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Tutorials for “Automated Deduction for Equational Logic”

Exercise sheet 1

Exercise 1.1:

For fixed positive integers p and q, we study the reduction system (N,−→) where −→ is given
by n + p −→ n and n + q −→ n for all n ∈ N.

a) Is −→ confluent if p = 4 and q = 6?

b) What if p divides q?

Exercise 1.2:

Now consider (N,−→) where 2n −→ 3n and 5n −→ 7n for all n ∈ N.

a) Show that 14←→ 10 and 28←→∗ 45.

b) Determine all −→-chains that start from 150.

c) Which are the irreducible elements of N?

d) Prove that −→ is terminating.

Exercise 1.3:

The following properties have been proven in the lecture:

(i) If −→ is confluent, then every element has at most one normal form.

(ii) If −→ is normalizing and confluent, then every element has a unique normal form.

Do the converse implications hold as well?

Exercise 1.4:

A relation −→ is called finitely branching if each element has only finitely many direct suc-
cessors, and bounded if for each element the length of all chains starting from it is bounded,
i. e. ∀x.∃n ∈ N. 6 ∃y. x −→n y.



a) Is every terminating relation finitely branching?

b) Is every terminating relation bounded?

c) Give an example of a terminating relation that is bounded, but not finitely branching.

d) Show that if −→ is finitely branching, then −→ is terminating if and only if −→ is bounded.

Exercise 1.5:

Let A denote the set of (finite) words over the alphabet {a, b}, and let −→ be given by
xbay −→ xaby for arbitrary prefixes x ∈ A and suffixes y ∈ A. Analyze termination and
confluence of −→.

Put your solution into the mail box at the door of room 617 in the MPI building (46.1) before
the upcoming lecture, or submit it to the lecturer at the beginning of that lecture.

Note: In case of group work, write the names of all group members (not more than three!) on
a single solution sheet. Do not submit several identical solution sheets.


