/�rSZ�g9��c�hÁ¯w®kj odûSm$c8l�®$o+uw b	[�ø�x�i1d3�$��c1h�¯w®kj�c�:�rSZ�g9��c�hÁ¯w®kj odûSm$c8l�®$o+u

U

In order to draw a minimum width annuluswe eitherdraw the two circlesor the two
parallel lines definingthe annulus. In the first casewe want the annulusto be shown in
orange.Wethereforedraw thelargerdisk in orangefirst andthenthesmallerdisk in white.
This leavestheannulusin orange.
�
displayinggeometricstructures��]��51g1h%xx�i1d3�$�?a7h�¯	�%�	h%x�Z��	��d$¯�¯�l1c%l=e=jBô�g$¯+e'Z#c�h�e8Z0õ%fRý0ÿ#þ�
Yø3_�2	o
THfRý0ÿ#þ�
�d�û6m-ûBô|uB2Rÿ#þ�ö.c	/+û�c�:ku

h%pqj��gÿ#þ1� w ÿ'�9
�y���÷�þ�þ8z$28z+��jK2fûKdrûSm-ûJô�û�c�/+û�c�:�o\o
T.4�4#b1i1g8bw®�i�d$¯�¯�l$c%l=eô1h'iYô�c�®�ô$/+j�d�rSZ1g��8b$g�h�¯9Zsj?odûVm�rVZ1g��'b$g9h�¯1Z�j�o�o;uô1h'iYô�c�®�ô�:|j�d�rSZ1g��8b$g�h�¯9Zsj?odû"ôsrVZ1g��'b$g9h�¯1Z�j�o�o;uw b$[�ø�x�i1d%�$��x$h�e�ô|jBô�:�û�g3i1d�¯1Y�®1o;uw b$[�ø�x�i1d%�$��x$h�e�ô|jBô$/pû}���=h)Z�®$o+uw b$[�ø�x�i1d%�$��ô1h8i0ô�c�®kj"ô$/gû6m1c�dô'�=o=uw b$[�ø�x�i1d%�$��ô1h8i0ô�c�®kj"ô�:�û6m1c�dô'�=o=uw b$[�ø�x�i1d%�$�8b$g�hJ¯1Zsj�d�rSZ9g9�)b$g�hÁ¯1Z�j?o+ûLg�i�d$¯1Y+®�o=u
U®�c�e�®
T.4�4.e8Z�i$h)bw b$[�ø�x�i1d%�$��c�h�¯�®kj�c	/;rSZ9g9�3c�h�¯�®kj�odûSm�c�d�ô%�=o=u
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w b$[�ø�x�i1d%�$��c�h�¯�®kj�c�:�rSZ9g9�3c�h�¯�®kj�odûSm�c�d�ô%�=o=u
U

U

Adding a Geometric Object: We cometo the mouseinput of points, lines, andcircles.
The function get inputM W ` inputN readseithera point, or a segment,or a circle and then
callstheappropriateinsertionfunction.
�
addinga geometricobject�L��

addinga point,segmentor circle�51g1h%xHY�®�Z��1hJ¯�b�l1Zsj6�+h�¯�x9g%�9_ w û"hJ¯1Z�h�¯�b;o
Ti1d�Z��8b�g�h�¯1ZDbvu�i9d�Z��1e�®3Y%a5®$¯1Z�e7u�i1d�Z���ô9h8iYô�c�®5ô|u

e'�+h8ZYô'�£j�h�¯�b;o\Tô�d1e�®HJv��h%p£j w ø�ø#b;oHh�¯=e$®�i�Z��8b�g�h�¯1ZsjSb;o;u m1i+®�d3��uô�d1e�®�/���h%p£j w ø�ø.e9oHh�¯=e$®�i�Z��1e$®�Y%a5®$¯9Zsj�e9o+uGm1i+®�d3��uô�d1e�®:���h%p£j w ø�ø�ô�oHh�¯=e$®�i�Z���ô9h8iYô�c�®|jBô�o;u§m1i+®�d3��u
U

U
�
addinga point,segmentor circle���51g1h%xCh�¯=e�®�i�Z��8b$g�hJ¯1ZsjKi1d3Z��'b$g9h�¯1Z*b;o
T w b	[�ø�x�i1d3�$��p�h3c�c�®�x���¯$g3x+®|j6b�rSZ1g��8b�g�hJ¯9Zsj odû�e�h'Z+®9�9ô�g�c�g3i	o;u

d�x�x1�8b�g�h�¯1ZsjSb;o;u
U

Addition of a point doestheobvious. In orderto addpointson a segmentwe generaten
pointsonthesegment,wheren is determinedby theratiobetweenthelengthof thesegment
andtheglobalvariablepoint dist.

In order to adda circle we generaten uniformly spacedpointson the circle, wheren
is determinedby theratio betweenthecircumferenceof thecircle andtheglobalvariable
pointdist.
�
addinga point,segmentor circle��]I�51g1h%xCh�¯=e�®�i�Z��1e�®�Y8a5®$¯1Zsj}i1d3Z���e�®�Y'a5®�¯1ZHe9o
T

x9g%l�m$c�®Hc���ekrSZ1g��1e�®�Y%aÈ®$¯1Zsj?o�r}c�®$¯9Y�Z��sj?o;u
h�¯1Zµ¯�� w b	[�ø3i�®�d�c��3Z1g9�8b+h8&sj�c1o34'b$g1hJ¯1Z9��x$h�e'Z#��/=u
c�h�e8ZYõ%i1d�Z��8b�g�h�¯1ZYøt2su
b$g�h�¯1Z$e���g$¯	�9e�®�Y%a5®�¯1Zsj�eOû7¯-û62+o;u
i1d�Z��8b�g�h�¯1ZDbvu
p9g�i1d�c�ckj6b-ûK2	o
T@d�x�x1�8b$g�hJ¯1Zsj6b;o=uw b$[�ø�x�i1d%�$��p$h3c�c�®�x1��¯$g�x+®�j6b�r�Z1g��8b�g1h�¯�Zsj?o+û e�h8Z�®9��ô�g�c�g�i+o+u
U

U
51g1h%xCh�¯=e�®�i�Z���ô1h8i0ô�c�®kjKi9d�Z1��ô�h8iYô3c�®"E	o
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T
x9g%l�m$c�®�2.�@:�O�EvrSZ9g9��ô1h8i0ô�c�®kj?o�rSi1d�x1h)l=e;j�oDO#2�ö���÷��%fgÿ7u
h�¯1Zµ¯�� w b	[�ø3i�®�d�c��3Z1g9�8b+h8&sjK2$o34'b$g1hJ¯1Z9��x$h�e'Z#��/=u
x9g%l�m$c�®�x@��j�:�O829ö��÷��%fpÿ9o34�¯vu
x9g%l�m$c�®*®%b=e#�@J�r6J�J+/=u
x9g%l�m$c�®Hd���J�u
p9g�isj�hJ¯1Z.h��.J�uth�õþ¯vuth%���$o
Ti1d3Z��8b$g�hJ¯1ZH���@Evr b$g�h�¯1Z1��g$¯	��ô9h8iYô�c�®kj�d�ûC®8b=e�o;u

d�x�x1�8b$g�hJ¯1ZsjL�	o=uw b$[�ø�x�i1d%�$��p$h3c�c�®�x1��¯$g�x+®�jL�vr�Z1g��8b�g1h�¯�Zsj?o+û e�h8Z�®9��ô�g�c�g�i+o+u
d����x�u

U
U

Point Generators: Thepoint generatormenuallows theuserto selectbetweenthreegen-
erators.A generatorfor randompointsin a square,a generatorfor regularlyspacedpoints,
anda generatorfor randompointsneara circle. Thethird generatorproducesinputswhich
areusefulto illustratethecomputationof annuli.
�
generatepointsmenu�K�b$d�¯w®�c�f�u
f�rVZ�®�&�Z��9h8Z�®'a�j)�8(�(8m�pD�+®�¯w®�i1d�Z+®�h�¯�b�l9ZHb�g�h�¯1Z	e1��o;u
f�rVZ�®�&�Z��9h8Z�®'a�j)����o;u
f�ruô8�$g�h9ô�®9�1h8Z�®)a�j'���gûS�$�3Y�®$¯�û'� i1d$¯9x9g)ak�pû)�'c�d�Z�Z$h�ô�®+�Rû'� ¯�®�d3i\ô1h8iYô�c�®+��o;u
f�rLh�¯1Z��1h'Z�®'a�j'���gûm¯	�3Y�®$¯-û}JßûL��J�J	o;u
f�r m�l1Z�Z1g�¯vj'�#ô3i+®�d�Z�®+�RûLJ	o+u
f�r m�l1Z�Z1g�¯vj'�#ô�d�¯pô�®�c+�Rû)/�o+u
h%p�j}f�r6g%bw®$¯vj w o"���J	o
T�e'�+h8ZYô'�£j}�$�3Y�®�¯;oDTô�d�e�®HJv��i1d$¯1x9g'a=�1e8�3l$d�i�®|jm¯	�3Y�®$¯=o;uXm1i+®�d3��uô�d�e�®�/��Bc�d�Z�Z	h9ô�®9�'b$g�h�¯1Z$e7jm¯	�8Y�®�¯;o=uWm9i�®�d3��uô�d�e�®:��0¯w®�d3i���ô1h8i0ô�c�®kjm¯$�3Y�®$¯fû6b�g�hJ¯9Z��%x$h�e'Z	o=uXm1i�®�d%��u

U
U

Weonly show thenearcirclegenerator. It generatespointsin anannuluswith innerradius
rmin andouterradiusrmax; rmax is chosensuchthat theannulusfits nicely on thescreen
andrmin is chosenas90%of rmax.

For eachpoint to begeneratedwe generatea randompoint on a circle of radiusr where
r is randomlychosenbetweenrmin andrmax.
�
pointgenerators��]^�51g1h%x¼¯w®�d�i���ô1h8iYô�c�®kj�h�¯1Z-¯-ûth�¯1ZHb$g�hJ¯1Z���x$h�e8Z+o
T

x9g%l�m$c�®�&9J� w b	[�ø3&%a7h�¯�j?odû�n�J�� w b	[�ø%n%a7h�¯vj�o;u
x9g%l�m$c�®�&=/D� w b	[�ø3&%a+d�&�j?odû�n+/\� w b	[�ø%n%a+d�&sj�o;u
b$g�h�¯1Z�ô�®$¯1Zsj�j}&9J���&=/�o34�:rû�j6n9J��3n=/�o34�:�o;u
h�¯1Zi%a+d�&���h�¯1ZsjKJvruú���OQjK&=/8[3&9J	o�o=u
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h�¯1Zi%a7h�¯.��h�¯1ZsjKJvr}0@O#i%a+d�&+o=uô�c�®�d�i1��d�c�ckj�o;u
p9g�isj�hJ¯1Z.h%��Jku*h�õµ¯�u*h8���	o
T.4�4�ô1h8iYô�c�®�E�jBô�®�¯1ZfûKi1d�¯�x1�1h�¯9Zsj}i%a;hJ¯-û6i%a+d3&	o�o;uô1h'iYô�c�®�E�jJô�®$¯1Zfû�jLx9g%l�m�c�®$o'i�d$¯1x1�9hJ¯1ZkjKi%a;hJ¯�ûKi'a+d�&	o�o=u

x9g8l�m$c�®Hdku
i1d�¯�x1�1h�¯9Z�ø�ødku
b$g1h�¯1Z���.Evr�b�g�h�¯1Z���g$¯	��ô1h'iYô�c�®|jL:�O8d�O829ö���÷��'fgÿ9o=u
h�¯9Z�&@��j�h�¯1Z+o'�vrS&Yô�g�g�i9x�j?o=u
h�¯9Z�n@��j�h�¯1Z+o'�vrSnYô�g�g�i9x�j?o=u
d�x�x1�8b$g�hJ¯1ZsjKi1d3Z��8b$g9h�¯9Zsj6&fûKnrû)/�o�o=uw b$[�ø�x�i1d%�$��p$h3c�c�®�x1��¯$g�x+®�jK&fû6nfû e�h'Z+®9�9ô�g�c�g3i	o;u

U
U

Calling GraphWin: Thefunctiongrapheditvisualizesthegraphsunderlyingourgeomet-
ric structures.Wedonotdiscussit here.

Settings: Thesettingsmenuallows theuserto setsomeof theglobalvariables.It is self-
explanatory.
�
settingsmenu���b$d�¯w®�c�3f�j'�)��ö9
�
pÿ:þ9�9�+��o=u
�3f�r�m$g�g�c��1h8Z�®'a�j'� l=e�®"p$h%c�Z�®�iCh�¯.i1d�ZH��®3i�¯w®�c+�pûIl=e�®9�3p$h3c�Z�®3i+o;u
�3f�r�m$g�g�c��1h8Z�®'a�j'�)x�i1d8�Hc1h�¯w®�e"�+h'Z����+h%x�Z��C:+�pûKZ��=h9ô8�$��c�h�¯�®�e9o=u
�3f�r�h�¯1Z��9h8Z�®'a�j)�?Y�i	h%x	�gûGY�i	h%x9�%�+h%x�Z3�-ûLJßû���Jßû)/)J$o=u
�3f�r�h�¯1Z��9h8Z�®'a�j)� b=h8&\x$h�e'Z;�gû�b$g�hJ¯1Z���x$h�e8Zfû)/+û"ù�F+o;u
�3f�r ô�g�c�g3i��1h8Z�®)a�j'�3e�h)Z�®�e��gûte�h8Z+®9��ô�g�c�g�i+o;u
�3f�r ô�g�c�g3i��1h8Z�®)a�j'�?51g%i1g �gû�51g�i9g9��ô�g�c�g�i+o;u
�3f�r ô�g�c�g3i��1h8Z�®)a�j'�?Z�i�h3d$¯�Y;�pûGZ�i	h%d$¯1Y���ô�g�c�g�i+o=u
�3f�r ô�g�c�g3i��1h8Z�®)a�j'� ��l1c�c+�Rû ��l$c�c9��ô�g�c�g�i+o;u
�3f�r ô�g�c�g3i��1h8Z�®)a�j'�?Z�i�®�®+�Rû Z�i�®�®9��ô�g�c�g�i+o;u
�3f�r�m�l1Z�Z9g$¯vj'�#ô�g$¯1Z	h�¯�lw®+�%o;u
�3f�r}g%bw®$¯�j w o;uw rLe�®�Z��3Y�i	h%x1�)a	g�x+®kjKY�i	h%x��%�	h%x3Z��;o+uw ruô�c�®�d�i�j?o;uw rLe�®�Z���c1h�¯w®9�%�	h%x�Z��vjGZ��+h9ô%�$��c1h�¯w®�eD¨�:©�"/�o=u
x�i9d3�$�1e�h'Z�®�e7j6b$��c�h�e8Z$o;u
i�®�ô�g'a1b�l9Z�®9�3i�b$��d$¯�x1�%p3b	�3c�h�e8Zkj?o;u
x�i9d3��jLx$h�e)b$c�d�n	o;u

10.10.3Floating Point Errors
Whatcangowrongwhenthedemois executedwith thefloatingpointkernel?

Whenasegmentor circle is addedacertainnumberof pointsonthesegmentor circleare
addedto p list. Therationalkernelguaranteesthat thesepointslie exactly on thesegment
or circle,respectively. Whentherat pointsareconvertedto points, they will lie only almost
on thecircleor segment.
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Considernow a scenethatconsistsof pointson two segments.TheDelaunaytriangula-
tion will containextremelyflat triangles.This cancausethecomputationof theDelaunay
diagramandtheVoronoidiagramto fail.

Crustis alsoa goodsourceof error. It computestheDelaunaydiagramof thepointsis
fp list plustheverticesof theVoronoidiagramof p list. Whenfp list containspointsthatlie
almoston a circle therewill bemany Voronoiverticesnearthecenterof thecircle andthe
Delaunaydiagramcomputationwill getconfused.This canleadto strangecrusts.
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convex hulls,2–21
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demo,3
divide-and-conqueralgorithm,21
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randomizedincrementalalgorithm,13
runningtime,17,18
sweepalgorithm,5

CONVEXHULL, 5, 16
IC, 8
RIC, 16
S, 5

CRUST, 71
curve reconstruction,70

dart,24
degeneracy, 3
DELAUNAY

DWYER, 45
FLIPPING, 41
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arbitrarydimension,157
checking,44,49
definition,38
Delaunaydiagram,46
demo,38
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essentialedge,46
Euclidianminimumspanningtree,50
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Guibas–Stolfialgorithm,45
implementationof flipping algorithm,41
largestangleproperty, 50
runningtime,46

DELAUNAY DIAGRAM, 48
delaunayedge info, 25
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delaunayvoronoi kind, 41
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3dhull and2dDelaunay, 160
annuli,69
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curve recosntruction,71
Delaunaytriangulation,38
dynamicDelaunaytriangulations,75
largestemptycircle,68
line segmentintersections,99
minimumspanningtree,51
point sets,75
polygons,125,154
smallestenclosingcircle,67
Voronoidemo:thecompleteprogram,162–178
Voronoidiagrams,53

dictionary
geometric,seedynamicDelaunaytriangulations

divide-and-conquerparadigm
Delaunaytriangulation,45

dualitybetweenVoronoiandDelaunaydiagrams,55
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checking,79
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runningtime,95,97
walk througha triangulation,81

edge vector, 30,62
errors

booleanoperationson polygons,155
convex hull with floatingpoint arithmetic,7
sweepsegments,122

Euclidianminimumspanningtree,50
extremepoint,4

F DELAUNAY TRIANG, 41
F VORONOI, 55

gen polygon, seepolygons
generalpositionassumption,3
generalizedpolygons,seepolygons
geometricdictionary, seedynamicDelaunay

triangulations
geometricgraph,29
geometricobjects

polygons,seepolygons
geometryalgorithms

convex hulls,seeconvex hulls
degeneracy, 3
Delaunaytriangulations,seeDelaunaytriangulations
dynamicDelaunaytriangulations,seedynamic

Delaunaytriangulations
generalpositionassumption,3
higher-dimensionalalgorithms,see

higher-dimensionalgeometry
line segmentintersection,seeline segment

intersections
triangulations,seetriangulations
verificationof geometricstructures,seeverificationof

geometricstructures
Voronoidemo:thecompleteprogram,162–178
Voronoidiagrams,seeVoronoidiagrams
width of apoint set,16

graphalgorithms
checking,seeprogramchecking

higher-dimensionalgeometry, 156–162
convex hulls,157
Delaunaytriangulations,157
demo,160
higher-dimensionalkernel,156
lifting map,158
paraboloidof revolution,158
simplicial complex, 157

higher-dimensionalkernel,156

incrementalconstructionparadigm
analysis,13
convex hull, 8

interpolation,22
Is C Increasing, 31
Is C Nondecreasing, 31
Is CCWConvex FaceCycle, 34
Is CCWOrdered, 32
Is CCWOrdered PlaneMap, 32
Is Convex Subdivision, 34
Is DelaunayDiagram, 49
Is DelaunayTriangulation, 44
Is Triangulation, 34
Is Voronoi Diagram, 63

LARGESTEMPTYCIRCLE, 68
lifting map,158
line segmentintersections,97–124

aymptoticrunningtimes,101
demo,99
functionality, 98
runningtime,101,123
sweepline algorithm,seesweepline paradigm

MIN AREAANNULUS, 70
MIN SPANNINGTREE, 50
MIN WIDTH ANNULUS, 70
MULMULEY SEGMENTS, 100

nearestneighborqueries,76

paraboloidof revolution,158
perturbation,84,136
point set, seedynamicDelaunaytriangulations
polygons,124–156

area,128,133
boundary, 129
closure,129
complement,127,129,137
declaration,127
demo,125,154
determiningtheorientation,135
edges,127
functionality, 124
generalizedpolygons

area,130
boundarycycles,131
checking,141
constructors,130
difference,131
implementation,140–156
implementationof booleanoperations,143
intersection,131
is empty, 130
is full, 130
polygons, 131
region of, 130
representation,140
runningtime,154
sideof, 130
symmetricdifference,131
theory, 137–140
union,131

implementation,132–137
inside, 128



182 Index

interior, 129
intersectionwith line or segment,127
is simple, 127
is weaklysimple, 127
on boundary, 128
outside, 128
point containment,135
region of, 128,135
regular, 129
regularizedsetoperations,129
runningtime,155
side of, 127
simplepolygon,124
vertices,127

programchecking
geometricstructures,seeverificationof geometric

structures
key experience,29
monotonicityof sequences,30
orderof adjacency lists,32
representationof polygons,141

rangesearch,76
rat gen polygon, seepolygons
rat point set, seedynamicDelaunaytriangulations
rat polygon, seepolygons
regularizedsetoperations,129
rotatingcalibermethod,17
runningtime

convex hull, 17,18
Delaunaytriangulations,46
line segmentintersections,101,123
nearestneighborsearch,95,97
polygons,155
sweepline algorithm,123
triangulations,28

SEGMENTINTERSECTION, 98
simplicial complex, 157
SMALLESTENCLOSINGCIRCLE, 67
SORTEDGES, 32
subdivision,29
subdivison

conex, 34
sweepline paradigm

convex hull, 5
line segmentintersections,102–124

algorithm,102
asymptoticrunningtime,102

experimentalevaluation,122
implementation,105–122
runningtime,123
Y-structure,102

triangulations,26
SWEEPSEGMENTS, 102

testing,29
TRIANGULATE POINTS, 26
triangulations,seeDelaunaytriangulations,21–29

barycentriccoordinates,23
checking,34
dart,24
definition,21
interpolation,22
largestangleproperty, 50
representationasplanargraphs,23
runningtime,28

TRIVIAL SEGMENTS, 100

verificationof geometricstructures,29–38
convex subdivisions,34
convexity of faces,33
Delaunaydiagrams,49
Delaunaytriangulations,44
monotonicityof sequences,30
orderof adjacency lists,32
Voronoidiagrams,61

visualdebugging,29
VORONOI, 55
Voronoidemo:thecompleteprogram,162–178
Voronoidiagrams,seeDelaunaytriangulations,52–73

annulus,68
checking,61
curve reconstruction,70
definition,52
demo,53,67–69,71
diagramof line segments,72
duality to Delaunaydiagrams,55
functionality, 55
furthestsite,55
largestemptycircle,67
representation,52
smallestenclosingcircle,67

walk througha triangulation,81
WIDTH, 16
width of apoint set,16


