An ILP Formulation for Integral Cycle Basis
personal communication by Andreas K arrenbauer

Let G = (V,E) be a connected undirected graph andwetE — R~ be a non-negative
weight function. Recall that a basis is integral if any citésian integral linear combination of
the circuits in the basis. Ldt be an arbitrary spanning tree@fand letN be the co-tree arcs with
respect tol . For a cycle basiB, let g be its cycle matrix and Igt be the square submatrix
selected by the co-tree arcs.

Lemmal Bisanintegral basisiff detl ; = +1.

Proof: If B is an integral basis then any fundamental circuit with resp@T is an integral
linear combination of the circuits iB, i.e., there is an integral matriX such that® = 'gA,
whered is the cycle matrix of the fundamental basis. Restrictingnéorows inN yields| = IgA
and hence % detl zdetA. SinceAis integral, we have déf; = +1 and defA = +1.
Conversely, assume dgt = 1 and letC be any circuit. Thel€ = I'gXc; Xc is integral by
Cramer’s rule. |

The Lemma implies that deciding whether there is an intdgasis of weight at most is in
NP. We guess a basis, verify that its determinant is one aatdghweight is at mosK. Integer
linear programming is NP-complete. Any problem in NP candxbuced to any NP-complete
problem. Therefore there must be a formulation of the mimmmutegral cycle basis problem as
an ILP. Andreas Karrenbauer suggested the following foatirh.

Letv =m—n+1. We have integral variablé€} e for 1 <i <v ande € E. Cj ¢ indicates the
usage of edgein circuit G. Since, theC; are circuits—1 < Cj ¢ < 1.

The objective is to minimizg; (w(e)|Cie|.

We first argue how to deal with the absolute values in the élgtunction. The inequalities
Cie < Aieand—Cie < A ¢ guaranteeCie| < Aje. Let us try the objectivg; cw(e)A;e. Since
we are minimizing, we are guarante®g = |G ¢| for the edge® with w(e) > 0. For the edges
with w(e) = 0, we do not have this guarantee. We can enforce it by cho@slagye number
M and changing the objective td ; .W(€)Ai e+ 5 cAie. Assume that thev(e) are integers.
Then distinct object values differ by at least 1; after npjting by M, they differ by at leasi.
Therefore, ifM is larger tham?, the termy; A e cannot turn a non-optimal solution into an
optimal solution. If thew(e) are reals, we cannot choose a concrete valublfoie treat it as a
symbolic value (an infimaximal).

We come to the constraints. The first requirement is thaCilseare cycles. We have for
everyi andyv, the flow conservation constraint

Ci,e = Z Ci,e .

ecot(v) ecd—(v)

The second requirement is that tBeform an integral basis. We formulate that the cycle
matrix has an integral inverse. LBtbe the co-tree arcs. We have varialgg for 1 <i <v
ande € N and the constraints

ZWCLeDLe: dj )
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whereg;j is zero fori # j and 1 otherwise. However, this constraint is not a lineaistamt.
We will next show how to express this constraint by a set afdinconstraints. We introduce the
following intermediate values.

1. Ci7eDj7e - Fi7j7e.

Z-ZJhﬁzdL

The second condition is linear. For the first condition, wed&o go to the digit level.
Assume we know an upper bouKdon the absolute values of the entries of maDifsee below)
and letk < 2X. We represent integeBswith |Z| < K in 1-complement, i.e.,

Z= ; 22" — 7 (2 1)
0</<k

with Z, € {0,1} for 0 < ¢ < k. Observe that the constraints that relZt® its digits are linear
constraints.
We can now formulate the first constraint. Defii@ andY; ¢ by the constraints

2Xi7e: Ci7e+Ai7e and %78 = _Ci7e+Ai7e .

ThenXie,Yie € {0,1}, Xie=(Cie=1) andYie = (Cie = —1). ThereforeF je= X eDje—
%ﬁ&ﬁ-

We next observe that multiplication of single binary digiés be written as linear conditions.
Fora,b,cc {0,1}, we havea-b=ciff c<a c<bandc>a+b—1. Lethve, XD{{Le, and
YDi.je, 0< ¢ < kbe the digits 0Dj g, Xi eDj e, andY; eDj ¢, respectively. Then

XDf je< nye XDf je< Xle XDf e D’J{e+ Xe—1 XDjje= XDf j762’3 —XDi‘f j.,e(zk— 1)
0</<k

and similarly for theYD’s.
Lemma 2 Theentriesof D are bounded by m!

Proof: D is the inverse of a matrix with entries {0, 1, —1}. Any entry of the inverse is (up to
sign) the determinant of a minor. The determinant of a misat mostm! (since the determinant
of amx mmatrix is the sum of! terms and each term is the product of matrix entries). 1

Theorem 1 The aboveisa ILP formulation of the minimum integral cycle basis problem.

Sincem! < m™, we can work withk = mlogm.

Andreas told me he can compute the optimal integral basibe@Petersen grap®; > (7
nodes, 21 edges) in about 5 minutes. For the details, seeniai$lgelow.

| translate part of it into German. Andreas observes thaetieno need to introduce an
M into the objective function. First, for edges witf{e) = O, the value ofA(i, e) is irrelevant.
Second, he gives an alternative definition of the variakigsindY; ¢, namely

Cie=Xie—Ye and Xe+VYie<1.
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Li eber Kurt,

i ch habe mr Deinen Aufschrieb durchgel esen. G bt es mttlerweile neue
Er kennt ni sse, dass man sich auf circuits fuer die ninimle ganzzahlige
Krei sbasi s beschraenken kann? Der |LP-Ansatz funktioniert abgewandelt
auch fuer

den al | genei nen Fall.

Wenn ich das jetzt richtig verstanden habe, dann fuehrst Du das Min die
Zielfunktion ein, damt A {i,e} imrer der Betrag von C{i,e} ist, umdamt
X {i,e} und Y {i,e} zu definieren. In nmeinen Augen ist das nicht unbedi ngt
noetig, wenn man C {i,e} = X {i,e} - Y {i,e} als constraints nimrm, sow e
X{i,e} + Y {i,e} \le 1.

Mt einer Aussage ueber die Groesse der | oesbaren I nstanzen noechte ich
vorsichtig sein. Zum Ei nen haengt die Anzahl der binaeren Variablen von m- n +
1 ab (quadratisch) und von dem benutzten k (linear). Zum Anderen komrmt es auch
stark auf die Struktur des Graphen an. |Ich habe bis jetzt auch noch keine
ausgefall ene Heuristik fuer die Startl oesung inplenentiert (es wird einfach

ei ne beliebi ge fundamental e Basis generiert und dann nit der Einheitsmatrix
gestartet). Zum Bei spiel kann ich die optinmale Basis fuer der verall genei nerten
Pet ersen-Graph P {7,2} (21 Kanten, 7 Knoten) in ca. 5 min berechnen, wenn K=2
gesetzt wird; das 4x4 grid in ca. 1lmn, obwohl die Startl oesung dort viel
weiter vomQOptimumentfernt |iegt.

Ich habe Dir das Denp-Progranmnit GU angehaengt. Es | aesst
sich z.B. auf "dork" mt

g++ -g -B -fPIC -fexceptions -DIL_STD -1

/ LEDA/ LEDA- 6. x/ LEDA-6. 2. 1-std/ | i nux/ g++-4. 1/incl/ icbguibinary.cc -o

i cbgui binary -L /LEDA/ LEDA- 6. x/ LEDA-6. 2. 1-std/linux/g++-4.1/ -lIleda -1il ocpl ex
-lcplex -lconcert -lpthread -Im-1X11

konmpilieren und dann mt ./icbguibinary starten. Das B gibt die

Anzahl der bits

in 2-compl ement an. Klicken auf "done" startet die Berechnung fuer den
aktuel | en Graphen. Alle Informationen werden nach std out geschrieben.

Ei ne interessante Frage waere, weviele Bits fuer die
I nver se ausrei chen (konstant?).

Best e Gruesse,

Andr eas



