Improved approximation for Fréchet distance on c-packed curves

matching conditional lower bounds
(extended abstract)

Karl Bringmann* Marvin Kiinnemann'

July 7, 2014

Abstract

The Fréchet distance is a well-studied and very popular measure of similarity of two curves.
The best known algorithms have quadratic time complexity, which has recently been shown to
be optimal assuming the Strong Exponential Time Hypothesis (SETH) [Bringmann FOCS’14].

To overcome the worst-case quadratic time barrier, restricted classes of curves have been
studied that attempt to capture realistic input curves. The most popular such class are c-
packed curves, for which the Fréchet distance has a (1 + ¢)-approximation in time O(cn/e)
[Driemel et al. DCG’12]. In dimension d > 5 this cannot be improved to O((cn/\/e)'~?) for
any ¢ > 0 unless SETH fails [Bringmann FOCS’14].

In this paper, exploiting properties that prevent stronger lower bounds, we present an im-
proved algorithm with runtime @(cn/ v/€). This is optimal in high dimensions apart from lower
order factors unless SETH fails. Our main new ingredients are as follows: For filling the clas-
sical free-space diagram we project short subcurves onto a line, which yields one-dimensional
separated curves with roughly the same pairwise distances between vertices. Then we tackle
this special case in near-linear time by carefully extending a greedy algorithm for the Fréchet
distance of one-dimensional separated curves.
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1 Introduction

The Fréchet distance is a very popular measure of similarity of two given curves and has two classic
variants. Roughly speaking, the continuous Fréchet distance of two curves m,o is the minimal
length of a leash required to connect a dog to its owner, as they walk without backtracking along 7
and o, respectively. In the discrete Fréchet distance we replace the dog and its owner by two frogs
— in each time step each frog can jump to the next vertex along its curve or stay where it is.

In a seminal paper in 1991, Alt and Godau introduced the continuous Fréchet distance to
computational geometry [4, 19]. For polygonal curves 7 and o with n and m vertices!, respectively,
they presented an O(nmlognm) algorithm. The discrete Fréchet distance was defined by Eiter
and Mannila [18], who presented an O(nm) algorithm.

Since then, Fréchet distance has become a rich field of research: The literature contains gener-
alizations to surfaces (see, e.g., [3]), approximation algorithms for realistic input curves ([5, 6, 17]),
the geodesic and homotopic Fréchet distance (see, e.g., [12, 15]), and many more variants (see,
e.g., [9, 16, 22, 24]). As a natural measure for curve similarity [2], the Fréchet distance has found
applications in various areas such as signature verification (see, e.g., [25]), map-matching tracking
data (see, e.g., [7]), and moving objects analysis (see, e.g., [10]).

Apart from log-factor improvements [1, 11] the quadratic complexity of the classic algorithms for
the continuous and discrete Fréchet distance are still the state of the art. In fact, the first author
recently showed a conditional lower bound: Assuming the Strong Exponential Time Hypothesis
(SETH) there is no algorithm for the (continuous or discrete) Fréchet distance in time O((nm)'~°)
for any 6 > 0, so apart from lower order terms of the form 7°(") the classic algorithms are optimal [8].

In attempts to obtain faster algorithms for realistic inputs, various restricted classes of curves
have been considered, such as backbone curves [6], k-bounded and k-straight curves [5], and ¢-low
density curves [17]. The most popular model of realistic inputs are c-packed curves. A curve w
is c-packed if for any point z € R? and any radius 7 > 0 the total length of 7 inside the ball
B(z,r) is at most cr, where B(z,7) is the ball of radius r around z. This model has been used
for several generalizations of the Fréchet distance, such as map matching [14], the mean curve
problem [21], a variant of the Fréchet distance allowing shortcuts [16], and Fréchet matching queries
in trees [20]. Driemel et al. [17] introduced c-packed curves and presented a (1+¢)-approximation for
the continuous Fréchet distance in time O(en/e+cnlogn), which works in any R?, d > 2. Assuming
SETH, the following lower bounds have been shown for c-packed curves: (1) For sufficiently small
constant € > 0 there is no (1 4 ¢)-approximation in time O((cn)'~%) for any § > 0 [8]. Thus, for
constant ¢ the algorithm by Driemel et al. is optimal apart from lower order terms of the form
n°1). (2) In any dimension d > 5 and for varying € > 0 there is no (1 + ¢)-approximation in time
O((en//€)'79) for any 6 > 0 [8]. Note that this does not match the runtime of the algorithm by
Driemel et al. for any € = n~? and constant b > 0.

In this paper we improve upon the algorithm by Driemel et al. [17] by presenting an algorithm
that matches the conditional lower bound of [8].

Theorem 1.1. For any 0 < e < 1 we can compute a (1 + €)-approximation on c-packed curves for

the continuous and discrete Fréchet distance in time O(en/ /€).
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Specifically, our runtime is O( \/Elog(l/s) + cnlogn) for the discrete variant and

(’)(C—\/% log?(1/€) 4+ enlogn) for the continuous variant.

We want to highlight that in general dimensions (specifically, d > 5) this runtime is optimal
(apart from lower order terms of the form n°) unless SETH fails [8]). Moreover, we obtained

"'We always assume that m < n.



our new algorithm by investigating why the conditional lower bound [8] cannot be improved and
exploiting the discovered properties. Thus, the above theorem is the outcome of a synergetic effect
of algorithms and lower bounds?.

We remark that the same algorithm also yields improved runtime guarantees for other models
of realistic input curves, like k-bounded and k-straight curves, where we are also able to essentially
replace € by /¢ in the runtime bound. In contrast to c-packed curves, it is not clear how far these
bounds are from being optimal. We omit these results in this extended abstract.

Outline We give an improved algorithm that approximately decides whether the Fréchet distance
of two given curves 7,0 is at most §. Using a construction of [16] to search over possible values
of §, this yields an improved approximation algorithm. We partition our curves into subcurves,
each of which is either a long segment, i.e., a single segment of length at least A = ©(,/), or
a piece, i.e., a subcurve staying in the ball of radius A around its initial vertex. Now we run the
usual algorithm that explores the reachable free-space (see Section 2 for definitions), however, we
treat regions spanned by a piece 7’ of m and a piece ¢’ of ¢ in a special way. Typically, if 7, o’
consist of n’,m’ segments then their free-space would be resolved in time O(n'm’). Our overall
speedup comes from reducing this runtime to @(n/ + m/), which is our first main contribution. To
this end, we consider the line through the initial vertices of the pieces 7, ¢/, and project 7/, o’ onto
this line to obtain curves 7, 4. Since 7/, 0’ are pieces, i.e., they stay within distance A = ©(,/9) of
their initial vertices, this projection does not change distances from 7 to o significantly (it follows
from the Pythagorean theorem that any distance of approximately § is changed, by the projection,
by less than €d). Thus, we can replace 7/, ¢’ by &,6 without introducing too much error. Note
that 7,6 are one-dimensional curves; without loss of generality we can assume that they lie on
R. Moreover, we show how to ensure that 7,6 are separated, i.e., all vertices of 7 lie above 0 and
all vertices of ¢ lie below 0. Hence, we reduced our problem to resolving the free-space region of
one-dimensional separated curves.

It is known? that the Fréchet distance of one-dimensional separated curves can be computed
in near-linear time, essentially since we can walk along 7 and o with greedy steps to either find a
feasible traversal or bottleneck subcurves. However, we face the additional difficulty that we have
to resolve the free-space region of one-dimensional separated curves, i.e., given entry points on &
and &, compute all exits on 7 and 6. Our second main contribution is that we present an extension
of the known result to handle this much more complex problem.

Organization We start with basic definitions and techniques borrowed from [16] in Section 2.
In Section 3 we present our approximate decision procedure which reduces the problem to one-
dimensional separated curves. We solve the latter in Section 4. In the whole paper, we focus on
the continuous Fréchet distance. It is straightforward to obtain a similar algorithm for the discrete
variant, in fact, then Section 4.1 becomes obsolete, which is why we save a factor of log 1/ in the
running time. All omitted proofs and illustrations are included in the full version in the appendix.

2 Preliminaries

For z € R%, r > 0 we let B(z,r) be the ball of radius r around z. For i,j5 € N, i < j, we let
[i..7] := {4,i+1, ..., 7}, which is not to be confused with the real interval [i, j] = {x e R | i < = < j}.

2This yields one more reason why conditional lower bounds such as [8] should be studied, as they can show
tractable cases and suggest properties that make these cases tractable.

3We thank Wolfgang Mulzer for pointing us to this result by Matias Korman and Sergio Cabello (personal com-
munication). To the best of our knowledge this result is not published.



Throughout the paper we fix the dimension d > 2. A (polygonal) curve 7 is defined by its vertices
(71, ..,mn) with m, € R, p € [1..n]. We let |r| = n be the number of vertices of m and ||7|| be its
total length Z?:_ll lpi — pi+1]]. We write 7, 4 for the subcurve (mp, mpi1,...,mp). Similarly, for an
interval I = [p..b] we write 77 = m, 5. We can also view 7 as a continuous function 7: [1,n] — R?
with 7,10 = (1=A)mp+Amp4q for p € [1.n—1] and A € [0, 1]. For the second curve o = (01,...,0m)
we will use indices of the form o, 4 for the reader’s convenience.

Variants of the Fréchet distance Let ®,, be the set of all continuous and non-decreasing
functions ¢ from [0, 1] onto [1,n]. The continuous Fréchet distance between two curves 7,0 with n
and m vertices, respectively, is defined as

d = inf —
p(m o) = inf maxiepll7s, ) = ooao)l;
¢26¢'m
where ||.|| denotes the Euclidean distance. We call ¢ := (¢1, ¢2) a (continuous) traversal of (m, o),

and say that it has width maxyc(o 1) (|74, (¢) — Tgo(t)ll-

In the discrete case, we let A,, be the set of all non-decreasing functions ¢ from [0, 1] onto [1..n].
We obtain the discrete Fréchet distance dqp(w, o) by replacing ®,, and ®,, by A, and A,,. We
obtain an analogous notion of a (discrete) traversal and its width. Note that any ¢ € A, is a
staircase function attaining all values in [1..n]. Hence, (¢1(t), ¢2(t)) changes only at finitely many
points in time t. At any such time step, we jump to the next vertex in m or o or both.

Free-space diagram The discrete free-space of curves 7,0 is defined as Di smoo) = {(p,q) €
[1.n] x [1.m] | ||mp — o4]| < 8}. Note that any discrete traversal of m, o of width at most 0
corresponds to a monotone sequence of points in the free-space where at each point in time we
increase p or g or both. Because of this property, the free-space is a standard concept used in many
algorithms for the Fréchet distance.

The continuous free-space is defined as Des(m,0) := {(p,q) € [1,n] x [1,m] | ||7p, — o4l < }.
Again, a monotone path from (1,1) to (n,m) in Dgs(m, o) corresponds to a traversal of width at
most ¢. It is well-known [4, 19] that each free-space cell C; ; = {(p,q) € [i,i+1] x [j,j+1] | ||7p —
oql| <6} (for i € [1.n—1], 5 € [1..m —1]) is convex, specifically it is the intersection of an ellipsoid
with [¢,i+1] % [j, j+1]. In particular, the intersection of the free-space with any interval [i,i+1]x{j}
(or {i} x[j,j+1]) is an interval I 1’1] (or I7;), and for any such interval the subset that is reachable by
a monotone path from (1, 1) is an interval Rg ; (or R} ;). Moreover, in constant time one can solve

the following free-space cell problem: Given intervals Rﬁj C [i,i+1] x {j},R}’J C {i} x 4,7 +1],
determine the intervals RZ]-H Clii+ 1] x{j+1} R}, ,; € {i+1} x [j,j + 1] consisting of all
points that are reachable from a point in Rffj U R}, by a monotone path within the free-space
cell C; ;. Solving this problem for all cells from lower left to upper right we determine whether
(n,m) is reachable from (1,1) by a monotone path and thus decide whether the Fréchet distance

is at most 4.

From approximate deciders to approximation algorithms An approzimate decider is an
algorithm that, given curves 7,0 and 6 > 0,0 < € < 1, returns one of the outputs (1) dp(7,0) > §
or (2) dr(m,0) < (1 +¢€)d. In any case, the returned answer has to be correct. In particular, if
0 < dp(m,0) < (1+¢€)d the algorithm may return either of the two outputs.

Let D(m,0,d,e) be the runtime of an approximate decider and set D(w o,e) :=
maxs~o D(m,0,0,¢). We assume polynomial dependence on ¢, in particular, that there are constants
0 < ¢ < ¢z < 1 such that for any 1 < e < 1 we have ¢;D(m,0,¢/2) < D(m,0,¢) < coD(m,0,¢/2).



Driemel et al. [17] gave a construction of a (1 + ¢)-approximation for the Fréchet distance given an
approximate decider. (This follows from [17, Theorem 3.15] after replacing their concrete approxi-
mate decider with runtime “O(N (e, 7, 0))” by any approximate decider with runtime D(7,0,¢).)

Lemma 2.1. Given an approximate decider with runtime D(w,o,e) we can construct a (1 + €)-
approximation for the Fréchet distance with runtime O(D(ﬂ', 0,€)+ D(m,0,1)log n)

3 The approximate decider

Let 7,0 be curves for which we want to (approximately) decide whether dp(m, o) > § or dp(m,0) <
(1 4+ ¢€)d. We modify the curve 7 by introducing new vertices as follows. Start with the initial
vertex mp as current vertex. If the segment following the current vertex has length at least A =
Ac 5 := min{ %\/E , %} -0 then mark this segment as long and set the next vertex as the current
vertex. Otherwise follow 7 from the current vertex m, to the first point 7, such that |7, —my|| = A
(or until we reach the last vertex of m). If m, is not a vertex, but lies on some segment of 7, then
introduce a new vertex at m,. Mark 7, , as a piece of m and set m, as current vertex. Repeat
until 7 is completely traversed. Since this procedure introduces at most |7| new vertices and does
not change the shape of w, with slight abuse of notation we call the resulting curve again and

set n := |r|. This partitions 7 into subcurves 7', ..., 7%, with 7° = Tps..bs» Where every part m°
either

e a long segment bs = ps+ 1 and |7y, —m,|| = A, or

e a piece: ||y, — m, || = A and ||7,, — 7| < A for all z € [ps, bs).

Similarly, we introduce new vertices on o and partition it into subcurves o, ..., ¢, with ot =
0g..d;» €ach of which is a long segment or a piece. Let m := |o]|.

We do not want to resolve each free-space cell on its own, as in the standard decision algorithm
for the Fréchet distance. Instead, for any pair of pieces we want to consider the free-space region
spanned by the two pieces at once. This is made formal by the following subproblem.

Problem 3.1 (Free-space reglon problem) Given § > 0, 0 < € < 1, curves 7,0 with n and
m vertices, and entry intervals R, C [i,i 4 1] x {1} for i € [1..n) and R” C {1} x [4,5 + 1] for
] € [1..m), compute exit intervals Rh C[i,i+1] x {m} for i € [1..n) and R” C {n}xj,j+1] for

€ [1..m) such that (1) the exit 1ntervals contain all points reachable from the entry intervals by
a monotone path in Dgs(m, o) and (2) all points in the exit intervals are reachable from the entry
intervals by a monotone path in D¢ (j4.5(m, o).

The standard solution to the free-space region problem would split it up into n - m free-space
cells and resolve each cell in constant time, resulting in an O(n - m) algorithm (this solves the
problem even exactly, i.e., for e = 0). Restricted to pieces, we will show the following improvement,
which will yield the desired overall speedup of a factor of /¢

Lemma 3.2. If m and o are pieces then the free-space region problem can be solved in time O((n
m)log? 1/e).

We will prove this lemma in Sections 3.1 and 4.

Algorithm 3.3. Using an algorithm for the free-space region problem on pieces as in Lemma 3.2,
we obtain an approximate decider for the Fréchet distance a follows. We create a directed graph
which has a node vg for every region [ps, bs] X [g¢, di] spanned by pieces 7 and o, and a node wu; ;
for every remaining region [i,7 + 1] X [, + 1] (which is not contained in any region spanned by

*Note that the last piece actually might have distance ||7,, — m, || less than A, however, for simplicity we assume
equality for all pieces (in fact, a special handling of the last piece would only be necessary in Lemma 3.6).



two pieces), i € [1..n), j € [1..m). We add edges between two nodes whenever their regions touch
(i.e., have a common interval I on their boundary), and direct this edge from the region that is
to the left or below I to the other one. With each node u;; we store the entry intervals th’j and

R;’J, and with each node v, we store the entry intervals Rth C [iyi+ 1] x {q:} for i € [ps..bs) and

R;S ;S Aps} x [5,7 +1] for j € [g..dr). After correctly initializing the outer reachability intervals

R?,l and Rij’ we follow any topological ordering of this graph. For any node u; ;, we resolve its
region by solving the corresponding free-space cell problem in constant time. For any node v,
we solve the corresponding free-space region problem on 7' = 7%, ¢/ = ¢! (and §' = §,¢’ = ¢) using
Lemma 3.2. Finally, we return dp(m,0) < (1+4¢)d if (n,m) € RZ—Lm and dp(m, o) > ¢ otherwise.

Lemma 3.4. Algorithm 3.3 is a correct approximate decider.

In the above algorithm we can ignore unreachable nodes, i.e., nodes where all stored entry inter-
vals would be empty. To this end, we fix a topological ordering by mapping a node corresponding
to a region [x1,x32] X [y1,y2] to 2 + y2 and sorting by this value ascendingly. This yields n + m
layers of nodes, where the order within each layer is arbitrary. For each layer we build a dictionary
data structure (a hash table), in which we store only the reachable nodes of this layer. This allows
to quickly enumerate all reachable nodes of a layer. The total overhead for managing the n + m
dictionaries is O(n + m).

Let us analyze the runtime of the obtained approximate decider. Let S be the set of non-empty
free-space cells Cj ; of D<(1+5)5(7r, o) such that i or j is not contained in a piece. Moreover, let T" be
the set of all pairs (s, t) such that 7%, 0! are pieces with initial vertices within distance (1+¢)d+2A.
Define N(m,0,d,¢) := |S| + 35 pyer(I7°| + [0']) and set N(m,0,¢) := maxs=o N(7,0,d,¢). Since
the algorithm considers only reachable cells and any reachable cell is also non-empty, the cost
over all free-space cell problems solved by our approximate decider is bounded by O(|S]). Since
every reachable (thus non-empty) region spanned by two pieces has initial points within distance
(14¢€)d 4 2A, the second term bounds the cost over all free-space region problems on pieces (apart
from the log? 1/¢ factor). Hence, we obtain the following.

Lemma 3.5. The approzimate decider has runtime D(r,0,¢) = O(N(x,0,¢) -log?1/e).

Using similar arguments as [16, Lemma 4.4], we can analyze the free-space complexity of c-
packed curves to obtain the following result. Plugging this into Lemmas 3.5 and 2.1, we obtain an

cn

approximation algorithm for the Fréchet distance with running time O( NG log?1 /e + cnlogn) =

@(% ), as desired.

Lemma 3.6. Let 7,0 be c-packed curves with n vertices in total. Then N(m,0,e) = O(en/+/€).

3.1 Solving the free-space region problem on pieces

It remains to prove Lemma 3.2. Let (m,0,0,¢) be an instance of the free-space region problem,
where n := 7|, m := |o|, with |71 — 7z, |lo1 — oyl| < Acs = A for any = € [1,n], y € [1,m]
(and entry intervals Rfl Cli,i+ 1] x {1} for ¢ € [1..n) and Rll’j C{l} x [, +1] for j € [1..m)).
We reduce this instance to the free-space region problem on one-dimensional separated curves, i.e.,
curves 7,6 in R such that all vertices of 7 lie above 0 and all vertices of & lie below 0.

Since 7 and ¢ stay within distance A of their initial vertices, if their initial vertices are within
distance || — 01| < 0 — 2A then all pairs of points in 7,0 are within distance §. In this case, we
find a translation of = making || — 01| = 0 — 2A and all pairwise distances are still at most 9.
This ensures that the curves 7,0 are contained in disjoint balls of radius A < %6 centered at their
initial vertices.



Figure 1: Projection of the pieces 7,0 onto the line L through their initial vertices. This yields one-dimensional
separated curves 7, 5.

Consider the line L through the initial vertices 71 and ;. Denote by II: R¢ — L the pro-
jection onto L. Now, instead of the pieces m,0 we consider their projections 7 := II(w) =
(I1(m1), ..., (7)) and 6 := (o) = (II(01),...,II(0m)), see Figure 1. Note that after rotation
and translation we can assume that # and & lie on R € R? and # and & are separated by 0 € R
(since 7 and o are contained in disjoined balls centered on L). Now we solve the free-space region

1

problem on #, &, § := 8, and £ := 5€ (with the same entry intervals Rﬁj, Rfj)) The Pythagorean

theorem shows that the projection preserves pairwise distances sufficiently well.
Lemma 3.7. Any solution to the the free-space region problem on (7,&, S,é) solves the free-space
region problem on (m,0,9,¢€).

We will show the following lemma in Section 4, concluding the proof of Lemma 3.2.

Lemma 3.8. The free-space region problem on one-dimensional separated curves can be solved in
time O((n + m)log?1/e).

4 On one-dimensional separated curves

In this section, we show how to solve the free-space region problem on one-dimensional separated
curves in time O((n 4 m)log?1/¢), i.e., we prove Lemma 3.8. First we reduce it to the following.

Problem 4.1 (Reduced free-space problem). Given one-dimensional separated curves 7, o
with n,m vertices and all vertices being multiples of %55, and given an entry set E C [l..n],
compute the exit set F™ C [1..n] consisting of all points f such that dgp(me.. f,0) < 6 for some
e € E and the exit set F'7 C [1..m] consisting of all points f such that dqp(7e..n,01.5) < 6 for some
ee k.

Lemma 4.2. The reduced free-space problem can be solved in time O((n +m)log1/e).

As a second step, we prove the above lemma. We first consider the special case of E = {1} and
the problem of deciding whether n € F™, i.e., the lower left corner (1,1) of the free-space is the
only entry point and we want to determine whether the upper right corner (n,m) is an exit. This is
equivalent to deciding whether the discrete Fréchet distance of 7, o is at most §. We present a greedy
algorithm for this special case in Section 4.2. To extend this to the reduced free-space problem, we
prove useful structural properties of one-dimensional separated curves in Section 4.3. With these,
we first solve the problem of determining the exit set F™ assuming E = {1} in Section 4.4.1. This
can be extended to compute, for general £ C [1..n], F™ (Section 4.4.2) and F (omitted in this
extended abstract; this case is more complex than F™ but solved by similar ideas).



4.1 Reduction from the continuous to the discrete case

Essentially we use the following lemma to reduce the continuous free-space region problem on
one-dimensional separated curves to the discrete reduced free-space problem.

Lemma 4.3. Let 7,0 be one-dimensional separated curves with subcurves my y,04. 4. Then we have
Ay (Tp.b, 0q.d) = dar(Tp.b,0q.4). In particular, assume that we subdivide any segments of m,0 by
adding new vertices, which yields new curves w', o’ with subcurves 71';/”1)/, Jé,_.d, that are subdivisions
of Tp.b, 0q..a- Then we have ddF(ﬂ';),“b,, U;’..d’) = dar(Tp.b,0q.4) = dv(Tp.b, 0g..d)-

The above lemma allows the following trick. Consider any finite sets £ C [1,n] and F' C [1,n].
Add 7, as a vertex to w for any x € E' U F, with slight abuse of notation we say that m now has
vertices at 7;, i € [1l..n], and 7w, x € EUF. Mark the vertices m,, x € E, as entries. Now solve
the reduced free-space problem instance (w0, E). This yields the set F'™ of all values f € F such
that there is an e € E with dqp(7e.¢,0) < J, which by Lemma 4.3 is equivalent to dp(7.._¢,0) < 9.
Thus, we computed all exit points in F' given entry points in E, with respect to the continuous
Fréchet distance. This is already near to a solution of the free-space region problem, however, we
have to cope with entry and exit intervals.

For the full reduction we need two more arguments. First, we can replace all non-empty input
intervals Rfl by the leftmost point (y;, 1) in R?l NDgs(m, o), specifically, we show that any traversal

starting in a point in Rfl can be transformed into a traversal starting in (y;,1). Thus, we add m,
as a vertex and mark it as an entry to obtain a finite and small set of entry points. Second, for any
segment 7; ;41 we call a point f € [i,i 4 1] reachable if there is an e € E with dp(m.. f,0) < . We
show that if f is reachable then essentially all points f’ € [i,i+ 1] with 7 < 7f are also reachable.
Thus, the set of reachable points is an interval with one trivial endpoint, and we only need to
search for the other endpoint of the interval, which can be done by binary search. Moreover, we
can parallelize all these binary searches, as solving one reduced free-space problem can answer for
every segment of m whether a particular point on this segment is reachable (after adding this point
as a vertex). To make these binary searches finite, we round all vertices of 7 and o to multiples of
v = %55 and only search for exit points that are multiples of . This is allowed since the free-space
region problem only asks for an approximate answer. A similar procedure yields the exits on o
reachable from entries on 7, and determining the exits reachable from entries on ¢ is a symmetric
problem. Since for the binary searches we reduce to O(log1/¢) instances of the reduced free-space
problem, Lemma 3.8 follows from Lemma 4.2.

4.2 Greedy Decider for the Fréchet Distance of One-Dimensional Separated

Curves
In the remainder of the paper all indices of curves will be integral. Let 7 = (my,...,m,) and
o = (o1,...,0m) be two separated polygonal curves in R, i.e., m; > 0 > ¢;. For indices 1 <7 < n

and 1 < j < m, define vis,(i,7) := {k | k > j and o, > m; — J} as the index set of vertices on o
that are later in sequence than o; and are still in distance 6 to m; (i.e, seen by ;) and, likewise,
visx(4,7) := {k | k > i and 7, < 0;+0}. Hence, the set of points that we may reach on o by starting
in (m;,0;) and staying in m; can be defined as the longest contiguous subsequence [j + 1..5 + k]
such that [j + 1..7 + k] C vis, (7, ). Let reach,(¢,7) := [j + 1..j + k] denote this subsequence and
let reach,(i,7) be defined symmetrically. Note that m; < 7y implies that vis,(i,7) 2 vise (7, ),
however the converse does not necessarily hold. Also, vis, (4, j) 2 vise (¢, j) implies that vis, (i, j) C
visy (i, 7) and m; > .

The visibility sets established above enable us to define a greedy algorithm for the Fréchet
distance of m and 0. Let 1 < p < n and 1 < ¢ < m be arbitrary indices on o and w. We say that p’



is a greedy step on 7 from (p,q), written p’ < GREEDYSTEP(7p. n,0q.m), if p' € reach,(p,q) and
visy (i, q) C visy(p/, ¢) holds for all p < i < p/. Symmetrically, ¢’ € reach,(p, q) is a greedy step on o
from (p, q), if visz(p,i) C visz(p,¢’) for all ¢ < i < ¢. In pseudo code, GREEDYSTEP(Tp n,0q..m)
denotes a function that returns an arbitrary greedy step p’ on 7 from (p, ¢) if such an index exists
and returns an error otherwise (symmetrically for o).

Consider the following greedy algorithm:

Algorithm 1 Greedy algorithm for the Fréchet distance of separated curves 71, and o1 ,, in R

Lp+1lg+1

2: repeat

3 if p’ <~ GREEDYSTEP (7} 1, 0¢.m) then p < p’
4: if ¢’ <~ GREEDYSTEP,(7p n,04.m) then g < ¢
5: until no greedy step was found in the last iteration
6: if p =n and ¢ = m then return dgp(m,0) < 6

7: else return dgp(m,0) > ¢

Theorem 4.4. Let m and o be separated curves in R and 6 > 0. Algorithm 1 decides whether
dap(m,0) < 6 in time O((n + m)log(nm)).

Correctness Note that Algorithm 1 considers potentially only very few points of the curve ex-
plicitly during its execution. Call the indices (p,q) of point pairs considered in some iteration of
the algorithm (for any choice of greedy steps, if more than one exists) greedy (point) pairs and all
points contained in some such pair greedy points (of m and o). The following useful monotonicity
property holds: If some greedy point on 7 sees a point on ¢ that is yet to be traversed, all following
greedy points on 7 will see it until it is traversed.

Lemma 4.5. Let (p1,q1),---,(pi,q;) be the greedy point pairs considered in the iterations 1,... 1.
It holds that

1. visg (£, q;) C vise(pi,q;) for all 1 < ¢ < p;, and

2. visg(pi, £) C visg(pi,q:) for all 1 <1 < g;.

We exploit this monotonicity to prove that if Algorithm 1 finds a greedy point pair that allows
no further greedy steps, then no feasible traversal of m and o exists. We derive an even stronger
statement using the following notion: For a greedy point pair (p, q), define STOP(mp pn,0q.m) =
max(reach(p,q) U{p})+ 1 as the index of the first point after m, on m which is not seen by o, or
n + 1 if no such index exists. Let STOP, be defined symmetrically.

Lemma 4.6 (Correctness of Algorithm 1). Let (p,q) be a greedy point of m and o, pstop =
STOP(Tp.n, Og..m) and Gstop := STOP(Tp n,0q.m). If on both curves, no greedy step from (p,q)
exists, then dgp(m,0) > 4.

In this case, it holds in particular that if gsop < m, then for all 1 < p’ < n, we have that
dap (T1.p75 O o) > 0 and if Psop < 1, then dap(m1.pyoy, 01.q7) > 0 for all 1 < ¢’ <m.

/

Note that the correctness of Algorithm 1 follows immediately: If the algorithm is stuck, then
dqr(m,0) > 6. Otherwise, it finds a feasible traversal.

Implementation In this extended abstract, we omit the discussion of how to implement greedy
steps efficiently by reducing them to range searching on the point sets P = {(i,7;) | i € [1..n]} and
Q ={(i,0;) | i € [1..m]}, yielding the following lemma.



Lemma 4.7. For one-dimensional separated curves m = w1, and 0 = 01, MAXGREEDYSTEP,,
MINGREEDYSTEP, and STOP, can be implemented to run in time O(lognm) after O((n +
m)lognm) preprocessing. If w,0 are input curves of the reduced free-space problem then these
procedures can be implemented in time O(log1/¢e) after O((n + m)log1/e) preprocessing.

4.3 Composition of one-dimensional curves

In this subsection, we highlight two composition properties of feasible traversals of one-dimensional
curves that enable us to tackle the reduced free-space problem. The first result surprisingly allows
to argue about the union of two subcurves.

Lemma 4.8. Let 1 = 71, and 0 = 01_,, be one-dimensional separated curves and let I, J C [1..n]
be intervals with I N J # 0. If dap(7r,0) < 6 and dap(7y,0) < 0, then dap(7iug,0) < 0.

The second result formalizes situations in which a traversal ¢ of subcurves has to cross a traversal
1) of other subcurves, in which case we can stick together parts of both to obtain new traversals.

Lemma 4.9. Let m = m_, and o0 = o1, be one-dimensional curves and consider intervals I =
lar,br] C [1.n] and J C [1.m]. If dgp(m,05) < and dgp(7r,0) < 9, then dap(mi_p,,0) < 9.

4.4 Solving the Reduced Free-space Problem

4.4.1 Single Entry

Given the separated curves m = (7y,...,m,) and 0 = (01,...,0y,) and entry set E = {1}, we show
how to compute F?. The following recursive algorithm does the job.

Algorithm 2 Special Case: Single entry

1: function FIND-0-EXITS(7). 4, 04..d)

2 if ¢ = d then

3 if STOPA(7p.1,04) = b+ 1 then return {¢} > End of 7 reachable while staying in o,
4 else return ()

5: if p’ <~ MAXGREEDYSTEP, (7). ,04.4) then

6 return FIND-0-EXITS(7p p, 04..4))

7 else if ¢’ <~ GREEDYSTEP, (7 _p, 04.q4) then

8 return FIND-0-EXITS(7p 4,04 q—1) U FIND-0-EXITS(7), 1, 0/ _.d)

9: else

10: return FIND-0-EXITS(7p. 4, 0¢.d—1) > No greedy step possible

Lemma 4.10. Algorithm 2 correctly identifies F° given the single entry E = {1}.

Proof. Clearly, if FIND-0-EXITS(7, 0) finds and returns an exit e on o, then it is contained in F,
since the algorithm uses only feasible (greedy) steps. Conversely, we show that for all I = [p..b] and
J = [q..d], where (p, q) is a greedy point pair of 7 and o, and all e € J with dar(77,051..¢) < 6,
we have e € FIND-0-EX1ITS(71,07), i.e. we find all exits.

Consider some call of FIND-o-EXITS(7}, 07) for which the precondition is fulfilled. If .J consists
only of a single point, then J = {e}, and a feasible traversal of 7; and o exists if and only if o
sees all points on 7. Let I = [p..b], then this happens if and only if STOP,(77,0.) = b+ 1, hence
the base case is treated correctly.

10



Assume that I = [p..b] and a maximal greedy step p’ on 7 exists. Note that this step is a greedy
step also with respect to o jn1. . Hence by Lemma 4.6, if there is a traversal of ), ; and o ;1 ¢,
then a traversal of 7, p and o)1 also exists.

Consider the case in which J = [¢..d] and a greedy step ¢’ in o exists. If e < ¢/, then e € [q..¢'—1]
and J N [l..e] = [q..¢/ — 1] N [1..e]. Hence, e is found in the recursive call with J' = [¢..¢' — 1]. If
e > ¢/, then this step is also a greedy step with respect to the curves m; and o Jn[l.¢]- Again, by
Lemma 4.6, the existence of a feasible traversal of 7y and o; implies that also a feasible traversal
of m; and 0 jqy. ¢ exists.

It remains to regard the case in which no greedy step exists. By Lemma 4.6, there is no feasible
traversal of m 5, and oy 4. This implies e # d and all exits are found in the recursive call with
J =l¢,d—1]. O

Lemma 4.11. FIND-0-EX1TS(7, 1, 04..4) Tuns in time O((d — g+ 1) - log1/e).

4.4.2 Entries on 7, Exits on

In this section, we tackle the task of determining F™ given a set of entries F on 7. It is essential
to avoid computing the exits by iterating over every single entry. We show how to divide 7 into
disjoint subcurves that can be solved by a single call to FIND-m-EXITS each.

Assume we want to traverse m,  and o, g starting in 7, and o4. Let u(p) := max{p’ € [p,d] |
Jdg <q¢ <d: dar(Tp.p g q) < 0} be the last point on 7 that is reachable while traversing an
arbitrary subcurve of o, 4 that starts in o,. This point fulfills the following properties.

Lemma 4.12. It holds that
1. If there are p < e < € < u(p) with dap(7e..e/,0q.a) < 9, then dap(mp e, 04.4) < 9.
2. For allp < e < u(p) <€, we have that dqp(e. 1, 0q.4) > 0.

The above lemma implies that we can ignore all entries in [p..u(p)] except for p and that all exits
reachable from p are contained in the interval [p..u(p)]. This gives rise to the following algorithm.

Algorithm 3 Given entry points F on 7, compute all exits on 7.

1: function 7-EXITS-FROM-7 (7, 0, E)

2 S0

3 while £ # () do

4 p < pop minimal index from F

5: PP, g1

6 repeat

7 if ¢’ <+~ MAXGREEDYSTEP,(7p_pn,0q.m) then ¢ < ¢
8

9

if p’ <~ GREEDYSTEP (7} 1, 0¢.m) then p « p’

: until no greedy step was found in the last iteration
10: D ¢ STOP(Tp n,0q.m) — 1 > determines the maximal reachable point u(p)
11: S < SUFIND-m-EXITS(7p, 5, 0)
12: E«+~ En[p+1,n] > drops all entries in [p, u(p)]

13: return S

In the full version of this paper we prove correctness of the above algorithm as follows.

Lemma 4.13. Algorithm 8 correctly computes F™ in time O((n +m)log1/e).

11
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Abstract

The Fréchet distance is a well-studied and very popular measure of similarity of two curves.
The best known algorithms have quadratic time complexity, which has recently been shown to
be optimal assuming the Strong Exponential Time Hypothesis (SETH) [Bringmann FOCS’14].

To overcome the worst-case quadratic time barrier, restricted classes of curves have been
studied that attempt to capture realistic input curves. The most popular such class are c-
packed curves, for which the Fréchet distance has a (1 + ¢)-approximation in time O(cn/e)
[Driemel et al. DCG’12]. In dimension d > 5 this cannot be improved to O((cn/\/e)'~?) for
any ¢ > 0 unless SETH fails [Bringmann FOCS’14].

In this paper, exploiting properties that prevent stronger lower bounds, we present an im-
proved algorithm with runtime @(cn/ v/€). This is optimal in high dimensions apart from lower
order factors unless SETH fails. Our main new ingredients are as follows: For filling the clas-
sical free-space diagram we project short subcurves onto a line, which yields one-dimensional
separated curves with roughly the same pairwise distances between vertices. Then we tackle
this special case in near-linear time by carefully extending a greedy algorithm for the Fréchet
distance of one-dimensional separated curves.
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1 Introduction

The Fréchet distance is a very popular measure of similarity of two given curves and has two classic
variants. Roughly speaking, the continuous Fréchet distance of two curves m,o is the minimal
length of a leash required to connect a dog to its owner, as they walk without backtracking along 7
and o, respectively. In the discrete Fréchet distance we replace the dog and its owner by two frogs
— in each time step each frog can jump to the next vertex along its curve or stay where it is.

In a seminal paper in 1991, Alt and Godau introduced the continuous Fréchet distance to
computational geometry [4, 19]. For polygonal curves 7 and o with n and m vertices!, respectively,
they presented an O(nmlognm) algorithm. The discrete Fréchet distance was defined by Eiter
and Mannila [18], who presented an O(nm) algorithm.

Since then, Fréchet distance has become a rich field of research: The literature contains gener-
alizations to surfaces (see, e.g., [3]), approximation algorithms for realistic input curves ([5, 6, 17]),
the geodesic and homotopic Fréchet distance (see, e.g., [12, 15]), and many more variants (see,
e.g., [9, 16, 22, 24]). As a natural measure for curve similarity [2], the Fréchet distance has found
applications in various areas such as signature verification (see, e.g., [25]), map-matching tracking
data (see, e.g., [7]), and moving objects analysis (see, e.g., [10]).

Apart from log-factor improvements [1, 11] the quadratic complexity of the classic algorithms for
the continuous and discrete Fréchet distance are still the state of the art. In fact, the first author
recently showed a conditional lower bound: Assuming the Strong Exponential Time Hypothesis
(SETH) there is no algorithm for the (continuous or discrete) Fréchet distance in time O((nm)'~°)
for any 6 > 0, so apart from lower order terms of the form 7°(") the classic algorithms are optimal [8].

In attempts to obtain faster algorithms for realistic inputs, various restricted classes of curves
have been considered, such as backbone curves [6], k-bounded and k-straight curves [5], and ¢-low
density curves [17]. The most popular model of realistic inputs are c-packed curves. A curve w
is c-packed if for any point z € R? and any radius 7 > 0 the total length of 7 inside the ball
B(z,r) is at most cr, where B(z,7) is the ball of radius r around z. This model has been used
for several generalizations of the Fréchet distance, such as map matching [14], the mean curve
problem [21], a variant of the Fréchet distance allowing shortcuts [16], and Fréchet matching queries
in trees [20]. Driemel et al. [17] introduced c-packed curves and presented a (1+¢)-approximation for
the continuous Fréchet distance in time O(en/e+cnlogn), which works in any R?, d > 2. Assuming
SETH, the following lower bounds have been shown for c-packed curves: (1) For sufficiently small
constant € > 0 there is no (1 4 ¢)-approximation in time O((cn)'~%) for any § > 0 [8]. Thus, for
constant ¢ the algorithm by Driemel et al. is optimal apart from lower order terms of the form
n°1). (2) In any dimension d > 5 and for varying € > 0 there is no (1 + ¢)-approximation in time
O((en//€)'79) for any 6 > 0 [8]. Note that this does not match the runtime of the algorithm by
Driemel et al. for any € = n~? and constant b > 0.

In this paper we improve upon the algorithm by Driemel et al. [17] by presenting an algorithm
that matches the conditional lower bound of [8].

Theorem 1.1. For any 0 < e < 1 we can compute a (1 + €)-approximation on c-packed curves for

the continuous and discrete Fréchet distance in time O(en/ /€).

cn

Specifically, our runtime is O( \/Elog(l/s) + cnlogn) for the discrete variant and

(’)(C—\/% log?(1/€) 4+ enlogn) for the continuous variant.

We want to highlight that in general dimensions (specifically, d > 5) this runtime is optimal
(apart from lower order terms of the form n°) unless SETH fails [8]). Moreover, we obtained

"'We always assume that m < n.



our new algorithm by investigating why the conditional lower bound [8] cannot be improved and
exploiting the discovered properties. Thus, the above theorem is the outcome of a synergetic effect
of algorithms and lower bounds?.

We remark that the same algorithm also yields improved runtime guarantees for other models
of realistic input curves, like k-bounded and k-straight curves, where we are also able to essentially
replace € by /¢ in the runtime bound. In contrast to c-packed curves, it is not clear how far these
bounds are from being optimal. See Section 3.2 for details.

Outline We give an improved algorithm that approximately decides whether the Fréchet distance
of two given curves 7,0 is at most J. Using a construction of [16] to search over possible values
of §, this yields an improved approximation algorithm. We partition our curves into subcurves,
each of which is either a long segment, i.e., a single segment of length at least A = ©(y/29), or
a piece, i.e., a subcurve staying in the ball of radius A around its initial vertex. Now we run the
usual algorithm that explores the reachable free-space (see Section 2 for definitions), however, we
treat regions spanned by a piece 7’ of m and a piece ¢’ of ¢ in a special way. Typically, if 7/, o’
consist of n’,m’ segments then their free-space would be resolved in time O(n'm’). Our overall
speedup comes from reducing this runtime to @(n’ +m/), which is our first main contribution. To
this end, we consider the line through the initial vertices of the pieces 7/, o', and project 7/, o’ onto
this line to obtain curves 7, 4. Since 7', 0’ are pieces, i.e., they stay within distance A = ©(,/§) of
their initial vertices, this projection does not change distances from 7 to o significantly (it follows
from the Pythagorean theorem that any distance of approximately J is changed, by the projection,
by less than €d). Thus, we can replace 7/, ¢’ by &, without introducing too much error. Note
that 7,6 are one-dimensional curves; without loss of generality we can assume that they lie on
R. Moreover, we show how to ensure that 7,6 are separated, i.e., all vertices of & lie above 0 and
all vertices of ¢ lie below 0. Hence, we reduced our problem to resolving the free-space region of
one-dimensional separated curves.

It is known?® that the Fréchet distance of one-dimensional separated curves can be computed
in near-linear time, essentially since we can walk along 7 and o with greedy steps to either find a
feasible traversal or bottleneck subcurves. However, we face the additional difficulty that we have
to resolve the free-space region of one-dimensional separated curves, i.e., given entry points on 7
and &, compute all exits on 7 and 6. Our second main contribution is that we present an extension
of the known result to handle this much more complex problem.

Organization We start with basic definitions and techniques borrowed from [16] in Section 2.
In Section 3 we present our approximate decision procedure which reduces the problem to one-
dimensional separated curves. We solve the latter in Section 4. In the whole paper, we focus on
the continuous Fréchet distance. It is straightforward to obtain a similar algorithm for the discrete
variant, in fact, then Section 4.1 becomes obsolete, which is why we save a factor of log1/e in the
running time.

2This yields one more reason why conditional lower bounds such as [8] should be studied, as they can show
tractable cases and suggest properties that make these cases tractable.

3We thank Wolfgang Mulzer for pointing us to this result by Matias Korman and Sergio Cabello (personal com-
munication). To the best of our knowledge this result is not published.



2 Preliminaries

For z € R%, r > 0 we let B(z,7) be the ball of radius r around z. For i,j € N, i < j, we let
[i..7] :=={i,i+1,...,j}, which is not to be confused with the real interval [i,j] = {z € R | i < z < j}.
Throughout the paper we fix the dimension d > 2. A (polygonal) curve 7 is defined by its vertices
(71, ..., mn) with m, € R p € [1..n]. We let |r| = n be the number of vertices of 7 and ||7|| be its
total length 37! [|p; — pis1. We write 7, for the subcurve (mp, Tpy1, . . .,m). Similarly, for an
interval I = [p..b] we write 7/ = 7, 5. We can also view 7 as a continuous function 7: [1,n] — R?
with 7,1\ = (1=A)mp+Amp4q for p € [1.n—1] and A € [0, 1]. For the second curve o = (01, ...,0m)
we will use indices of the form o, 4 for the reader’s convenience.

Variants of the Fréchet distance Let ®, be the set of all continuous and non-decreasing
functions ¢ from [0, 1] onto [1,n]. The continuous Fréchet distance between two curves 7,0 with n
and m vertices, respectively, is defined as

dr(m,0) = inf maxieo [mo,6) = Taol:
¢2€(I)m
where ||.|| denotes the Euclidean distance. We call ¢ := (¢1, ¢2) a (continuous) traversal of (w, o),

and say that it has width maxyc(o 1) |7g, (1) — Tgo(e) II-

In the discrete case, we let A, be the set of all non-decreasing functions ¢ from [0, 1] onto [1..n].
We obtain the discrete Fréchet distance dgp(m,o) by replacing ®,, and ®,, by A, and A,,. We
obtain an analogous notion of a (discrete) traversal and its width. Note that any ¢ € A, is a
staircase function attaining all values in [1..n]. Hence, (¢1(¢), ¢2(t)) changes only at finitely many
points in time t. At any such time step, we jump to the next vertex in m or o or both.

Free-space diagram The discrete free-space of curves 7, o is defined as Di stmo) = {(p,q) €
[1.n] x [1.m] | ||mp — 04]| < &}. Note that any discrete traversal of 7,0 of width at most &
corresponds to a monotone sequence of points in the free-space where at each point in time we
increase p or q or both. Because of this property, the free-space is a standard concept used in many
algorithms for the Fréchet distance.

The continuous free-space is defined as Ds(m, 0) := {(p,q) € [1,n] x [1,m] | |7, — 04| < 6}
Again, a monotone path from (1,1) to (n,m) in Ds(m, o) corresponds to a traversal of width at
most §. It is well-known [4, 19] that each free-space cell C; ; = {(p,q) € [i,i+1] x [j,j+1] | ||7p —
o4l <6} (for i € [1.n—1],5 € [1..m —1]) is convex, specifically it is the intersection of an ellipsoid
with [i,i+1]x [j, 7+1]. In particular, the intersection of the free-space with any interval [i,i+1]x{j}
(or {i} x[4,j+1]) is an interval Iffj (or I7;), and for any such interval the subset that is reachable by
a monotone path from (1,1) is an interval Rffj (or Rf,j). Moreover, in constant time one can solve

the following free-space cell problem: Given intervals sz Clii+ 1] x {7}, RY; € {i} x [5,5 + 1],
determine the intervals R’ZJ"H Cli,i+ 1] x{j+1} R ,; € {i+1} x [j,5 + 1] consisting of all
points that are reachable from a point in Rﬁj U R;; by a monotone path within the free-space
cell C; ;. Solving this problem for all cells from lower left to upper right we determine whether
(n,m) is reachable from (1,1) by a monotone path and thus decide whether the Fréchet distance

is at most 4.

From approximate deciders to approximation algorithms An approzimate decider is an
algorithm that, given curves m,0 and § > 0,0 < € < 1, returns one of the outputs (1) dp(m,0) > §
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Figure 1: Definition and treatment of pieces.

or (2) dp(m,0) < (1 +¢)d. In any case, the returned answer has to be correct. In particular, if
0 < dp(m,0) < (14 ¢€)d the algorithm may return either of the two outputs.

Let D(m,0,d,e) be the runtime of an approximate decider and set D(m o0,e) :=
maxgs~o D(m,0,0,¢). We assume polynomial dependence on ¢, in particular, that there are constants
0 < ¢1 < ¢ < 1 such that for any 1 < e < 1 we have ¢;D(m,0,¢/2) < D(m,0,¢) < coD(m,0,e/2).
Driemel et al. [17] gave a construction of a (1 + ¢)-approximation for the Fréchet distance given an
approximate decider. (This follows from [17, Theorem 3.15] after replacing their concrete approxi-
mate decider with runtime “O(N (e, 7, 0))” by any approximate decider with runtime D(7,0,¢).)

Lemma 2.1. Given an approximate decider with runtime D(mw, o,€) we can construct a (1 + €)-
approximation for the Fréchet distance with runtime O(D(ﬂ', o,¢) + D(m,0,1)log n)

3 The approximate decider

Let 7, 0 be curves for which we want to (approximately) decide whether dp(7,0) > § or dp(7,0) <
(1 4+ €)d. We modify the curve 7 by introducing new vertices as follows. Start with the initial
vertex 7 as current vertex. If the segment following the current vertex has length at least A =
Acs = min{%\/g , i} - 6 then mark this segment as long and set the next vertex as the current
vertex. Otherwise follow 7 from the current vertex m, to the first point 7, such that |7, —my|| = A
(or until we reach the last vertex of m). If 7, is not a vertex, but lies on some segment of 7, then
introduce a new vertex at Ty. Mark Ty.y aS & piece of w and set Ty as current vertex. Repeat
until 7 is completely traversed. Since this procedure introduces at most |7| new vertices and does
not change the shape of m, with slight abuse of notation we call the resulting curve again 7 and
set n := |r|. This partitions 7 into subcurves 7!, ... ,mF ) with 78 = Tps..bs» Where every part m° is
either (see also Figure 1a)



e a long segment: by = p; + 1 and ||y, — m, || > A, or
e a piece: ||mp, — m, || = A and |7y, — m,|| < A for all z € [pg, bs).

Note that the last piece actually might have distance |7,  — .|| less than A, however, for simplicity
we assume equality for all pieces (in fact, a special handling of the last piece would only be necessary
in Lemma 3.6). Similarly, we introduce new vertices on ¢ and partition it into subcurves o', . . . Lot
with o = oy, 4,, each of which is a long segment or a piece. Let m := |o].

We do not want to resolve each free-space cell on its own, as in the standard decision algorithm
for the Fréchet distance. Instead, for any pair of pieces we want to consider the free-space region

spanned by the two pieces at once, see Figure 1b. This is made formal by the following subproblem.

Problem 3.1 (Free-space region problem). Given § > 0, 0 < € < 1, curves 7,0 with n and
m vertices, and entry intervals f?,fl C [i,i+ 1] x {1} for ¢ € [1..n) and Ri’] C {1} x [j,7 + 1] for
j € [1..m), compute exit intervals R?m C [i,i+1] x{m} for i € [1..n) and RZJ C{n} x[j,j+1] for
j € [1..m) such that (1) the exit intervals contain all points reachable from the entry intervals by
a monotone path in Des(m, o) and (2) all points in the exit intervals are reachable from the entry
intervals by a monotone path in D¢ (j4.5(m, o).

To stress that we work with approximations, we denote reachable intervals by R instead of R
in the remainder of the paper.

The standard solution to the free-space region problem would split it up into n - m free-space
cells and resolve each cell in constant time, resulting in an O(n - m) algorithm (this solves the
problem even exactly, i.e., for e = 0). Restricted to pieces, we will show the following improvement,
which will yield the desired overall speedup of a factor of /e

Lemma 3.2. If 7 and o are pieces then the free-space region problem can be solved in time O((n+
m)log? 1/e).

We will prove this lemma in Sections 3.3 and 4.

Algorithm 3.3. Using an algorithm for the free-space region problem on pieces as in Lemma 3.2,
we obtain an approximate decider for the Fréchet distance a follows. We create a directed graph
which has a node vy for every region [ps, bs] X [q:, di] spanned by pieces 7% and o', and a node w; ;
for every remaining region [i,i + 1] X [j,7 + 1] (which is not contained in any region spanned by
two pieces), i € [1..n), j € [1..m). We add edges between two nodes whenever their regions touch
(i.e., have a common interval I on their boundary), and direct this edge from the region that is
to the left or below I to the other one. With each node u; ; we store the entry intervals fm’? ; and

sz, and with each node v, we store the entry intervals Rth C[iyi+ 1] x {q} for i € [ps..bs) and

]:3;5 ;S Aps} x [5,7 + 1] for j € [g..dr). After correctly initializing the outer reachability intervals
]:2?71 and quj,j’ we follow any topological ordering of this graph. For any node u; ;, we resolve its
region by solving the corresponding free-space cell problem in constant time. For any node v,
we solve the corresponding free-space region problem on 7’ = 7%, ¢/ = o' (and §' = §,&' = ¢) using
Lemma 3.2. Finally, we return dp(m, o) < (1 +¢)d if (n,m) € RZ—l,m and dp(m,0) > 0 otherwise.

Lemma 3.4. Algorithm 3.3 is a correct approximate decider.

Proof. Observe that if (n,m) € R’Z—l,m then there exists a monotone path from (1,1) to (n,m) in

D¢ (14¢)5(m, o), which implies dp(m,0) < (1 +¢€)d. If dp(m,0) < 0 then there is a monotone path
from (1,1) to (n,m) in Dgs(m, o), implying (n,m) € Rh O

n—1,m*



In the above algorithm we can ignore unreachable nodes, i.e., nodes where all stored entry inter-
vals would be empty. To this end, we fix a topological ordering by mapping a node corresponding
to a region [x1,xa] X [y1,¥y2] to 2 + y2 and sorting by this value ascendingly. This yields n + m
layers of nodes, where the order within each layer is arbitrary. For each layer we build a dictionary
data structure (a hash table), in which we store only the reachable nodes of this layer. This allows
to quickly enumerate all reachable nodes of a layer. The total overhead for managing the n +m
dictionaries is O(n + m).

Let us analyze the runtime of the obtained approximate decider. Let S be the set of non-empty
free-space cells C; j of D¢(14¢)5(m, o) such that i or j is not contained in a piece. Moreover, let 7" be
the set of all pairs (s,t) such that 7%, 0! are pieces with initial vertices within distance (1+¢)d+2A.
Define N(7,0,0,e) := S|+ > per(Im] + lot|) and set N(m,0,¢) := maxssg N(7,0,0,€). Since
the algorithm considers only reachable cells and any reachable cell is also non-empty, the cost
over all free-space cell problems solved by our approximate decider is bounded by O(|S|). Since
every reachable (thus non-empty) region spanned by two pieces has initial points within distance
(14¢)d + 2A, the second term bounds the cost over all free-space region problems on pieces (apart
from the log? 1/¢ factor). Hence, we obtain the following.

Lemma 3.5. The approzimate decider has runtime D(w,0,e) = O(N(m,0,¢) - log? 1/¢).

3.1 The free-space complexity of c-packed curves

Recall that a curve 7 is c-packed if for any point z € R? and any radius 7 > 0 the total length of 7
inside the ball B(z,r) is at most cr.

Lemma 3.6. Let 7,0 be c-packed curves with n vertices in total and ¢ > 0. Then N(rw,0,e) =

O(en/4/E).

Proof. Our proof uses a similar argument as [16, Lemma 4.4]. Let 6 > 0 be arbitrary. First consider
the set S of non-empty free-space cells C; j of D (14¢)5(m, o) such that i or j is not contained in a
piece. Then one of the segments m; ;41 and 0;. ;11 is long, i.e., of length at least A = min{%\/f—?, i}-é.
We charge the cell C; ; to the shorter of the two segments. Let us analyze how often any segment
v = m; ;11 can be charged. Consider the ball B of radius r := |[v|| + (1 + €)§ + max{||v||, A}
centered at the midpoint of v. Every segment v = o; j4+1 with (¢,5) € S, which charges v, is of
length at least p := max{||v||, A} (since it is longer than v and a long segment) and contributes at
least 1 to the total length of ¢ in B. Since ¢ is c-packed, the number of such charges is at most

HamBH<gf<06WM+(I+@5+mm4WWAD
T max{|v][, A}
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Thus, the contribution of |S| to the free-space complexity N (m,0,¢) is O(cn/+/€).

Let T be the set of all pairs (s,t) such that 7*, 0! are pieces of 7, o with initial vertices within
distance (1 +€)d 4 2A, and consider X := 7, e (|7°] + lot]). We distribute ¥ over the segments
of m,0 by charging 1 to every segment of 7% and o' for any pair (s,t) € T. Let us analyze how
often any segment v of a piece 7° can be charged. Consider the ball B’ of radius r’ := (1+¢)d + 3A
around the initital vertex m,, of 7°. Since ||o?|| > A, for any (s,t) € T the piece o' contributes at
least A to the total length of o in B’. Since o is c-packed, the number of such charges to v is at
most

<3e+
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Hence, the contribution of 3 to the free-space complexity N(m,0,¢) is also at most O(cn//€),
which finishes the proof. O

Combining Lemmas 3.6, 3.5, and 2.1, we obtain an approximation algorithm for the Fréchet
cn cn

distance with running time O(f log? 1/e + enlogn) = O( f) as desired.

3.2 The free-space complexity of k-bounded and k-straight curves

Definition 3.7. Let k > 1 be a given parameter. A curve w is k-straight if for any p,b € [1,|n|]
we have ||mp || < Kl|7p — m||. A curve w is k-bounded if for all p,b the subcurve m, 4 is contained
in B(mp, ) U B(my, 1), where r = 5|7, — m||.

The following lemma from [16] allows us to transfer our speedup for c-packed curves directly to
k-straight curves.

Lemma 3.8. A k-straight curve is 2k-packed.
In the remainder of this section we consider k-bounded curves, closely following [16, Sect. 4.2].

Lemma 3 9. Let 6§ >0,0<e <1, A>0, and let m be a k-bounded curve with disjoint subcurves
w7, where n° =, 5, and H7rps T, || = A for all s. Then for any z € R, r > 0 the number

of subcurves © intersecting B(z,r) is bounded by O(k*(1 +r/\)9).

Proof. Let w51 ... 7% be the subcurves that intersect the ball B = B(z,r). Let X = {s1,83,...,}
be the odd indices among the intersecting subcurves. For all s € X pick any point 7., in 7° N B.
Between any points m;,, 7, , there must lie an even subcurve m%2:. As the endpoints of this even
subcurve have distance at least A, we have |7, — || = A/(k + 1). Otherwise the even part
would not fit into B(m,,,r) U B(m,_,,r) which has diameter (x + 1)||7z, — 7, ||. Hence, the balls
B(mz,,A\/2(k 4+ 1)) are disjoint and contained in B(z,r + \). A standard packing argument now
shows that £ < 2 (r +\)%/(A\/2(k +1))% = O(k%(1 + r/\)?). O

Lemma 3.10. For any k-bounded curves mw,o with n vertices in total, 0 < ¢ < 1, we have
N(m,0,e) = O((k/E)™n).
L kool ¢

Proof. Let § > 0 and consider the partltlonmgs into long segments and pieces 7 , T O , O
computed by our algorithm. Then o' = oy, 4, satisfies ||oq, — 04,|| > A = min{3 f 110 for allt
We use the same charging scheme as in Lemma 3.6. Consider any segment v of a piece m°. The
segment v can be charged by a part ¢! which is either a long segment or a piece. In both cases, o'
intersects the ball B centered at the midpoint of ||v|| with radius r := (1+¢)d +2A. By Lemma 3.9
with A := A, the number of such charges is bounded by O((k//2)%).

Now consider any long segment v of m. The segment v can be charged by segments of ¢ which
are longer than v. Any such charging gives rise to a long segment o’ intersecting the ball B centered
at the midpoint of v of radius r := (1+¢)5+3 HU” By Lemma 3.9 with A := ||v]|, the number of such
charges is bounded by O(k%(3 + (1 +¢)d/||v[)?) = O((k//€)?), since [[v]| = A = min{3y/c, 1} - 6.

Hence, every segment of 7 is charged O((x/+/2)?%) times; a symmetric statement holds for . [

Plugging the above lemma into Lemma 2.1 we obtain the following result. The best previously
known runtime was O((k/e)%n + k%nlogn) [16].

Theorem 3.11. For any 0 < € < 1 there is a (1 + €)-approzimation for the continuous and
discrete Fréchet distance on k-bounded curves with n vertices in total in time O((r/+/€)%nlog? 1/e+

knlogn) = O((k//€)™n).



Figure 2: Projection of the pieces 7,0 onto the line L through their initial vertices. This yields one-dimensional
separated curves 7, 5.

3.3 Solving the free-space region problem on pieces

It remains to prove Lemma 3.2. Let (m,0,d,¢) be an instance of the free-space region problem,
where n = |r|, m = |o|, with [[m — m[, |lor — oy|| < Acy = A for any = € [1,n], y € [1,m]
(and entry intervals RZl C [i,i+ 1] x {1} for ¢ € [1..n) and R - C {1} x [4,j + 1] for j € [1..m)).
We reduce this instance to the free-space region problem on one- dzmenswnal separated curves, i.e.,
curves 7,0 in R such that all vertices of 7 lie above 0 and all vertices of ¢ lie below 0.

Since 7 and ¢ stay within distance A of their initial vertices, if their initial vertices are within
distance || — 01| < 0 — 2A then all pairs of points in 7,0 are within distance §. In this case, we
find a translation of = making || — 01| = § — 2A and all pairwise distances are still at most 9.
This ensures that the curves m, ¢ are contained in disjoint balls of radius A < %(5 centered at their
initial vertices.

Consider the line L through the initial vertices m; and ;. Denote by II: R* — L the pro-
jection onto L. Now, instead of the pieces m,0 we consider their projections 7 := II(7) =
(II(71),..., (7)) and 6 := (o) = (II(01),...,II(0m)), see Figure 2. Note that after rotation
and translation we can assume that # and & lie on R € R? and # and & are separated by 0 € R
(since 7 and o are contained in disjoined balls centered on L). Now we solve the free-space region

) Ry))).

problem on 7, &, 5= d, and € := 5 (with the same entry intervals R”,

Lemma 3.12. Any solution to the the free-space region problem on (7,0, S,é) solves the free-space
region problem on (m,0,d,¢).

Proof. Let z,y be vertices of , 0, respectively. Clearly, |II(x) — I(y)|| < ||z — y||. Hence, any
monotone path in D¢s(7, o) yields a monotone path in Des(7,6) = D_s(7,6), so it will be found.

Note that z and y have distance at most A to L. Since II(z) — and z—1(z) — (y — (y))
are orthogonal, we can use the Pythagorean theorem to obtain

lz = yll = VII(z) = ()12 + [lz — M(z) — (y — L2 < V(@) - (y)[> + (24)2.
Hence, any monotone path in D<(1+é)3(ﬁ,6) yields a monotone path in D, (m, o) with a <

\/(1+é)252+(2A)2. Plugging in 6 = 6, é = te, and A = min{3\E,1} - 6 we obtain

a< /(14 3e)2+e -0 < (1+¢€)d. Thus, the desired guarantees for the free-space region problem
are satisfied. O

We will show the following lemma in Section 4, concluding the proof of Lemma 3.2.



Lemma 3.13. The free-space region problem on one-dimensional separated curves can be solved in
time O((n +m)log?1/e).

4 On one-dimensional separated curves

In this section, we show how to solve the free-space region problem on one-dimensional separated
curves in time O((n 4 m)log?1/¢), i.e., we prove Lemma 3.13.

First, in Section 4.1, we show how to reduce this problem to a discrete version, meaning that
we can eliminate the continuous Fréchet distance and only consider the much simpler discrete
Fréchet distance (for general curves such a reduction is not known to exist, but we only need it
for one-dimensional separated curves). Moreover, we simplify our curves further by rounding the
vertices. This yields a reduction to the following subproblem. Note that we no longer ask for an
approximation algorithm.

Problem 4.1 (Reduced free-space problem). Given one-dimensional separated curves 7, o
with n,m vertices and all vertices being multiples of %6(5, and given an entry set E C [l..n],
compute the exit set F™ C [l..n] consisting of all points f such that dgp(me.. f,0) < 6 for some
e € E and the exit set F'7 C [1..m] consisting of all points f such that dqp(7e..n,01.5) < 6 for some
ee k.

Lemma 4.2. The reduced free-space problem can be solved in time O((n + m)log1/e).

As a second step, we prove the above lemma. We first consider the special case of E = {1} and
the problem of deciding whether n € F™, i.e., the lower left corner (1,1) of the free-space is the
only entry point and we want to determine whether the upper right corner (n,m) is an exit. This
is equivalent to deciding whether the discrete Fréchet distance of 7, o is at most 9§, which is known
to have a near-linear time algorithm as 7, o are one-dimensional and separated (see the footnote
in the introduction for details). We present a greedy algorithm for this special case in Section 4.2.
To extend this to the reduced free-space problem, we prove useful structural properties of one-
dimensional separated curves in Section 4.3. With these, we first solve the problem of determining
the exit set F™ assuming E = {1} in Section 4.4.1. Then we show for general E C [1..n] how to
compute F™ (Section 4.4.2) and F7 (Section 4.4.3).

4.1 Reduction from the continuous to the discrete case

Essentially we use the following lemma to reduce the continuous free-space region problem on
one-dimensional separated curves to the discrete reduced free-space problem.

Lemma 4.3. Let 7,0 be one-dimensional separated curves with subcurves my y,04. 4. Then we have
dv(Tp.b, 0q.a) = dar(Tp b, 0q.4). In particular, assume that we subdivide any segments of m,o by
adding new vertices, which yields new curves w', o’ with subcurves W;)/.'b/, aé,”d, that are subdivisions
of Tp.b, 0q..a- Then we have ddF(TF;)/“b/, U(’],“d,) = dar(Tp.b,0q.4) = Av(Tp.b, 0g..d)-

Proof. 1t is known that dp(7,0) < dgqp(7, o) holds for all curves m, 0. Thus, we only need to show
that any continuous traversal ¢ = (¢1, ¢2) of T, 4,04 4 can be transformed into a discrete traversal
with the same width. We adapt ¢ as follows. For any point in time t € [0,1], if ¢1(¢) is at a
vertex of m we set ¢/ (t) := ¢1(t). Otherwise ¢;(¢) is in the interior of a segment m; ;41 of 7.
Let j € {i,i + 1} minimize 7;. We set ¢}(t) := j. Observe that ¢} indeed is a non-decreasing
function from [0, 1] onto [1..n]. A similar construction, where we round to the value j € {i,i + 1}
maximizing o, yields ¢, and we obtain a discrete traversal ¢/ = (¢), ¢,). The width of ¢ is at
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most the width of ¢ since we rounded in the right way, i.e., we have m(¢|(t)) < 7(¢1(t)) and
o(9h(1)) > 0(9a(t)) so that [|w(}(£)) — (5D < Im(61(2)) — o(2(D) | for all t € [0,1].

Note that the discrete Fréchet distance is in general not preserved under subdivision of segments,
but the continuous Fréchet distance is. Thus, the second statement follows from the first one,

ddF(ﬂ'p..b, O'q._d) = dF(Trp_b, Jq_.d) = dF(TF;/“b/, U;’..d’) == ddF(ﬂ';)/“b/, 0;/“[1/). O

The above lemma allows the following trick. Consider any finite sets £ C [1,n] and F' C [1,n].
Add 7, as a vertex to w for any x € E' U F, with slight abuse of notation we say that m now has
vertices at m;, i € [1..n], and m,, x € EUF. Mark the vertices m,, x € E, as entries. Now solve
the reduced free-space problem instance (w0, E). This yields the set F'™ of all values f € F such
that there is an e € E with dqp(7e..f,0) < §, which by Lemma 4.3 is equivalent to dp(m,_f,0) < 6.
Thus, we computed all exit points in F' given entry points in FE, with respect to the continuous
Fréchet distance. This is already near to a solution of the free-space region problem, however, we
have to cope with entry and exit intervals.

For the full reduction we need two more arguments. First, we can replace all non-empty input
intervals Rfl by the leftmost point (y;, 1) in ]-:ifl NDgs(m, o), specifically, we show that any traversal

starting in a point in Rﬁl can be transformed into a traversal starting in (y;,1). Thus, we add m,
as a vertex and mark it as an entry to obtain a finite and small set of entry points. Second, for any
segment 7; ;41 we call a point f € [i,i 4 1] reachable if there is an e € E with dp(7m.. f,0) < J. We
show that if f is reachable then essentially all points f’ € [i,i+ 1] with 74 < 7f are also reachable.
Thus, the set of reachable points is an interval with one trivial endpoint, and we only need to
search for the other endpoint of the interval, which can be done by binary search. Moreover, we
can parallelize all these binary searches, as solving one reduced free-space problem can answer for
every segment of m whether a particular point on this segment is reachable (after adding this point
as a vertex). To make these binary searches finite, we round all vertices of 7 and o to multiples of
v = %55 and only search for exit points that are multiples of «v. This is allowed since the free-space
region problem only asks for an approximate answer. A similar procedure yields the exits on o
reachable from entries on 7, and determining the exits reachable from entries on ¢ is a symmetric
problem. Since for the binary searches we reduce to O(log1/¢) instances of the reduced free-space
problem, Lemma 3.13 follows from Lemma 4.2.

In the following we present the details of this approach. Let 7,0 be one-dimensional separated
curves, i.e., they are contained in R, all vertices of 7 lie above 0, and all vertices of ¢ lie below 0.
Let n = |n|, m = |o|, 6 > 0 and 0 < ¢ < 1. Consider entry intervals Rfl C 5,1+ 1] x {1} for
i €[l.n) and quj C {1} x[4,7+1] for j € [1..m). We reduce this instance of the free-space region
problem to O(log1/¢) instances of the reduced free-space problem.

First we change 7,0 as follows. (1) Let Z C R be the set of all integral multiples® of v := %55 .
We round all vertices of 7, o to values in Z, where we round down everything in 7 and round up in
o, yielding curves 7/, o’. (2) Let I C [1..n) be the set of all ¢ with nonempty R;‘l NDgs(n’,0’). For
any i € I let (y;,1) be the leftmost point in th,l NDgs(n',0') and note that 7, is also a multiple
of . Add 71';1, as a vertex to 7’ and mark it as an entry. With slight abuse of notation, we say that
7' now has its vertices at 7, i € [1.n] and 7, , i € I. We let E = {y; | i € I'} be the indices of the
entry vertices. Note that (7/,0’, E) can be computed in time O(n + m).

For every i € [1..n) consider the multiples of v on 7 ;. ;, i.e., S; := {z € [i,i+ 1] | 7, € Z}.
Note that S; forms an arithmetic progression, specifically S; = {i,7 + 1/t;,i + 2/t;,...,i + 1} for
some t; € N, since 7}, 7} 41 are in Z and 7rh. is a linear function in . Thus, S; and subsequences of

(A
S; can be handled efficiently, we omit these details in the following. We want to determine the set

*Without loss of generality we assume 1/¢ € N so that § € Z.
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F; of all f € S; such that there is an e € E with ddF(TF;“f, o) < 6. We first argue that F; is of an
easy form.

Lemma 4.4. If F; is non-empty then we have F; = [a,b] N Z for some a,b € S; with {a,b} N
{i,yi, i+ 1} #0 (or {a,b} N {i,i + 1} # 0 if y; does not exist).

Proof. We show that if any f € S; is reachable, i.e., there is an e € E with ddp(wéuf, o) < 0, then
any f' € S; with 7, < 7 and y; € (f', f] is also reachable. This proves the claim. Let ¢ be any
traversal of 7, ,, 0" of width at most §. Note that e < f’, since y; & (f', f] and y; is the only entry
on the segment containing f and f’. If f < f then we change ¢ to stop at 7r}, once it arrives at this
point, and we traverse the remaining part of o staying fixed at ’,. Since 7r}/ < 7 this does not
increase the width of the traversal and shows that f’ is also reachable. If f > f then we append
a traversal to ¢ that stays fixed at o7, but walks in 7’ from 7’ to 7. Again since 7, < 7 this
does not increase the width of the traversal and shows that f’ is also reachable.

Note that by solving the reduced free-space problem on (7’,0’, E) we decide for each f €
[n]U{y; | i € I} whether there is an e € E with dqr(7;_;,0") < d. By the above lemma, this yields
one of the endpoints of the interval F;, say a, and we only have to determine the other endpoint,
say b. In the special case 7 = 7;,; we even determined both endpoints already, so from now on
we can assume 7; # 7 ; so that |S;| < co. We search for the other endpoint of F; using a binary
search over S;. To test whether any z € S; is in F;, we add 7, as a vertex of 7' and solve the
reduced free-space problem on (7, 0’, E). If z is in the output set F™ then it is in Fj.

Note that any vertex 7, > § on 7’ does not have any point of ¢ within distance §, which is
preserved by setting 7/, := 2§. Thus, we can assume that 7’ takes values in [0, 26], which implies
|S;| < O(1/e), so that our binary search needs O(log1/e) steps. Moreover, note that we can
parallelize these binary searches, since we can add a vertex z; on every subcurve 7; ,; , so that
one call to the reduced free-space problem determines for every z; whether it is reachable. Here we
use Lemma 4.3, since we need that further subdivision of some segments of 7’ does not change the
discrete Fréchet distance. Note that since we add O(n) vertices to 7’ and since we need O(log1/¢)
steps of binary search, Lemma 4.2 implies a total runtime of O((n 4 m)log?1/e).

We thus computed F; = [a,b] N Z with a,b € S;. We extend F; slightly to F/ = [a/,b']NZ
by including the neighboring elements of a and b in S;. Finally, we set Rfm(ﬂ) = [a/,b] x {m}.
A similar procedure adding entries E° on ¢’ and doing a binary search over exits on 7’ yields an
interval ];?fm(a) consisting of points (f,m) € [i,i + 1] x {m} such that there is an e € E? with
dar ()4 00 ) < 6. We set Rflm = Rfm(w) U Rzm(a), which will be again an interval (which
follows from the proof of Lemma 4.4). A symmetric algorithm determines Rfl,j for j € [1..m).

We show that we correctly solve the given free-space region problem instance.

Lemma 4.5. The computed intervals are a valid solution to the given free-space region instance.

Proof. Let ¢ be any monotone path in Dgs(m, o) that starts in a point (p,1) € R?l and ends in
(b, m), witnessing that dqr (7.5, o) < 0. After rounding down 7 to 7" and rounding up o to o’, ¢ is
still a monotone path in Des(n’,0’). Moreover, we can prepend a path from (y;,1) to (p,1) to ¢,
since R;L 1 NDgs(n’,0’) is an interval containing (y;, 1) and (p,1). Let r be the value of 1, rounded
down to a multiple of . This value r is attained at some point 7y on the same segment 7; ;11 as m,.
If f < b then we change ¢ to stop at my whenever it reaches this point. If f > b then we change ¢
by appending a path from (b, m) to (f,m). In any case, this yields a monotone path in Des(n’, ")
from (y;,1) to (f,m). Since such a continuous traversal is equivalent to a discrete traversal by
Lemma 4.3, we have f € F;. By the construction of F/, the point (b,m) will be contained in the
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output Rfm(ﬁ), so we find the reachable exit (b, m) as desired. A similar argument with entries on
o shows that we satisfy property (1) of the free-space region problem.

Consider any point (f,m) in the output set R?m (7). By the construction of F}, there is a point
b on the same segment as f with || — 7| <~ and there is an entry e € E with dar (7, ;,0") < 9,
witnessed by a traversal ¢. If b < f we change ¢ so that it stops at m, once it reaches this
point. If b > f we change ¢ by appending a path from (b,m) to (f,m). In any case, this shows
dar () f’ o') < 0 4. Since 7/, 0’ are rounded versions of 7,0 where all vertices are moved by less
than v, we obtain dgr(me.f,0) < d + 3y = (1 +¢)d. Thus, any point (f,m) in the output set is
reachable form the entry sets by a monotone path in D (y.)5(m, o), which together with a similar
argument for entries on o proves that we satisfy property (2) of the free-space problem. O

4.2 Greedy Decider for the Fréchet Distance of One-Dimensional Separated

Curves
In the remainder of the paper all indices of curves will be integral. Let m = (my,...,m,) and
o = (o1,...,0m) be two separated polygonal curves in R, i.e., 7; > 0 > ¢;. For indices 1 <7 < n

and 1 < j < m, define vis,(i,7) := {k | k > j and o, > m; — J} as the index set of vertices on o
that are later in sequence than o; and are still in distance 6 to m; (i.e, seen by ;) and, likewise,
visx(4,7) :={k | k > i and 7, < 0;+0}. Hence, the set of points that we may reach on o by starting
in (m;,0;) and staying in m; can be defined as the longest contiguous subsequence [j + 1..5 + k]
such that [j + 1..7 + k] C vis, (7, ). Let reach,(i,7) := [j + 1..j + k] denote this subsequence and
let reach,(i,7) be defined symmetrically. Note that m; < 7y implies that vis,(i,7) 2 vise (7, ),
however the converse does not necessarily hold. Also, vis, (4, j) 2 vise (¢, j) implies that vis, (i, j) C
visy (i, 7) and m; > .

The visibility sets established above enable us to define a greedy algorithm for the Fréchet
distance of m and 0. Let 1 < p < n and 1 < ¢ < m be arbitrary indices on o and w. We say that p’
is a greedy step on 7 from (p,q), written p’ <— GREEDYSTEP(7p. n,0q.m), if p' € reach,(p,q) and
visy (i, q) € visy(p/, ¢) holds for all p < i < p/. Symmetrically, ¢’ € reach,(p, q) is a greedy step on o
from (p, q), if visy(p,i) C visz(p,¢’) for all ¢ < i < ¢'. In pseudo code, GREEDYSTEP(Tp n,0q..m)
denotes a function that returns an arbitrary greedy step p’ on 7 from (p, ¢) if such an index exists
and returns an error otherwise (symmetrically for o). See Figure 3.

Consider the following greedy algorithm:

Algorithm 1 Greedy algorithm for the Fréchet distance of separated curves 71, and o1, in R

p+1lg+1

2: repeat

3 if p’ <~ GREEDYSTEP,(7p. 5, 0¢.m) then

4 p 7

5: if ¢ < GREEDYSTEP,(7p.n,0q.m) then

6 g q

7: until no greedy step was found in the last iteration
8: if p=n and ¢ = m then return dgp(m,0) < 6

9: else return dgp(m, o) > ¢

Theorem 4.6. Let m and o be separated curves in R and 6 > 0. Algorithm 1 decides whether
dar(m,0) < 60 in time O((n + m)log(nm)).
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Figure 3: An illustration of greedy steps. For better visibility, the one-dimensional separated curves m,o are
drawn in the plane by mapping m; to (i,7;). In particular, the results of MINGREEDYSTEP(7p..n,0q..m),
MAXGREEDYSTEP (Tp..ny 0g..m), and STOP(p..n, 0q..m) are shown.

We will first prove the correctness of the algorithm in Lemma 4.8 below and postpone the
discussion how to implement the algorithm efficiently to Section 4.2.2.

4.2.1 Correctness

Note that Algorithm 1 considers potentially only very few points of the curve explicitly during its
execution. Call the indices (p, q) of point pairs considered in some iteration of the algorithm (for
any choice of greedy steps, if more than one exists) greedy (point) pairs and all points contained
in some such pair greedy points (of m and o). The following useful monotonicity property holds: If
some greedy point on 7 sees a point on ¢ that is yet to be traversed, all following greedy points on
7w will see it until it is traversed.

Lemma 4.7. Let (p1,q1),---,(pi,qi) be the greedy point pairs considered in the iterations 1,... 1.
It holds that

1. visqs (€, q;) C visq(pi, i) for all1 < £ < p;, and
2. visg(pi, £) C visp(pi,qi) for all 1 < € < g;.

Proof. Let k < i. We first show that vis,(¢,q;) C visg(pr+1,¢;) holds for all pp < £ < pgyq. If
Dk = Pk+1, the claim is immediate. Otherwise pg1 is the result of a greedy step on 7. By definition
of visibility, we have vis, (¢, ¢;) = vis (¢, qx)N[gi..m] C Vise(Pk+1, qk)N[¢..m] = Vise (Pr+t1, ¢), where
the inequality follows from py11 being a greedy step from (pg, qx)-

For arbitrary ¢ < i, let k < i be such that py < ¢ < pgy1. Then vis,(¢,¢;) C Vvise(Pr+1,¢) C
Vise (Pr+2,¢i) € - -+ C visy(pi, qi). The second statement is symmetric. d

We will exploit this monotonicity to prove that if Algorithm 1 finds a greedy point pair
that allows no further greedy steps, then no feasible traversal of m and o exists. We derive
an even stronger statement using the following notion: For a greedy point pair (p,q), define
STOP,(Tp..m, 0q.m) = max(reachr(p,q) U {p}) + 1 as the index of the first point after m, on =
which is not seen by o4, or n + 1 if no such index exists. Let STOP, be defined symmetrically.

Lemma 4.8 (Correctness of Algorithm 1). Let (p,q) be a greedy point of ™ and o, psiop =
STOP,(Tp..m, Oq.m) and Gstop := STOP(Tp n,0q.m). If on both curves, no greedy step from (p,q)
exists, then dgp(m,0) > 4.
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In particular, if gsiop < m, then for all 1 < p' < n, we have that dap (71, p, 01..q40,) > 0 and if
Dstop < M, then dap (M1, pyops 01.q7) > 0 for all 1 < ¢ <m.

Note that the correctness of Algorithm 1 follows immediately: If the algorithm is stuck, then
dar(m,0) > 6. Otherwise, it finds a feasible traversal.

Proof of Lemma 4.8. Consider the case that no greedy step from (p,q) exists, then the following
stuckness conditions have to hold:

1. For all p’ € reach,(p, q), we have vis,(p/,q) € vis,(p, q), and

2. for all ¢’ € reach,(p, q), we have vis:(p,q’) S visz(p, q).

In this case, we can extend the monotonicity property of Lemma 4.7 to include all reachable
and the first unreachable point.

Claim 4.9. If the stuckness conditions hold for (p,q), then we have Vvisy(i,q) C Vvisy(p, q) for all
1 <@ < pstop- In particular, if w, does not see oy for some £ > q, then no vertex m; with 1 < i < Pstop
sees oy. The symmetric statement holds for o.

Proof. By the monotonicity of the previous claim, vis,(i,q) C visy(p,q) holds for all i < p. The
first of the stuckness conditions implies vis, (7, q) C viss(p, ¢) for all p < i < pstop. If Pstop =1 + 1,
this already completes the proof of the claim. Otherwise, note that . > mp, since otherwise
Dstop € reachr(p, q). Hence visy (pstop, ) C visq(p, ) holds as well. O

We distinguish the following cases that may occur under the stuckness conditions:

Case 1: pstop < M OF Gstop < m. Without loss of generality, let psop < 1 (the other case is
symmetric). Assume for contradiction that a feasible traversal ¢ of T1..petop a0 07 exists for some
1 < ¢ < m. In ¢, at some point in time we have to move in 7 from pstop — 1 t0 Pstop While moving
in 01,y from some op to o, where ¢/ € {{ — 1,/} and oy sees 7, . Since g, does not see mp,_,
the previous claim shows that ¢ > gstop. If gstop = M + 1 or gstop < ¢, this is impossible, yielding
a contradiction. Otherwise, to do this transition, in some earlier step we have to move in ¢ from
stop — 1 10 gstop While moving in 7 from 7y to 7y, for some k < pgiop and k' € {k—1, k}. However, by
definition gsiop ¢ Vise(p, ¢), hence Claim 4.9 implies that the transition is illegal, since 7, does not
see Ogy,,- Lhis is a contradiction. By a symmetric argument, it holds that dap(71.p/, 01..440p) > 6-

Case 2: pstop = n+1 and gstop = m~+1. In this case, reach,(p, ¢) = [p+1..n] and reach,(p, q) =
[¢ + 1..n]. By stuckness conditions, there exist an index pmax > p such that no oy with ¢’ > ¢ sees
Tpmax aNd an index gmin such that no m, with p’ > p sees oy, ... Assume for contradiction that a
feasible traversal ¢ exists. In ¢, at some point in time ¢, we have to cross either (1) from m, to mp41
while moving in o from oy to oy with £ < ¢+ 1 < gmin and ¢ € {£ — 1,4} or (2) from o4 to ogq1
while moving from 7y to mp with £ < p+ 1 < pmax and ¢ € {£ — 1,¢}. In the first case, £ < ¢min
holds, since 7,41 does not see g . . For all consecutive times ¢’ > t, ¢ is in a point 7, (p' > p+1)
that does not see o4, , which still has to be traversed, leading to a contradiction. Symmetrically,
in the second case, for all times ¢’ > t, ¢ is in a point o4 (¢’ > ¢+ 1) that does not see 7, , which
still has to be traversed.

This concludes the proof of Lemma 4.8. O
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4.2.2 Implementing greedy steps

To prove Theorem 4.6, it remains to show how to implement the algorithm to run in time O((n +
m)log(nm)). We make use of geometric range search queries. The classic technique of fractional
cascading [13, 23, 26] provides a data structure D with the following properties: (i) Given n
points P in the plane, D(P) can be constructed in time O(nlogn) and (ii) given a query rectangle
Q@ = I x Iy with intervals I; and I», find and return ¢ € @ NP with minimal y-coordinate, or
report that no such point exists, in time O(logn). Here, each interval I; may be open, half-open
or closed.

By invoking the above data structure on P := {(i,m;) | i € [1...n]} for a given curve 7 = my_,,
(as well as all three rotations of P by multiples of 90°), we obtain a datastructure D™ such that:

1. D™ can be constructed in time O(nlogn),

2. the query D™ .MININDEX([x1, z2], [p,b]) (D".MAXINDEX([x1, 2], [p,b])) returns the minimum
(maximum) index p < i < b such that z; < m; < 22 in time O(logn), and

3. the query D™.MINHEIGHT([z1,x2], [p,b]) (D™.MAXHEIGHT([21,z2], [p,b])) returns the mini-
mum (maximum) height x; < m; < x2 such that p < < b in time O(logn).

The queries extend naturally to open and half-open intervals. If no index exists in the queried
range, all of these operations return the index co. We will use the corresponding data structure D
for o as well.

With these tools, we implement the following basic operations for arbitrary subcurves 7’ := m) 3
and o' := 0, 4 of T and 0. See also Figure 3.

1. Stopping points stop, (7', ¢’). For points p, q, STOP, (7', 0’) := max(reach,(p,q) U{p})+1
returns the index of the first point after m, on 7’ which is not seen by o4, or b + 1 if no such
index exists.

Algorithm 2 Finding the stopping point

1: function STOP, (7). 4, 04..4)

2: Pstop < D™.MININDEX((0q + 9, 00), [p, b]) > First non-visible point on 7
3: if pstop < 0o then return pgiop
4: else return b + 1

2. Minimal greedy steps MinGreedyStep,. (7', 0’). This function returns the smallest index
p’ € reach, (p, q) such that vis,:(p', q) 2 vis,(p, ¢) or reports that no such index exists.

Algorithm 3 Minimal greedy step

1: function MINGREEDYSTEP(7p. 5, 0¢..d)

2 ¢min < D7 .MINHEIGHT([7), — §, 0), [g, d]) > Lowest still visible point on o
3 Peand < D™ .MININDEX((—00, 04, + 0], [p+ 1,d]) > If p’ exists, it is Peand
4 Dstop < STOP(Tp b, 04..d) > First non-visible point on 7
5 if Pcand < Dstop then return Pcand

6 else return “No greedy step possible.” > m, . not reachable from 7, while staying in o,

3. Maximal greedy steps MaxGreedyStep, . (7’,0’). Let p’ € reach,/(p,q) be such that (i
P is the largest index maximizing |vis,(z, ¢)| among all z € reach,(p, q) and (ii) vis, (p, q) 2
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visys(p, q). If p' exists, MAXGREEDYSTEP, returns this value, otherwise it reports that no
such index exists. Note that if p’ exists, then by definition there is no greedy step on w
starting from (p’, ¢), i.e., this step is a maximal greedy step.

Algorithm 4 Maximal greedy step
1: function MAXGREEDYSTEP (7. 4, 04..d)

2: qmin < D7 .MINHEIGHT([m), — §, 00), [g, d]) > Lowest still visible point on o
3: Dstop — STOP(Tp. 4, 04..d) > First non-visible point on 7
4: Pmin < D™.MINHEIGHT((—00, 04, + 0], [P + 1, Pstop — 1]) > Maximizes visibility among

reachable points
if pmin = oo then
return “No greedy step possible.” > No reachable point has better visibility than m,
else
¢min < D7.MINHEIGHT ([T}, — 6, 00),[¢, d]) > Lowest point on o still seen by pmin
return D™.MAXINDEX((—00, 0¢,,, + 9], [Pmin, Pstop — 1])

4. Arbitrary greedy steps GreedyStep, (7’,¢’). If, in some situation, it is only required to
find an arbitrary index p’ € reach,(p, q) such that all p < i < p’ satisfy vis, (4, ¢) C visy/ (p/, q)
or report that no such index exists, we use the function GREEDYSTEP, (7, 0’) to denote that
any such function suffices; in particular, MINGREEDYSTEP, or MAXGREEDYSTEP, can be
used.

For o, we define the obvious symmetric operations. Note that in these operations, it is not feasible
to traverse all directly feasible points and check whether the visibility criterion is satisfied, since
this would not necessarily yield a running time of O*(1).

Lemma 4.10. Using O((n + m)lognm) preprocessing time, ~MAXGREEDYSTEP,,
MINGREEDYSTEP, and STOP, can be implemented to run in time O(lognm).

Proof. In time O((n+m)lognm), we can build the data structure D™ for 7 and symmetrically D?
for o. Algorithms 2, 3 and 4 implement the greedy steps and STOP, using only a constant number
of queries to D™ and D7, each with running time O(logn) or O(logm). O

For the reduced free-space problem, these operations can be implemented even faster.

Lemma 4.11. Let m = 71, and 0 = o1, be input curves of the reduced free-space problem. Using
O((n+m)log1/e) preprocessing time, MAXGREEDYSTEP;, MINGREEDYSTEP, and STOP, can be
implemented to run in time O(log1/e).

Proof. We argue that range searching can be implemented with O(log1/e) query time and
O(nlog1/e) preprocessing time. This holds since for the point set P = {(i,m;) | i € [1...n]}
(1) the z-values are 1,...,n, so that we can determine the relevant pointers in the first level of the
fractional-cascading tree in constant time instead of O(logn) and (2) all y-values are multiples of
10 and in [—26,26], i.e., there are only O(1/e) different y-values. For the latter, note that any
point 7, > 0 sees no point in o, and this is preserved by setting m, to 20 (and similarly for o).
Using these properties it is straightforward to adapt the fractional-cascading data structure, we
omit the details. O
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Figure 4: Composition properties of feasible traversals of one-dimensional separated curves.

4.3 Composition of one-dimensional curves

In this subsection, we collect essential composition properties of feasible traversals of one-
dimensional curves that enable us to tackle the reduced free-space problem (see Figure 4 for an
illustration of these results). The first tool is a union lemma that states that two intersecting
intervals I, J of w that each have a feasible traversal together with o prove that also m;ys can be
traversed together with o.

Lemma 4.12. Let 7 = w1 ,, and 0 = 01_,, be one-dimensional separated curves and let I, J C [1..n]
be intervals with I NJ # 0. If dap(nr,0) < 6 and dap(7wy,0) < 6, then dap(mrug,0) < 0.

Proof. If I C J, the claim is trivial. W..o.g, let I = [a;..b;] and J = [as..bs], where a; <
ay < by < by. Let ¢r (and ¢y) be a feasible traversal of (wr,0) (and (77, 0), respectively). By
reparameterization, we can assume that ¢r(t) = (¥1(t), f(t)) and ¢;(t) = (¥s(t), f(t)) for suitable
(non-decreasing onto) functions ¢y, : [0,1] — [1..n] and f : [0,1] — [1..m]. One of the following
cases occurs.

Case 1: There is some 0 < ¢t < 1 with ¢7(t) = ¢(t). Then we can concatenate ¢;(0,t) and
¢j(t,1) to obtain a feasible traversal of ¢ju.;.

Case 2: For all 0 < t < 1, we have ¢r(t) < 1¢;(t). Let o, be the highest point on o. By
dar(mr,0) < § and dgp(my,0) < 0, the point o, sees all points on mryy. There is some 0 <
t* < 1 with f(t*) = ¢. We can concatenate ¢;(0,t) and the traversal of 7y, () ;=) and og4 to
obtain a feasible traversal of 7y, y,(+) and oy f+). Appending ¢;(t*,1) to this traversal yields
ddF(Traj..bJ’O-) <. OJ

The second result formalizes situations in which a traversal ¢ of subcurves has to cross a traversal
1 of other subcurves, yielding the possibility to follow ¢ up to the crossing point and to follow
from there on.

Lemma 4.13. Let m1 = m_, and 0 = o1, be one-dimensional curves and consider intervals
I =ar..b;] and J = [ay..bj] with J C I C [l..n], and K = [1..k] C [1..m]. If dqr(71,0K) < 0 and
ddF(ﬂ'J,O') g (5, then ddF(ﬂ'a[..bJ;U) g (5
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Proof. Let ¢ be a feasible traversal of m; and ox and v a feasible traversal of 7y and o. We first
show that ¢ and v cross, i.e., there are 0 < t,t' < 1 such that ¢(¢t) = ¢ (¢'). For all k € [1..K], let
[si..ei] denote the interval of points that ¢ traverses on w while staying in 0. Similarly, [s}f..ef]
denotes the interval of points ¢ traverses on 7 while staying in oj. Assume for contradiction that

[si..ei] and [s}f..e}f] are disjoint for all 1 < k¥ < K. Then initially, we have s(f =ar < ay = szf

and hence e‘f < slf. This implies sg < e‘f +1< sqf < sg and inductively we obtain ef < s}f < ef
for all £ € [1..K]. This contradicts ef{ =br >by > e}/’{. Hence, for some 1 < k < K, [si..ef]
and [s}f..e}f] intersect, which gives ¢(t) = (p,k) = ¢(t') for any p € [sf,ef] N [s}f,e}f] and the
corresponding 0 < ¢,¢' < 1. By concatenating ¢(0,¢) with ¢(¢/, 1), we obtain a feasible traversal of
Ta;.by, and o. ]

The last result in our composition toolbox strengthens Lemma 4.12 to the case that the traversal
of 7wr uses only an initial subcurve o7 of ¢ and not the complete curve.

Lemma 4.14. Let m = m., and 0 = o1.m be one-dimensional separated curves and consider
intervals I = [ay..by] and J = [aj..by] with 1 < a; <ay < by <bjy<n, and K =[1..k] C[1l.m]. If
ddF(ﬂ'[,UK) < 6 and ddF(WJ,U) < (5, then dF(W[UJ,U) < d.

Proof. Let ¢ be any feasible traversal of 7; and o. There exists ay < ¢ < by with ¢(t) = (¢, k)
for some 0 < ¢ < 1. Hence ¢ restricted to [0,t] yields a feasible traversal of 7, , and oy, i.e.,
dar (T, .0, 0K) < 6. Since I and [a;..4] are intersecting, Lemma 4.12 yields that dqp(7q,.0, oK) < 0.
Let v be such a feasible traversal of m,, , and ox. Concatenating ¢ at (1) = (¢,k) = ¢(t) with
¢(t,1), we construct a feasible traversal of 7,, 5, and o, proving the claim. O

4.4 Solving the Reduced Free-space Problem

In this section, we solve the reduced free-space problems, using the structural properties derived
in the previous section and the principles underlying the greedy algorithm of Section 4.2. Recall
that the greedy steps implemented as discussed in Section 4.2.2 run in time O(log 1/¢) on the input
curves of the reduced free-space problem.

4.4.1 Single Entry

Given the separated curves m = (7y,...,m,) and o = (01, ...,0n,) and entry set E = {1}, we show
how to compute F'?. We present the following recursive algorithm.

Algorithm 5 Special Case: Single entry

1: function FIND-0-EXITS(7). 4, 04..d)

2 if ¢ = d then

3: if STOPA (7). 1,04) = b+ 1 then

4: return {q} > The end of 7 is reachable while staying in o,
5 else return ()

if p’ <~ MAXGREEDYSTEP, (7). ,04.4) then
return FIND-0-EXITS(7) p, 04.4))
else if ¢’ <~ GREEDYSTEP, () 5, 04.q4) then
return FIND-0-EXITS(7p 4,04 q—1) U FIND-0-EXITS(7),_p, 0/ .d)
10: else
11: return FIND-0-EXITS(7p 4,04.d-1) > No greedy step possible
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The following property establishes that a greedy step on a long curve is also a greedy step on
a shorter curve. Clearly, the converse does not necessarily hold.

Proposition 4.15. Let 1 < p< P<nand 1 < q<Q <m. Any greedy step on 7 from (p,q) to
(p',q) with p' < P is also a greedy step with respect to T := mp_p and ¢ := 04.Q, i.e., if there is
some p' < P with vis,(i,q) C vise(p',q) for all p < i < p', then also visz(i,q) C visz(p', q).

Proof. From the definition of vis,, we immediately derive visz (i, q) = vis, (4, ¢)N[g..Q] C vis,(p’, ¢)N
[q..Q] = visz(p',q) for all p < i < p/. Restricting the length of 7 also has no influence on the
greedy property, except for the trivial requirement that p’ still has to be contained in the restricted
curve. O

Lemma 4.16. Algorithm 5 correctly identifies F° given the single entry E = {1}.

Proof. Clearly, if FIND-0-EXITS(7, o) finds and returns an exit e on o, then it is contained in F,
since the algorithm uses only feasible (greedy) steps. Conversely, we show that for all I = [p..b] and
J = [g..d], where (p, q) is a greedy point pair of 7 and o, and all e € J with dqr (77,0 001..¢]) < 6,
we have e € FIND-0-EXITS(71,07), i.e. we find all exits.

Consider some call of FIND-0-EXITS(7, 07) for which the precondition is fulfilled. If J consists
only of a single point, then J = {e}, and a feasible traversal of 7; and o exists if and only if o
sees all points on 7. Let I = [p..b], then this happens if and only if STOP,(77,0¢) = b+ 1, hence
the base case is treated correctly.

Assume that I = [p..b] and a maximal greedy step p’ on 7 exists. By Property 4.15, this step is
a greedy step also with respect to o jn1. . Hence by Lemma 4.8, if there is a traversal of 7 ; and
O JnL..]» then a traversal of 7,  and 051 also exists.

Consider the case in which J = [q..d] and a greedy step ¢ in o exists. If e < ¢, then e € [¢q..¢'—1]
and J N [l..e] = [¢..¢ — 1] N [1l..e]. Hence, e is found in the recursive call with J' = [¢..q/ — 1]. If
e > ¢, then by Property 4.15, this step is a greedy step with respect to the curves 7; and TIA[l.e]-
Again, by Lemma 4.8, the existence of a feasible traversal of m; and oy implies that also a feasible
traversal of 7wy and o jny. ¢ exists.

It remains to regard the case in which no greedy step exists. By Lemma 4.8, there is no feasible
traversal of 7y, and o1 4. This implies € # d and all exits are found in the recursive call with
J =lq,d—1]. O

Lemma 4.17. FIND-o-EXITS(7,. 1, 04.4) Tuns in time O((d — g + 1) - log 1/¢).

Proof. Since the algorithm’s greedy steps on 7 are maximal, after each greedy step on 7, we split
o (by a greedy step on o) or shorten o (if no greedy step on o is found). Thus, it takes at most
O(log1/e) time until o is split or shortened. The base case is also handled in time O(log1/e). In
total, this yields a running time of O((d — q+ 1) log1/e). O

Note that by swapping the roles of m and o, FIND-g-EXITS can be used to determine F'™ given
the single entry o1 on o. This is equivalent to having the single entry £ = {1} on w. Thus, we
can also implement the function FIND-m-EXITS(71_p,, 01,1, ) that returns F™ given the single entry
E = {1} in time O(nlog1/e).

4.4.2 Entries on 7, Exits on 7w

In this section, we tackle the task of determining F™ given a set of entries F on 7. It is essential
to avoid computing the exits by iterating over every single entry. We show how to divide 7 into
disjoint subcurves that can be solved by a single call to FIND-m-EXITS each.
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Assume we want to traverse 7,  and o, g starting in 7, and o4. Let u(p) := max{p’ € [p,d] |
Jdg < ¢ <d: dar(Tp.p g q) < d} be the last point on 7 that is reachable while traversing an
arbitrary subcurve of o, 4 that starts in o,. This point fulfills the following properties.

Lemma 4.18. It holds that
1. If there are p < e < € < u(p) with dap(7e..e/,0q.a) < 9, then dap(mp e, 04.4) < 9.
2. For all p < e < u(p) < €, we have that dap (7. ¢/, 04.4) > 0.

Proof. By definition of u(p), there is a ¢ < ¢ < d with dar(7,_u(p), 04..¢) < 0. Since [e,e'] C
[p, u(p)], Lemma 4.13 proves the first statement. For the second statement, assume for contradiction
that dqr(7e..er; 0¢.4) < 6. Then, Lemma 4.14 yields that dqp(7p. ¢/, 04..4) < . This is a contradiction
to the choice of u(p), since € > u(p). O

The above lemma implies that we can ignore all entries in [p..u(p)] except for p and that all exits
reachable from p are contained in the interval [p..u(p)]. This gives rise to the following algorithm.

Algorithm 6 Given entry points F on 7, compute all exits on .

1: function m-EXITS-FROM-7 (7, 0, E)

2 S0

3 while E # () do

4 P < pop minimal index from E

5: pp, g1

6 repeat

7 if ¢’ < MAXGREEDYSTEP,(7p. 1, 0q..m) then

8 g4

9: if p’ <~ GREEDYSTEP,(7p 1, 0q.m) then
10: P p

11: until no greedy step was found in the last iteration

12: D < STOP(Tp.n,0q.m) — 1 > determines the maximal reachable point u(p)
13: S < SUFIND-m-EXITS(7p, 5, 0)

14: E«+~ En[p+1,n] > drops all entries in [p, u(p)]
15: return S

Lemma 4.19. Algorithm 6 correctly computes F™.

Proof. We first argue that for each considered entry p, the algorithm computes p = u(p). Clearly,
P < u(p), since only feasible steps are used to reach p. If p = m, this already implies that also
u(p) = m. Otherwise, let (p,q) be the greedy point pair on the curves 7 _, and o for which no
greedy step has been found. Then by Lemma 4.8, for pgiop := STOP(Tp.n, 04.m) and all 1 < ¢’ < m,
we have that dar (7. pyep> 01..q/) > 0. Hence, u(p) < pstop. Finally, note that Algorithm 6 computes
D = Dstop — 1, which proves p = u(p).

It is clear that every found exit is included in F™. Conversely, let ¢’ € F™ and 1 < e < n be such
that dap(7e. e, 0) < 6. For some p with p < e < u(p) = p, we run FIND-m-EXITS(75 5, 0). Hence
by Lemma 4.18 (2), €’ < u(p) and by Lemma 4.18 (1), dqr (7., 0) < 6. Hence, the corresponding
call FIND-7-EXITS (755, 0) will find €. O

Lemma 4.20. Using preprocessing time O((n+m)log1/e), Algorithm 6 runs in time O(nlogl/e).
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Proof. We first bound the cost of all calls FIND-m-EX1TS(7/,,0). Clearly, all intervals I; are disjoint
with (JI; C [1..n]. Hence, by Lemma 4.17, the total time spent in these calls is bounded by
O3, illog(1/e)) = O(nlog1/e). To bound the number greedy steps, let p1, ..., p; be the distinct
indices considered as values of p during the execution of 7-EXITS-FROM-7(7, o). Between changing
p from each p; to p; 11, we will make, by maximality, at most one call to MAXGREEDYSTEP,, and at
most call to GREEDYSTEP,. Since k < n, the total cost of greedy calls is bounded by O(nlog1/e)
as well. The total time spent in all other operations is bounded by O(nlog1/¢). O

4.4.3 Entries on 7w, Exits on o

Similar to the previous section, we show how to compute the exits F'° given entries £ on m, by
reducing the problem to calls of FIND-o-EXITS on subcurves of m and o. This time, however, the
task is more intricate. For any index p on , let Q(p) := min{q | dar(mp.n,01.4) < 6} be the
endpoint of the shortest initial fragment of o such that the remaining part of m can be traversed
together with this fragment®. Let P(p) := min{p’ | dar(mp._, 71.Q(p)) < 0} be the endpoint of the
shortest initial fragment of m, such that og,) can be reached by a feasible traversal.

Note that by definition, entries p with Q(p) = oo are irrelevant for determining the exits on o.
In fact, if an entry p is relevant, i.e., Q(p) < oo, it is easy to compute Q(p) due to the following
lemma.

Lemma 4.21. Let Q'(p) := min{q | 0y > maxc, nym — 0}, If Q(p) < oo, then Q(p) = Q'(p).
Similarly, Q(p) < oo implies that P(p) = min{p | 7y < mincpg gy 0i +0} < oo.

Proof. Assume that Q(p) < Q'(p) holds, then no point in oy ¢,) sees the highest point in 7, .
Hence no feasible traversal of these curves can exist, yielding a contradiction. Assume that Q(p) >
@' (p) holds instead and consider the feasible traversal ¢ of the shortest initial fragment of o that
passes through all points in 7, ,. At some point ¢ visits (my, O'Q/(p)) for some p < p’ < n. We can
alter this traversal to pass through the remaining curve m,_, while staying in g/ (), since ogr(p)
sees all points on 7y _,,. This gives a feasible traversal of 7, ,, and 0y _¢(,), which is a contradiction
to the choice of ¢ and Q(p) > Q'(p).

The statement for P(p) follows analogously by regarding the curves m,_, and 01..Q(p) and switch-
ing their roles. O

Note that the previous lemma shows that for relevant entries p; < p2, we have Q(p1) = Q(p2),
since for relevant entries, Q(p1) = Q'(p1) = Q'(p2) = Q(p2). We will use the following lemma
to argue that (i) if Q(p1) = Q(p2), entry p; dominates py, and (2) if Q(p1) > Q(p2), we have
p2 & [p1.-P(p1)]. Hence, we can ignore all entries in [p;..P(p1)] except for p; itself.

Lemma 4.22. Let p1 < p2 be indices on 7 with ¢1 := Q(p1) < 00 and g2 := Q(p2) < 0o. Let

Py = P(p1) and pl :== P(p2). If ¢1 = qo, then py < pl. Otherwise, i.e., if 1 > g2, we even have
/

P < Pp2-

Proof. See Figure 5 for illustrations. Let i = g2. Assume for contradiction that p} > p), then
we have dar(my,. 0, 01.q,) < 0 and dap(mp, py,01.q;) < 6, where [po..ph] C [p1..p}]. Hence by
Lemma 4.13, ddF(ﬂplnp/Z,Jl“ql) < 4 and thus p| < ph, which is a contradiction to the assumption.

For the second statement, let p be maximal such that m, > o4, + 4. If p does not exist or p < py,
we have that Q'(p1) = Q'(p2) and hence by Lemma 4.21, ¢; = ¢2. Note that additionally p < po,
since otherwise o4, < m, — ¢ with p > ps shows that g2 # Q'(p2) contradicting Lemma 4.21. Thus,
in what follows, we can assume that p; < p < po.

5 . .
°As a convention, we use min () = max @) = co.
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Figure 5: Illustration of Lemma 4.22. For both p;, i € {1,2}, a feasible traversal of the curves 7,
depicted as monotone paths in the free-space.

v, and o1..q; is

Assume for contradiction that g1 > ¢2 and pj > pa. Then a feasible traversal ¢ of Ty, and
O1.q, Visits (mp,04) for some 1 < ¢ < ¢i. It even holds that ¢ < qi, since otherwise there is a
feasible traversal of o1 4, and mp, , with p < p}, contradicting the choice of p}. Clearly, o, > 0y,,
since m, sees 04, while it does not see o4,. Since by choice of p, o4, sees all of m,1. ., and oy
sees only more (including ), we conclude that we can traverse all points of m, ,, while staying
in o4. Concatenating this traversal to the feasible traversal ¢ yields dgp(mp,.n,01.4) < 0 and
thus @Q'(p1) < q < q1, which is a contradiction to Lemma 4.21. This proves that ¢; > g2 implies

Py < po. O

Lemma 4.23. Algorithm 7 fulfills the following properties.

1. Let (p,q) with ¢ < Q'(p) be a greedy point pair of mp.,, and o1 _g(p) for which no greedy step
exists. For all e € [p,p], we have Q(e) = co.

2. For each p considered, if Q(p) < oo, the algorithm calls FIND-0-EXITS(7p(s). n, 0Q(p)..7)- N
this case, the point (P(p),Q(p)) is a greedy pair of mp , and o.

Proof. For the first statement, assume for contradiction that Q(e) < oo. By Lemma 4.21,
Q(e) = Q'(e), which implies that for all ¢ < Q'(e) < Q'(p), we have oy < 0 () and hence
visz(p,q') C visz(p,Q'(e)). Hence, STOP,(mp.n,0q.0r5) < Q'(e), since otherwise Q'(e) <«
GREEDYSTEP(Tp.n, 0q.q/(p)). By Lemma 4.8, this proves that dar(mp.n,01.q/e)) > J. Since
dar(Tp.e; 01.q) < 0 for some ¢ < Q'(e), Lemma 4.14 yields dqr(Te..n,01.¢/(e)) > 6. This is a
contradiction to Q(e) = Q’(e).

For the second statement, note that if Q(p) < oo, then by Lemma 4.21, Q(p) = Q'(p). Hence
Lemma 4.8 yields that the algorithm finds a feasible traversal of 7 ; and oy /() for some p <
p < n. This shows that P(p) < p < co. Let o' := 0y () and assume that there is a p’ < p
with dgqp(mp.,0") < 0 and let (p, ) be the greedy point of 7, and ¢’ right before the algorithm
made a greedy step on 7 to some index in (p,p]. By maximality of the greedy steps on o, there
exists ¢ < ¢min < Q(pP) such that m; does not see o, , since otherwise Q(p) € reach, (p,5)
with visr(p,q) C visz(p, Q(p)), i.e., Q(p) would be a greedy step on ¢’. By minimality of greedy
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Algorithm 7 Given entry points F on 7, compute all exits on o.

1: function ¢-EXITS-FROM-7 (7, 0, E)

2 F«0,g<m

3 repeat

4: p < pop minimal index from F

5: p—p, g1

6 Q Q' (p)

7 repeat

8 if ¢’ <~ MAXGREEDYSTEP(7p.n,0q.¢) then

9 g« ¢
10: if ¢ # Q" and p’ <~ MINGREEDYSTEP,(7p_n,0,.¢/) then
11: p<+p
12: until ¢ = Q' or no greedy step was found in the last iteration
13: if ¢ = Q' then
14: F « FUFIND-0-EXITS(7p..00, 0. 5)
15: g+ Q —1
16: E+~ En[p+1,n]
17: until £ = ()
18: return F'

steps on 7, visy/(p,q) 2 Visys(i,q) for all p < i < p.

2 Hence, no vertex on mp , sees og...,
which proves dgp(mp.,,0') > 0. Since (p,d) is a greedy pair of 75,y and o', this yields that
dav(mp.pr,0") > § by Lemma 4.8, which is a contradiction to the assumption. Hence, the algorithm
calls FIND-0-EXITS(7p.n, 00 (5).3), Where p = P(p) and Q'(p) = Q(p).

It remains to show that (P(p), Q(p)) is also a greedy pair of 7 _,, and the complete curve o. By
Lemma 4.21, every p < p < P(p) satisfies m, > 7p(5) and hence visy(p, q) C visy(P(p), ) for all 1 <
g < m. Hence, if at some greedy pair (p,q), ¢ < Q(p), a greedy step p’ <~ GREEDYSTEP (7} 5, 0)
with p’ > P(p) exists, then also P(p) <~ GREEDYSTEP, (7. n,0), which shows that (P(p),q) is a
greedy point of m; ,, and 0. If ¢ = Q(p), then (P(p),Q(p)) is a greedy point pair. Otherwise, by
Lemma 4.21, P(p) sees all of o, q(p) and 4 < 0g(p), hence Q(p) € GREEDYSTEP,(7p(p). n, 0) and
(P(p), Q(p)) is a greedy step of 15 ,, and o.

It is left to consider the case that for all greedy pairs (p,q), ¢ < Q(p), of 7, and o, no
greedy step to some p’ > P(p) exists. Then there is some (p,q) w1th p < P(p) and ¢ < Q(p) for
which no greedy step exists at all. We have pgiop := STOP(Tp.n, 0g.m) < P(p), since otherwise

P(p) would be a greedy step. Since Lemma 4.8 shows that dar(7p. pyop»> 71..4) > 0, this contradicts

dar (7. P(5) 01.Q(p)) < 0
O

Lemma 4.24. Algorithm 7 correctly computes F°.

Proof. Clearly, any exit found is contained in F'?, since o-EXITS-FROM-7m and FIND-o-EXITS only
use feasible steps. For the converse, let e € E be an arbitrary entry and consider the set F7 = {q |
dar (Te.n, 01.4) < 0} of o-exits corresponding to the entry e.

We first show that if F7 # (0 and hence Q(e) < oo, we have F?Z =
FIND-0-EXITS(T p(e)..ns 0Q(e)..m)- Let € € FZ. By Lemma 4.23, (P(e), Q(e)) is a greedy pair of
Te.n and o and hence also of 7, ,, and o1 . Lemma 4.8 thus implies dqr(7p(e)..ns 0Q(e).2) < 0 and
consequently & € FIND-0-EXITS(7p(¢). ., 0Q(e)..m)- The converse clearly holds as well.
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Note that e is not considered as p in any iteration of the algorithm if and only if the al-
gorithm considers some p with e € [p + 1..p], where either (i) the algorithm finds a greedy
pair (p,q) of 75, and oy () that allows no further greedy steps, or (ii) the algorithm calls
FIND-0-EXITS(Tp. 1, 00/ (5).3); Where p = P(p) by Lemma 4.23. In the first case, F = () since
Lemma 4.23 proves Q(e) = co. In the second case, if FZ # (), we have Q(e) < oo, and hence by
Lemma 4.22, Q(e) = Q(p) and P(p) < P(e). Since o) sees all of mp(;) ,,, any exit reachable from
(P(e), Q(e)) is reachable from (P(p), Q(p)) as well. Hence FY C FY.

Let p1 < .. < pr. be the entries considered as p by the algorithm. It remains to show that the
algorithm finds all exits Ule F¢. We inductively show that the algorithm computes F7, \U i<i Fﬁgj
in the loop corresponding to p = p;. The base case i = 1 follows immediately. Note that for
every i > 2, the corresponding loop computes FIND-0-EXITS(Tp(5,)..n, 0Q(p,)..QH:-1)—1) = F7 N
[Q(Di).-Q(Pi—1) — 1]. The claim follows if we can show F¢ N[Q(pi—1)..m] C Fp, ,. Let e € Ff with
€ > Q(pi—1). Then dap(mp,.n,01.2) < 6. Together with dar(7p, 1 .ns01.Q(p,_,)) < 6, Lemma 4.13
shows that dqr (75, ,.n,01.2) < 0 and hence e € Eg

Di—1
p

0
Lemma 4.25. Algorithm 7 runs in time O((n + m)log1/e).

Proof. Consider the total cost of the calls FIND-o-EX1TS(7,,0,). Since all J; are disjoint
and (J;Ji C [1..m], Lemma 4.17 bounds the total cost of such calls by O(3_,|Ji|log(1/¢e)) =
O(mlog(1l/e)). Let pi,...,pr denote the distinct indices considered as p during the execution of
the algorithm. Between changing p; to p;+1, we will make at most one call to MAXGREEDYSTEP,
(by maximality) and at most once call to MINGREEDYSTEP,.. Hence k£ < n bounds the number of
calls to greedy steps by O(nlog(1/e)). O
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