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Sampling Analysis using Correlations for Monte Carlo Integration

Part 2: Error Analysis

Gurprit Singh
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Monte Carlo Integration
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Monte Carlo Integration
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Error as Noise during Monte Carlo Integration
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Randomly Jitteread
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Jitter Poisson Disk
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Random Jitter Poisson Disk
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Variance

-

ariance Convergence Rate of Samplers

— Rgndom

Number of Samples
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Variance

ariance Convergence Rate of Samplers
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Number of Samples
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Overview

e Error Formulation in the Spatial Domain
e Error Formulation in the Fourier Domain
e Practical Results

e Conclusion: Design Principles
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Overview

e Error Formulation in the Spatial Domain
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Error in Monte Carlo Integration

1
True Integral: I :/ f(x)dx
0

Monte Carlo Estimatio I i ( )f( ) 1 i\f:f(xk)
nte Carlo Estimation: — Wi (T ) T (XTk —
k=1 N l.—1 p(xk)

Error: A=1—1T

20



Error in Monte Carlo Integration

I=Y wp(z)f(zr)
k=1
Error: A=171 —17T

Over multiple realizations:

.9 :
Error = Bias® + Variance
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Error in Monte Carlo Integration
I = iwk(xk)f(:ck)
Error: A =1 — 1T

Over multiple realizations:
. [ J 2 [ J
Error = Bias® 4+ Variance

Bias: Al =E[l —I|=E[I] - 1I
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Error in Monte Carlo Integration

I=2 wy(xy)f(xy)

Over multiple realizations:

Bias:

Error: A=17 — T

. 9 :
Error = Bias® + Variance

U[A]
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Error in Monte Carlo Integration
I = iwk(xk)f(:ck)
Error: A =1 — 1T

Over multiple realizations:
. [ J 2 [ J
Error = Bias® 4+ Variance

Bias: Al =E[I] - I

N "\

Variance: Var[l] = E[I?] — E[I]?
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Error: Bias and Variance

I=2% wy(xy)f(xy)

Bias:

°[A]

e

25

Variance:

A

Var(I]

f(x)dx



Campbell's Theorem

| san)| = [ f@A@)da
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Campbell's Theorem

f(x) f(y)o(x,y)dxdy

\
=
&
T
|
=
=
=
=
=~
&
=
&
S
&
T
|

_k:]_ Rd J,k RdXRd

constant constant varying
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Campbell's Theorem

— N — B ]
g Zf(:ek) = f(x)A(x)dx ) Zf(iﬁjafk) Z/ f(x)f(y)o(z,y)dzdy
1 ) Rd ik R4 x R4
A(z)
First ordler pr'oduc.t density | Q(aj‘, y)
s RGN e i Second order product density
Expected number of points around = & y
Measures the joint probability p(z, y)
constant constant varying
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Error: Bias and Variance

Bias: 43[A]:—I Variance: Var{l] =E

I = > wi(a) f (@)
=1
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Error: Bias Term

Bias: E[A|= — I

I = > wi(a) f (@)
=1
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Error: Bias Term

Bias: E[A|= — I

e ||=E |:Z wk(wk)f(ﬂi‘k)i|
k=1




Error: Bias Term

Bias: E|A|= — I

Using Campbell's Theorem
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Error: Bias Term

Bias: 43[A]:—I
- /V w(z) ()M x)dz
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Error: Bias Term

Bias: 43[A]:/Vw(x)f(x))\(x)daz—l

w(z) =1/A(x) — E[A] =0

Bias goes to zero
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Error: Bias Term

For fixed sample count /V

Bias: B[A]= [ w(@)f(@)A@)da—1 \) = Np(a)

w(z) =1/A(x) — E[A] =0

N | N f
Bias goes to zero k=1 .
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Error: Bias Term

For fixed sample count /V

Bias: B[A]= [ w(@)f(@)A@)da—1 \) = Np(a)

w(z) =1/A(x) — E[A] =0

N | N f
Bias goes to zero k=1 .
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Error: Bias Term

For fixed sample count /V

Bias: 43[A]:/Vw(x)f(x))\(x)daz—l

A(z) = Np(z)

i1 Nf
:NZ

kzl

w(z) =1/A(x) — E[A] =0

Bias goes to zero

Monte Carlo estimator is unbiased
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Error: Variance Term
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Error: Variance Term

I=>% wy(zy)f(z) -
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Error: Variance Term

I=>% wy(zy)f(z) -

40




Error: Variance Term

I=2% wy(xy)f(xy) -

T

Using Campbell's Theorem

41

(P =E| Y w(z;)f(z;)w(ze)f(zp)|+E

3[12] = /V (@)@ (y) el p)dady + | (wia)s(@)*A@)ds



Error: Variance Term
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Error: Variance Term

43



Error: Variance Term

A

Var|l

Varl 1] = /V  w@f @) ela,y)dedy + / (w(@) f(2))?A(z)da

44

Oztireli [2016]



Error: Variance Term

For an unbiased
Monte Carlo Estimator

Varl 1] = /V  w@f @) ela,y)dedy + / (w(@) f(2))?A(z)da
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Error: Variance Term

For an unbiased

Monte Carlo Estimator w(x )

A

Var|l| =

46

L/A(x)



Error: Variance Term

For an unbiased

Monte Carlo Estimator w(x )

A

Var|l| =

47

L/A(x)



Error: Variance Term

For an unbiased

Monte Carlo Estimator w(x )

A

Var|l| =

48

L/A(x)



Error: Variance Term

For an unbiased B
Monte Carlo Estimator w(z) = 1/A(z)

Varil)= [ w(@) @)/ el y)dady
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Error: Variance Term

For an unbiased
Monte Carlo Estimator

Va?“[f] — /va f(x)f(y) o[z, y) dxdy
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Error: Variance Term

For an unbiased
Monte Carlo Estimator

Va?“[f] — /va f(x)f(y) o[z, y) dxdy
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Error: Variance Term

For an unbiased
Monte Carlo Estimator

Va?“[f] — /va f(x)f(y) o[z, y) dxdy
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Error: Variance Term

For an unbiased
Monte Carlo Estimator

- Q(i,y) f(x)Q 2
varlll = | T@I05e5 G+ [ S 1

Second order correlations First order correlations

Variance only depends on the first and the second order correlations
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Error: Variance Term
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Stationary Point Processes

— )\ is a constant

— \g(x —

Stationary
translation invariant



Variance for Stationary Point Processes
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Variance for Stationary Point Processes

AMz) = A
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Variance for Stationary Point Processes

o(z,y) = Ng(z —y)

vl =z | f@iWet ety + [ faya - 1
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Variance for Stationary Point Processes

o(z,y) = Ng(z —y)

Varill =55 | S@f 0¥ —dedy + 5 [ f@Pde 1
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Variance for Stationary Point Processes

o(z,y) = Ng(z —y)
Arrangements Density

Varill =55 | S@f 0¥ —dedy + 5 [ f@Pde 1

g=1 g>1 g <1

Poisson Processes Clusters Well distributed
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Variance for Stationary Point Processes

h=x—vy

Varill =55 | S@f 0¥ —dedy + 5 [ f@Pde 1

o1



Variance for Stationary Point Processes

h=x—vy

vaill = 35 [ f@)i—m gdedn + 5 [ fapds -
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Variance for Stationary Point Processes

h=x—1y

1
vari| = 5 [ S@Pdots [ f@)fe - m¥Rgdedn - 1
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Variance for Stationary Point Processes

Var(l /f )Ydx  + //f h)dedh — — I?

Autocorrelation: af(h) = /f(a’;)f( —

o4



Variance for Stationary Point Processes

Var / flx)de + —2 af(h)g(h)dh — I°
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Variance for Stationary Point Processes

Varll] = 5 | f@)de + = [ ag(h)g(h)dh — I?

Oztireli [2016]
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Variance for Stationary Point Processes

Var{I] = i\ f(z)*dz 4+ il ar(h)g(h)dh — I°

f(z,y)

Oztireli [2016]

o/



Variance for Stationary Point Processes

Var / flz)*dx + —2 ar(h)g(h)dh — I°
1%

Autocorrelation

f(z,y)

Oztireli [2016]
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Variance for Stationary Point Processes

Var / flz)*dx + —2 ar(h)g(h)dh — I°
1%

Autocorrelation PCF

f(z,y)

Oztireli [2016]
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Variance for Stationary Point Processes

Var / flz)*dx + —2 ar(h)g(h)dh — I°
1%

Autocorrelation PCF

’\0..0...

h)g

h)

Oztireli [2016]

f(z,y)
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Uniform and Isotropic Jittered Samples

Regular grid Uniform Jitter Isotropic Jitter

Rammamoorthi et al.[2012] Oztireli 2016

[a



Uniform and Isotropic Jittered Samples

Circle light Circle light Square light Square light

(a) Uniform jitter (b) Random jitter (c¢) Uniform jitter (d) Random jitter
(RMS 6.59%) (RMS 8.32%) (RMS 13.4%) (RMS 10.4%)

Rammamoorthi et al.[2012]
(2



Uniform and Isotropic Jittered Samples

Reference Random Jitter  Uniform Jitter  Isotropic Jitter

2 { » v;
. : \-l‘ -
3 72 i’ e ',o'o}.,?,"
Lo :" .‘l .“

RMS 10.92%) (RMS 11.77% (RMS 8.77%)

73

Oztireli [2016]



e Error Formulation in the Fourier Domain

4



Variance for Stationary Point Processes

Var(l / f@) de — — [ ag(h)g(h)dh — I?
y

Relation between the Spatial and Fourier Statistics

Flag)(v) = Prv)

Power spectrum

(Psy (1)) = AG(v) + 1

lfs



Variance for Stationary Point Processes

Spatial 7 / f(x)?de — = ag(hg(hydh — I

Formulation

Flag) () = Ps(v)

Power spectrum

Fourier Var[f] — /Q ‘E<7DSN (y)>73f(u)dv — Pf(o)

Formulation

| E(Psy (v)) = AG(v) +1§

/6



Samples and function in Fourier Domain

Spatial Domain Fourier Domain
S(w)

S

-W 0 W

Fa) f(w)

|

-W 0

NI S 4



Sampling in Primal Domain is Convolution in
Fourier Domain

Fredo Durand [2011]
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Sampling in Primal Domain is Convolution in
Fourier Domain

Fredo Durand [2011]
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Aliasing In Reconstruction

Low Sampling Rate High Sampling Rate

NP 80




Aliasing In Reconstruction

Low Sampling Rate High Sampling Rate

NP 81




Error in Monte Carlo Integration

Low Sampling Rate High Sampling Rate

NP 82

Error In

Integration



Aliasing (Reconstruction) vs. Error (Integration)

Fredo Durand [2011]
Belcour et al. [2013]

'1" Error in
o I ' ' Integration
Aliasing l \
- 0




Monte Carlo Estimator

N 1 N
o= Y@ = [ 300 8@ a7 [ S i
N o Vi : o §
Sn(Z) = %25(5 — (%)

Fredo Durand [2011]
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Samples Power Spectrum

Poisson Disk

Samples

e

5
""‘%}"3,: %




Samples Power Spectrum

I /1 SN (7) f ()

Spectrum

Samples

SI(] UOSSIOd

—1
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Samples Power Spectrum

Samples

Poisson Disk




Expected Sampling Power Spectra

Samples

Poisson Disk




Expected Sampling Power Spectra

Samples

Poisson Disk




Expected Sampling Power Spectra

f:/ol S () £() dF

Samples —Xpected Spectrum

Poisson Disk

1 XM
< [PSN (V)] — N Z e 2TV Tk
k=1
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Monte Carlo Integration in Fourier Domain

[ = /O S () /(2) dF = /Q Fon (1) Fi(v)dv

Using Convolution theorem
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Monte Carlo Integration in Fourier Domain

[ = /Q./TSN(V)./T}k(V)dV
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Monte Carlo Integration in Fourier Domain

[ = /Q./—'.SN(V)./T;(V)CZV 1 :/Vf(m)dCC: F(0)
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Monte Carlo Integration in Fourier Domain

[ = /Q./—'.SN(V)./T;(V)CZV 1 :/Vf(m)dCC: F(0)

Error: A =1—1
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Error: Bias Term

Error: A = /Q]:SN (v)Fr(v)dv — F¢(0)

Bias: 43[A]:/Q U Fsy W) Fy(v)dv — Fr(0)
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Error: Bias Term

Error: A = /Q]:SN (v)Fr(v)dv — Fr(0)

Bins: E[A]= | E[Fs, ()] Fj0)dv — F4(0)

@ | Fsy (V)] = 6(v) Bias goes to zero

Subr and Kautz [201 3]
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Error: Variance lerm

Error: A = /Q]:SN (v)Fr(v)dv — Fr(0)

Variance: Var{A]

97



Error: Variance lerm

Error: A = /Q]:SN (v)Fr(v)dv — Fr(0)

Variance: Var[A] = Var[l — I
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Error: Variance lerm

Error: A = /Q]:SN (v)Fr(v)dv — Fr(0)

Variance: Var[A] = Var[l — I] = Var{I] — Var{I]
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Error: Variance lerm

Error: A = /Q]:SN (v)Fr(v)dv — Fr(0)

Variance: Var[A] = Var[l — I] = Var{l] — Var{I] = Var[I]
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Error: Variance lerm

Error: A = /Q]:SN (v)Fr(v)dv — Fr(0)

Variance: Var{A] = Var(l

101



Error: Variance lerm
VLN‘[A] = Var[f ]
FError: A = / Fsn (V) F7(v)dv — Fp(0)
()

Variance: Var{A] = /Q Var[Fsy ()] F3 () Fp(w)dv — Var[Fy(0)

Var|Xa| = Var|X|] a™a "
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Error: Variance lerm
VLN‘[A] = Var[f ]
FError: A = / Fsn (V) F7(v)dv — Fp(0)
()

Variance: Var{A] = /Q Var[Fsy ()] F3 () Fp(w)dv — Var[Fy(0)

Var|Xa| = Var|X|] a™a
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Error: Variance lerm

Variance: Var[I] = /Q Var|Fsy (V)] F7(v)Fr(v)dv

104



Error: Variance lerm

Variance: Va,r = / Var|Fs, (V
Q
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Error: Variance lerm

Variance: Var|l / Var|Fs, (v (v)dv
Q
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Variance of Monte Carlo Integration in Fourier Domain

Var(I] = /Q/O L [Psy (V)] P (v)dv

107



Variance of Monte Carlo Estimator

47’5N(V)] Pr(v)

A

Varll] = . X dv
Fredo Durand [2011]
SN(f) Subr & Kautz [2013]
. Pilleboue et al. [2015]
%’
.
.D%_
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Variance of Monte Carlo Estimator for Isotropic Sampling Spectra

% [Ps(pm) P (pn)

Pilleboue et al. [2015
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Variance of Monte Carlo Estimator for Isotropic Sampling Spectra

% [Ps(pm) P (pn)

an dp

Pilleboue et al. [2015
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Variance of Monte Carlo Estimator for Isotropic Sampling Spectra

e

Var(l| =

Pilleboue et al. [2015
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Variance of Monte Carlo Estimator for Isotropic Sampling Spectra

Psa(p) Py (pn)

e

Var(l| =

Pilleboue et al. [2015
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Variance of Monte Carlo Estimator for Isotropic Sampling Spectra

e

Var(l| =

755’N(/0)

Wv X

113

Pr(p)

AN

ap

Pilleboue et al. [2015



Variance of Monte Carlo Estimator for Isotropic Sampling Spectra

e

Var|l| =

7SSN(/0)

% X

Pr(p)

Samplers

Random

Worst Case

Best Case

Poisson

Disk

CCVT

114

Pilleboue et al. [2015



Variance: Product of Power Spectra

Integrand Power Spectrum

Sampling Power Spectrum
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Variance: Product of Power Spectra

Integrand Power Spectrum

Sampling Power Spectrum
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Variance: Product of Power Spectra

Integrand Power Spectrum

Sampling Power Spectrum




Jitter vs Poisson Disk Radial Power Spectra

(N ) 2_
Q:. i
2 e .
C * o s |
O = 1r
= ) o
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Frequency
2_
x L
9D
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Frequency




Jitter vs Poisson Disk Radial Power Spectra

Z00m-in

Jitter
-

1 g Frequency

Poisson Disk




Variance of Monte Carlo Estimator for Isotropic Sampling Spectra

Var(I] :/() pd_l JM/ X \ dp

|sotropic Spectrum
Poisson Disk

Samplers | Worst Case | Best Case
Random C’)(N_l) O(N_l)
Poisson Disk C’)(N_l) O(N_l)

CCVT O(N_1'5) O(N_S) Pilleboue et al. [2015]
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Latin Hypercube Sampler (N-rooks)

Slide after Wojciech Jarosz
121



Latin Hypercube Sampler (N-rooks)

Initialize
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Latin Hypercube Sampler (N-rooks)

Shuffle rows
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Latin Hypercube Sampler (N-rooks)

124



Latin Hypercube Sampler (N-rooks)

Shuffle columns

125



Latin Hypercube Sampler (N-rooks)

126



Latin Hypercube Sampler (N-rooks)

127



Anisotropic Sampling Power Spectra

N-rooks /
Latin Hypercube

N-rooks
Spectrum
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Anisotropic Sampling Power Spectra

N-rooks /
L atin Hypercube Spectrum
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Anisotropic Sampling Power Spectra

N-rooks /
Latin Hypercube

N-rooks
Spectrum
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Anisotropic Sampling Power Spectra

.N—rooks / N-rooks Jitter Jitter
Latin Hypercube Spectrum

Spectrum

131



Anisotropic Sampling Power Spectra

N-rooks /
Latin Hypercube

Multi-ditter
Spectrum

N-rooks Multi-ditter
Spectrum

Chiu et al. [1993]
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Anisotropic Sampling Power Spectra

N-rooks /
Latin Hypercube

Multi-ditter
Spectrum

N-rooks Multi-|itter
Spectrum

Chiu et al. [1993]
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Anisotropic Sampling Power Spectra

N-rooks /
Latin Hypercube

Multi-ditter
Spectrum

N-rooks Multi-|itter
Spectrum

Chiu et al. [1993]
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Sampling in Higher Dimensions



4D Sampling

2D 2D
: (z1,91) (uy,v1)
@
: (T2, 92) (u2, v2)
@
i o o o ($37y3) (U37U3)
Yi‘ ° : ($47y4) (U4,U4)
¢ ® O : o O I . .
v '. ¢ i o . 4D
o ° °° L . o °© o ($17y17u377]3)
e . -..* ° (T2, Y2, u1,v1)
: ° ¢ X ($3,y3,U4,”04)
. (T4, Y4, uz, v2)
U Rob Cook [1986]
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4D Sampling

2D 2D
Uncorrelated 7. (21, Y1) (w1, v1)
Jiter \.'\ (2, Y2) (U2, v2)
— ] T (@ ws) S (s, vs)
\\\\Y\\\\ ) 7 G o
Ve \\ : '\ : :
e~ ~ o \‘\ T 4D
\\' o ‘\' ° (a717ylvu3vv3)
\\ B " R (T2, Y2, u1, V1)
= \‘\ X (73, Y3, Ug, Vg)
\\‘ (T4, Ya, U2, v2)
U~ Rob Cook [1986]
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4D Sampling

Uncorrelated
Poisson Disk

Rob Cook [1986]

138

2D 2D
(551,y1) (uhvl)
(x2792) (uQaU?)
; (23, y3) (us, v3)
- (T4,94) 7 > (ua, v4)
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4D Sampling Spectra along Projections



©J108dg so|dues
MSI(] UOSSIOd MSI(] UOSSIOd

4D Sampling Spectra along Projections



How can we perform Convergence Analysis
for Anisotropic Sampling Spectra



Variance Formulation for Anisotropic Sampling Spectra

%[ Psy (
Va/r / . .

N-rooks spectrum Integrand spectrum

S (T)

N-rooks

143



Variance Formulation for Anisotropic Sampling Spectra

PSN le Pf (pn)

Var{l /dl/
Sd—1

144

an dp




Variance Formulation for Anisotropic Sampling Spectra

8| Ps,(pm) P (pn)

dpdn
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Variance Formulation for Anisotropic Sampling Spectra

) [PSN(IOk ﬂk)] Py (PN )

dpdn
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Variance Formulation for Anisotropic Sampling Spectra

PSN Pkﬂk r(prng)

Var[[ | =

147



Variance Formulation for Anisotropic Sampling Spectra

) [PSN(IOIC ﬂk)] Py (PN )

Var = lim Z

m—)oo

148

Ank



Var

Variance Formulation for Anisotropic Sampling Spectra

= lim Z 4 [PSN(Pka)] X Pf(pknk) dp Ank

m—)oo
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Variance Formulation for Anisotropic Sampling Spectra

150



Variance Formulation for Anisotropic Sampling Spectra

151



Convergence Analysis for Anisotropic Sampling Spectra

Power Spectrum Radial Power Spectrum
5 Along canonical axes
5
al
Frequency
Jittered Spectrum Profile
g Other directions
=|— i
al
Frequency

e
Random Spectrum Profile
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Convergence Analysis for Anisotropic Sampling Spectra

Power Spectrum Radial Power Spectrum
5 Along canonical axes
5
al
Frequency
Jittered Spectrum Profile
g Other directions
=|— i
al
Frequency

e
Random Spectrum Profile

153



Véfrga?ce due to N-rooks Sampler
L

PSN
Vajr / . . / .

N-rooks spectrum  Integrand spectrum
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Véfrggpce due to N-rooks Sampler
L

775 N (
()

N-rooks spectrum  Integrand spectrum

/ dv
()

N-rooks spectrum  Integrand spectrum
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Variance Convergence of Latin Hypercube (N-rooks)
(Psi (V)

Pr(v)

Pixel A

Pixel B

10'4.

107°
D
&

107 © —1
s O(N™1)
©
=

10719

1072 O(N_Q)

. Number of sSamples
1 10 100 1000 10% 10° 104\I
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Non-Axis Alighed Integrand Spectra

Integrand Spectrum

157



Non-Axis Alighed Integrand Spectra

<7)SN (V)>

Multi-jittered Samples Sampling Spectrum  Integrand Spectrum
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Shearing Multi-Jittered Samples

DRV
RN

DRV
DRR RN

Sheared Samples Sheared Spectrum Integrand Spectrum




How can we determine the sample shearing parameters ?

DRV
RN

DRV
DRR RN

Sheared Samples Sheared Spectrum Integrand Spectrum

(Psw (1)) Pr(v)

160



Frequency Analysis of Light Transport



Related Work

Frequency Analysis of Light Transport Durand et al. [2005]
Depth of Field Soler et al. [2009]

Motion Blur Egan et al. [2009]

Ambient Occlusion Egan et al. [2011] and more...
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Related Work

Frequency Analysis of Light Transport Durand et al. [2005]
Depth of Field Soler et al. [2009]
Motion Blur Egan et al. [2009]

Ambient Occlusion Egan et al. [2011] and more...
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Related Work




Depth of Field Analysis

’4/0 Q It U/‘e
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Depth of Field Analysis

’40 Q It U/‘e
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Depth of Field Analysis

focal plane /
virtual image plane

1D Aperture

U
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Depth of Field Analysis

focal plane /
virtual image plane

1D Aperture

e O e S I T 3
0 1
U
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Depth of Field Analysis

Ray Space
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XU Slices
Durand et al. [2005]
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Depth of Field Analysis
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Depth of Field Analysis
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Depth of Field Analysis
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Depth of Field Analysis
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Light Field gets Sheared
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Spectra along Different Projections
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Spectra along Different Projections
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Spectra along Different Projections
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e Practical Results
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Variance Analysis of Jittered Strategies
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Variance Analysis of Jittered Strategies
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Variance Analysis of Jittered Strategies
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Variance Analysis of Jittered Strategies
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Variance Analysis of Jittered Strategies
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Convergence Analysis of Jittered Strategies
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Original Uncorrelated-Multidittered Samples
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Convergence improvement after Shearing
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Original Uncorrelated Multi-jittered Samples
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Sheared Uncorrelated Multi-jittered Samples
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Variance Heatmap

With Original Samples Multiple images

Uncorrelated Multi-jitteread
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Variance Heatmap

With Original Samples With Sheared Samples
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e Conclusion: Design Principles
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Challenging Cases: XU & YV Projections
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Design Principles for New Sampling Patterns
Multi-Jittered Spectra Desired Sampling Spectra
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Design Principles for New Sampling Patterns
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Design Principles for New Sampling Patterns

Integrand Spectrum Desired Sampling Spectra

In both XU and YV Projections

Singh and Jarosz [2017]
196



Point processes to understand
.$isseerrorin integration

Closed-form formulas
amenaple to analysis

Only 1st & 2nd order
statistics needed
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Future Directions

Sampling patterns with
adaptive density & correlations

General domains &
local scene analysis

Anti-aliasing & reconstruction
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