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Abstract. We consider the following version of the stable matchingopgm. Suppose that men have preferences
for women, women have preferences for dogs, and dogs hafergmees for men. The goal is to organize them into
family units so that no three of them have incentive to debeit assigned family members to join in a new family.
This problem is called circular stable matching, allegeafiginated by Knuth. We also investigate a generalized
version of this problem, in which every participant has prefice among all others. The goal is similarly to partition
them into oriented triples so that no three persons haveniiveeto deviate from the assignment. This problem is
motivated by recent innovations in kidney exchange, andallét¢he 3-way kidney transplant problem. We report
complexity, structural and counting results on these tvablams.

1 Introduction

Stable matching problems were introduced by Gale and Shaplheir seminal paper [6]. Knuth asked
whether the stable matching problem can be extended to feeafdhree parites [15], say we have women,
men, and dogs. This fairly general problem allows severahfdations. One possibility is that every player
expresses her/his/its preference amongtmbinationf the other two parties. In this formulation, Ng and
Hirschberg [16] proved the existence of stable matchingéFscomplete. Similar NP-completeness results
have been shown in [10, 21].

Ng and Hirschberg mentioned that the reviewers of their papggest another formulation, and they
attributed it to Knuth, for the 3-party stable matchingsethRCULAR STABLE MATCHING problem that
we will consider in this paper” women have preferneces f@gsgaogs have preferences for men, and men
have preferences for women. The goal is to organize thenstatde family units so that people/dogs have
no incentive to desert their assigned family members toijom new family. This problem can be seen as
a natural generalization of the well-known 2-pastyaBLE MARRIAGE problem and have been investigated
in [3, 5].

A generalized version of thelRCULAR STABLE MATCHING problem allows each participant to express
preference among all others. The goal is to partitiop&rsons into oriented triples so that no three of them
have reasons to deviate from the assignment. Again, thidgarocan be regarded as a generalization of the
STABLE ROOMMATES problem [6]. This generalized problem has practical irgene the kidney exchange
that has received much attention recently [1, 4, 8, 12, 1,7,.8,20]. The “preference” here can be interpreted
as degrees of compatibility between recipients and domagsire 1 gives a more visual way of seeing the
connection between circular matching and kidney exchamghis paper, we call this problem thevgay
KIDNEY TRANSPLANT problem. For ease of presentation, we will refer to all ggrtints in both problems
generically as “players.”

The two problems require a proper definition of stability.the two-partySTABLE MARRIAGE and
STABLE ROOMMATES, a matching is stable if there is fbocking pair. two persons who strictly prefer each
other to their assigned partners. Naturally, one wouldrektgocking pairs intdlocking triplesto define
the stability of matchings. However, a blocking triple hierenore tricky. To see why this is so, consider the
following.
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Fig. 1. An illustration of kidney exchange with compatibility asference.
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— In CIRCULAR STABLE MATCHING, suppose that we have a matchirigy, wy, dy ), (mMp, Wa, dy), (Mg, W, ds) }.
If my prefersw, to wy, w, prefersds to dp, andds prefersmy to mg, then(my, w,, d3) is clearly a blocking
triple. But it may also be the case tha prefersd; to d,. Then(my,w»,d;) can also be regarded as a
(weaker) blocking triple, since ontyy, andws, are really better off in such a triple, whitg is indifferent.

— In 3-WAY KIDNEY TRANSPLANT, a matching is composed of oriented triples. Here we writhsa
triple as(ki, ko, kgj to express thaty, ks, ki are the successors ki, ko, ks, respectively. Moreover, here
ki represents a couple (often a married couple) consisting pEraon needing a new kidney and a
potential kidney donor. Ik, follows k; in a triple, then the donor from the coupte will be passing a
kidney to the recipient df;. Thus, itisk;’s preference (degree of compatibility) that is at issueteNbat
an oriented coupléky, ko, ks) can be a blocking triple itselfky, ks, ko), if ky prefersks to ks, ks prefers
ko to ky, andky prefersk; to k3. Such phenomena may appear somehow surprising for resesifong

familiar with stable matching literature.

We allow players to express their indifferences in the foffrties in the preference lists. Now we say a
blocking triple is of degreeif i players are strictly better off in such a triple than in a gimeatching, while
the remaining 3-1i players are indifferent. Note that the indifference can itieee because the involved
player is still matched to the same partner (or still having same successor in the oriented triple), or
because the involved player has a partner/successor wiedisvith her/his/its current assignment. We
define a hierarchy of stabilities (which is similar to the ateined by Irving [11] in the 2-party matching)
as follows.

— Super Stable Matching: a matching not allowing blockinglés of degree 1 or 2 or 3.
— Strong Stable Matching: a matching not allowing blockiriglés of degree 2 nor those of degree 3.
— Weak Stable Matching: a matching not allowing blockinglegoof degree 3.

Contributions of the Paper

Complexity: We prove the following existence problems are NP-compkaiper/strong stable matchings
in CIRCULAR STABLE MATCHING; super/strong/weak stable matchings imvB¥ KIDNEY TRANSPLANT.
Therefore, it is unlikely that we can design efficient alfuns to solve these problems. The complexity
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of weak stable matchings iQIRCULAR STABLE MATCHING remains open. However, there is empirical
evidence indicating that it probably does not belong to tasscof NP-complete problems. We shall discuss
this issue later.

Independently, Bird and McDermid [2] obtained similar N&mnpleteness results for both of problems
studied in this work.

Structural Results: It is well-known that stable matchings in 2-party stablemage and stable roommates
have rich structures and sophisticated algorithms have teesigned to exploit them [9, 15]. It turns out that
strong stable matchings @1IRCULAR STABLE MATCHING have parallel (but even richer) structures. Briefly,
we show that the set of strong stable matchings form a unialistibutive lattices.

Counting Results We prove that counting strong stable matchings in bothlprob is #P-complete. More-
over, the number of strong and weak stable matchings in rothlgms can be exponential.

Notation and Paper Roadmap In the paper, we us@/, W, D to denote the collections of men and women
and dogs iNCIRCULAR STABLE MATCHING. Whatever the problem instance, we will always assume that
they are of the same cardinality. Similarl§¢ means the set of players in 3-way kidney transpl&p)
denotes the preference list of playerThe notation- indicates the preference order in the list. The braces
denote a tie. For examplB(m) = {w1,w,} > w3 means that mam prefers bothw; andw; to ws while he
is indifferent between the former two. In general, we pge denote a 3-dimensional matching (consisted
of triples). We will need to consider the induced two-partgtaming ofp. For example, we writ| 4, 4, to
denote the induced men-women matching by dropping all dags the triples of.. Finally, 14 (X) denotes
an arbitrary permutation of the members in theXset

Section 2 presents complexity results; Section 3 repantistsiral results of stable matching; Section 4
concerns the counting of stable matchings. Finally, Sedidraws conclusions.

2 NP-completeness of Strong Stable Matchings

The reductions we will present share similar ideas to thasal un [10]. The main difference lies in the
design of “guard players” (to be explained below).

2.1 Existence Problem of Super Stable Matchings is NP-comgte

To prove that the existence of super stable matchings isdiplete in circular stable matching, we present
a reduction from 33IMENSIONAL MATCHING, one of Karp's 21 NP-complete problems [14]. The problem
instance is given in the fortd = (M, W, D, T), whereT C M x W x D. The goal is to decide whether
a perfect matchingt C T exists. This problem remains NP-complete even if everygalay M U W U D
appears exactly 2 or 3 times in the triples{7].

We first explain the intuition behind our reduction. Suppgdhat marm;, appears in three triples
(my, Wig, dia ), (M, Wip, dip), (M, Wic, dic) in 7, we create thredopplegangersm1, m», m3 in the derived cir-
cular stable matching instance with tiés We also create four garbage collectad, d%, w, d3,. The aim
of our design is that in the derived instan€ein a super stable matching, exactly one doppleganger will b
matched to a woman-dog pair with wham shares a triple irZ’, while the other two dopplegangers will
be paired off with garbage collectors. In the case that tasgenly two triples inZ” containing mam;, we
create only 2 dopplegangens;;,mj> and two garbage coIIectow?l,djgl. Similarly, the intent is to make
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sure that in a super stable matching, exactly one dopplegamdl be matched to a woman-dog pair with
whomm; shares a triple i7" while the other is matched to the garbage collectors.

Now, we will refer to the set of dopplegangersds, Mz, M3, the set of garbage collectorsad’, w5, DF, DI
and the original set of real women and real dogg/gD. Collectively, we refer to them awajor players
3= MUMUMzUWPU WS UWUDIUDIUD and their preferences are summarized in the left column
of Table 1.

To restrict the possible partners of major players,ime introduce a set of gadgets calljehrd players
They are denoted as*(p),w*(p),d*(p), for p € X and their preferences are shown in the right column of
Table 1. Their purpose is to ensure that plagesayp = mi;, will never get a partner ranking lower than his
associated guard player(m) in a super stable matching. How guard players and major pdayeract
is captured by the following lemma.

Table 1.The preference lists of all players in the derived instavic&Recall that{ } denotes a tie in the preferences. Note also that real wortien
and real dog® only list real dogs and dopplegangers, respectively, wiilonw they share triples i, at the top of their lists.

Major PlayersPreference Lists Guard Players Preference Lists
Mi€ M |{W3, W5 Wa} = W (M) > - m*(m"),m’ € M U MU Mz WA (i) - -
M2 € M [{W),Wp,Wip} = w'(mp) ~ - wH(mh),m" € 9 U MU My d*(m) = -

mg € M3 {Wig, Wb, Wic } = W (myg) > -+ a* (M), € MU MU Mz mhm MmNy = -
we W {d|(x,w,d) € T} = d*(w) > --- m (wh,wh € WZuwguw WL wr (W} = -
deD {mj[(m,w,d) € T,w-my; W (myj)} > m(d) > we(wh),wh e wyuwjuw d*(wh) = -
whewy  [dg =dr(wyp) - W w e WIUWEUW W) =
whewy  [dY - df(wd) - e (d).dT € DYDY UD TGS
dyeDy  [{my,mg,ma} - m(dy) - - wH(d"),dTe DYUDIUD [ @y,dy -
d2€ D5 [{ma,mp,ma} - m(d3) - - - d*(d),d e DJUDIUD m ) = -

Lemma 1. In the derived instanc®”, if a super stable matching exists, then in such a matchihgal
major players in> will be matched to other major players ranking higher thamwhis/its associated guard
players, (2) the set of guard players*(p),w*(p),d*(p), where pe X are matched to one another, and
(3) the garbage collectors created for a particular manwwill be matched to one another and the two
dopplegangers of nfor just one if monly appears twice in the triples of the given 3-dimensianatching
instanceY.)

Proof. Without loss of generality, consider the major playe& m;. In a super stable matching,rifi; is
matched to a woman ranking below (mi1), then(mi1,w*(my1),d*(m1)) is a blocking triple of degree at
least 1, a contradiction. tfy; is matched tav*(myy), then(m*(m1),w*(m1),d*(m1)) is a blocking triple of
degree at least 1, again a contradiction.

For the second part, by the above discussion, we know thatagbir players must be matched to one
another. Hence, ifm*(p),w*(p),d*(p)) is not part of a super stable matching, they form a blockirpetr
of degree at least 1.

The third part follows straightforwardly from the previotgo. O

Lemma 2. The given instanc& = (M, W,D,T) contains a perfect matching if and only if the derived
instanceY’ allows a super stable matching.

Proof. (Sufficiency) If the derived instanc¥ allows a super stable matching, then by the third part of
Lemma 1, it is easy to see thétcontains a perfect matching.
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(Necessity) Suppose thatis a perfect matching ify. We construct a super stable matchiagfor
the derived instanc®” as follows. Assuming thatm,wy,dy) € p, we choose the dopplegangey; who
rankswy higher than his guard playev*(m;;) and make(mj,wy,dy) a triple in(. Further, the other two
dopplegangers afi are matched tow?, d ) and(w, d3) respectively. (If there are only two dopplegangers
of m, then the other dopplegangssj: # mjj is matched toNigl,digl). Finally, let the three guard players
created for a particular major player be matched to one andBy this construction, it can be verified that
we only allow blocking triples of degree 0, which are pernfilesfor a super stable matching. O

Theorem 1. Deciding whether a super stable matching exists in a cinrcatable matching problem with
ties in the preferences is NP-complete. This is true evelhtiea are of size at most 3 and they are at the
front of the preference lists.

To prove the existence of strong stable matching is NP-cetapive can use the same reduction as
above with just one alteration: we need a different set ofdjpéayers for each major player. Note that in
the proof of Lemma 1, we rely on blocking triples of degreeHhose are not counted as blocking triples
based on the definition of strong stable matching.

The design of guard players for the reduction of strong staftching is similar to those used in a
reduction in Section 2.3, so we omit the details Here.

2.2 Strong/Super Stability in 3-way Kidney Transplant

We now present a reduction from a circular stable matchistaiceY = (M, W, D, L) (with or without
ties in the preferences) to a 3-way kidney transplant ingtdf Suppose thane M ,we W.d € D have
preference®(m),P(w),P(d), respectively. InY’, their preferences are transformed into

— P'(m) =P(M) = 1%(D) > T4 (M — {m})
— P'(W) = P(W) = T (M) = 1% (W — {w})
— P/(d) =P(d) = (W) » (D — {d})

To prove this is a valid reduction, we have to argue that gtisuper stable matchings existYhif and
only if they exist inY'. It is straightforward to show one direction (frovito Y’), but the other direction
takes some argument.

Lemma 3. If a strong/super stable matching gxists inY’, the following holds

— Every oriented triple contains exactly one man, one womad,amne dog.

—

— Given a triple te [, t's orientation must be £ (m,w,d).

Proof. For the first part, without loss of generality, assume thatpdett € |/ contains at least two men.
There are three possible cases and all lead to contradiction

—

1. Suppose that= (m,m’,m”). Then there exist two tripleg andt”, which contain two women and two
dogs, respectively. As a result, a woma t' and a dogl € t” have as successors a woman, and a dog,

respectively. Similarly, there is a mame t whose successor is another man. Ttrenw, d) is a blocking
triple of degree 3, violating the stability @f.

1 However, in our reduction, ties are allowed. Bird and Maiiel gave a stronger reduction showing that the existenceaiig
stable matchings is NP-complete even with strictly-ordgneference lists.
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2. Suppose that= (m, nf,wj. Then there exists a tripté containing two dogs. At least one ddge t’ has

—

another dog as successor. Thenw,d) is a blocking triple of degree 3, blocking.

—

3. Suppose that= (m,n7,d). Then the argument is analogous to the previous case.
For the second part, if= (m,d,wj € [, then the reverse triplém,w,dj is a blocking triple of degree 3.
O

By Lemma 3, the following theorem is immediate.

Theorem 2. It is NP-complete to decide whether a strong/super stableiay exists in the 3-way kidney
transplant problem.

2.3 Weak Stability in 3-way Kidney Transplant

The reduction we are presenting in this section sharesasiindsic ideas to those we used in Section 2.1.:
reduction from a 3-dimensional matching problem instalce (M, W, D, L), creating dopplegangers
My U MU Ms and garbage collector®? U w5 U Df U DS, and using sets of guard players to restrict the
potential partners (successors in triples) of the majoygra The key difference is the design of the guard
players’ preferences.

We introduce the following gadget for each major plagker M; U Mo U Mz U WP U WS U DI U 5.
(Note that real wome and real dog® do not need them.) Leé§ be a 3-way kidney transplant instance
that has the following three properties: (1) It contains&ypts k?,1 <i < 7, (2) it does not allow any weak
stable matching, and (3) if one playdxif,, is removedfrom Y, then the remaining 6 players’ preferences
allow at least one weak stable matching. Such an instafcan be found in the appendix. Our plan is to
“embed” instancedk into the intended 3-way kidney transplant instaivte

We now explain in more detail what we mean by embedding drfito Y. For illustration, we first show
the preferences ofi; and his six associated guard playergin

— Py (ma) =W = Wi = Wia = Py (nfp ) > -+, wherePy (n¥},) is the preference list aff; ; in the
instanceYn, .

— Po(mfy ;) = Py, (M) = ---, where 2< j <7 andPy, (nf} ;) is the preference list afif; ; in the
instanceYy, .

In words, ask = my;, we letmy “play the role” of k(= n{; ). His associated six guard players in
Ye(= Y, ) are added intd’ and, in their new preferences, they still put one anotheoprof their lists. By
this arrangement, ifni; can be matched to some woman ranking higher than his assbgjaard players,
then in this sensef; (= my1) is removed from the problem instan¥g, ; on the other hand, if he is not,
then Yy, will engendér at least a blocking triple, disrupting thebdltty of the matching inY’.

Lemma 4. In a weak stable matchind jn Y’, the successor ofmranks at least as high asijy Moreover,
the six guard players of snmust be matched to one another.

Proof. If my; is matched to someone ranking lower thag then whatever the oriented triplespbinvolving
the six guard partners afi; andmy; himself, the situation is identical to one where we have ahiag p®
for the problem instanc&,, which by design, involves at least one blocking triple ofée 3 to block
u®, and alsql. The second part of the lemma follows from the first part amdvilay we chose the gadget
Y|.<(: le)- o



Table 2. The preference lists of major players in the derived prokilestanceY’.

Players Preference Lists Players |Preference Lists

My M (W) =W - Wa - Py (1) - - wd e wd |dd - Pro W) -

Mp€ My |WEh - W) = Wip >~ Py, (M) - w ey |dd - Py (W?z#l) —

mae M [wWh - wd - wie - Py () - - dJ € DY m1>m2>m3>Pyg(d,gl#l)>-~
wew I ({d|(xwd) € T}) > - dj € D ml>n12>rn3>Pvg( 5 -
deD 6 ({myj|mj € MU MU Mz}) -

The detailed preferences of major players can be found iteTaliNote that Lemma 4 also applies to
other major players who have associated guard players., Tiasweak stable matching, they will get a
successor ranking strictly higher than their guard players

Theorem 3. Deciding whether a weak stable matching exists in a 3-wayekidransplant problem is NP-
complete.

Proof. By Lemma 4, if(l is a weak stable matching ¥, we can throw away triples involving guard players
of Y’, along with the garbage collectors (and the dopplegangatshad to them). Replace the doppleganger
myj with the real manm; gives the desired perfect matchipgn Y.

For the other direction, we will construct a weak stable iagg L in Y’ based on a perfect matchipg
in Y. Suppose thatm;, Wx,dy) € W In Y, we insert three trlples{mj,wx,dy) wherem; is the doppleganger
of m who rankswy higher than his guard players, atj,,w&,d%) and (m;,w%,d%). (Or we only add
the first two triples, provided thah, only appears twice in the triples @f.) It can be observed thaf
involves only blocking triples of degree at most 2, which alewed because of the definition of weak
stable matchings. O

3 Structures of Strong Stable Matchings

We first review the definition of distributive lattices.

Definition 1. Let (‘£,=<) be a poset. Such a poset is a distributive lattice if it fulftthe following three
properties:

1. Each pair of elements,b € E has an infinum, called meet, denoted astac ‘£, such that a\b <
a,a/A b =<b, and there is no elementeE such that c<a,c <b,and aAb - c.

2. Each pair of elements b e £ has a supremum, called join, denoted agec £, such that a<avb,b =
aV b, and there is no elementxE such that ax c,b < c, and c- avb.

3. Given any three elementsbac € E, the distributive law holds, i.e.,a(bV c) = (aAb)V (aAc), and
aVv(bAc)=(avb)A(ave).

Note that in this section, we assume that all preferencedist strictly ordered.

Our major finding regarding the structure of strong stabléchiags inCIRCULAR STABLE MATCHING
is that they are a collection of distributive lattices. Intgaular, consider the subset of strong stable match-
ings in which all players in one group (men,women, or dogskehhe same partners. Such a subset is a
distributive lattice. The following theorem gives a moregise statement.
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Theorem 4. LetY = (M, W, D, P) be a circular stable matching instance and let the set ofngtrstable
matchings inY" be denoted a$). Given a two-party matching N, = {(pi1,0i1), (Pi2;Gi2), - ; (Pin,Gin) }
where g # pijr, Gij # Gij» Bij € P,0Gij € Q,P,Q e {M, W, D}, P # Q, the subset of strong stable match-
ingsQn, , = {HHE QU2 q =Npq} is adistributive lattice.

We make two remarks here. First, when we consider a non-esnpseQy,, , = Qu,, ,, of strong stable
matchings, we impose a partial order on the elements bas#teamelfare of one particular group, which,
in this case, igW. (Note that all merM are doing the same in all strong stable matching®yig) ). Thus,
if W € On,, ,,» thenp - W if and only if all women in?/ are getting dogs ip ranking at least as high as
those they get ip/. Second, iQn, , = 0, we are assuming that itis (vacuously) a distributive datti

Lemma 5. Let p and {1be two strong stable matchings g, ,, and man m and woman w belong to the
same triple in g but not so in' LiThen one of them prefers p while the other preférs p

Proof. Let X,9” be the sets of men and women preferringespectively; analogously, lef’, 9 be the set
of men and women preferring respectively.

We claim that ifm € X, then his partnew in p must be a member @f”. If this is not so, therim,w,d)
blocks |f, whered is the dog that ham as a partner in both andf. Thus, we haveéx| < |9”|. By an
analogous argument, every marin X’ must have a womaw € 9" as a partner i/, otherwise,(m,w,d)
blocksp, whered is the dog that hasias a partner in both andp. So we havéx’| < ||

By the fact that in bothu and |/, all dogs have the same partners, so the number of men andrwome
having different partners must be equgt| + |X’| = |97 +|9”|. This, combined with the previous two
facts,|X| < |97 and|X'| < ||, implies that x| = |9”|, |X| = |9”|. Now if every man inX has a woman
in 9" as a partner ip, then every man ick” must have a woman if’ in . This gives us the lemma. O

Lemma 6. Let p and {ibe two strong stable matchings@y,, ,, . If all men are given the better partners in
the two matching p and pthen the resultant matching, denoted asy, is also a strong stable matching
in QN@M'

Proof. We first need to argue thapt\ [/ is really a matching. Suppose, for a contradiction, that boandn’

are matched tavin pA /. Without loss of generality, leh andm’ be matched tavin pandyl, respectively.
By Lemma 5, sincen prefers matchingi, thenw must prefen. This, combined with the fact that' also
prefersw to his partner iny, implies that(m',w,d’), where dogd’ always hasn' as a partner ify,, ,, is a
blocking triple of degree 2 ip, a contradiction.

We now argue the stability @fA . Suppose thatm,w,d) is a blocking triple of degree 3. Without loss
of generality, letf be the man who gets as a partner i and he prefers (or is indifferent te) In y, w
also strictly prefersl to her assigned dog partnef, who always hasn as a partner iy, ., in W It is
easy to see that man and dogd prefersw andm, respectively, to their assigned partner in bptand (.
Therefore,(m,w,d) is a blocking triple of degree 3 i, a contradiction.

Finally, supposém,w,d) is a blocking triple of degree 2 foA (. There are three cases to consider and
their arguments are similar. We consider only one case. &gup is the player who is indifferent. Lt
be the matching in whicim is matched tav andm prefers (or is indifferent toj. Then(m,w,d) is also a
blocking triple of degree 2 ip, a contradiction. O

The lemma below follows analogous arguments to those inrbeeping one.

Lemma 7. Let p and f1be two strong stable matchings@y, . If all women are given the better partners
in the two matching p and pthen the resultant matching, denoted ag, is a strong stable matching in
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Now, armed with Lemma 6 and Lemma 7, we can introduce the lethateestablishes the distributive
law of the lattice.

Lemma 8. Let, iand | be three strong stable matchings@, . Then pn (W V ') = (UAW) V (LA )
and pv (W AM') = (HV ) A (HV )

Proof. Lemma 6 and Lemma 7 establish that meet and join operaticugt ie a strong stable matching in
Qn,, .- The distributive law can be easily verified. O

The correctness of Theorem 4 follows from Lemma 6, Lemma 7L&mima 8.

4 #P-completeness of Strong Stable Matchings

In this section, we present a reduction from the 2-pamyBLE MARRIAGE problem to the 3wAy KID -
NEY TRANSPLANT problem. Counting the number of stable matchings in a statderiage instance is
#P-complete, a fact established by Irving and Leather [13].

To build up some intuition, we first show how to “embedSBBLE MARRIAGE instanceY'= (M, W, P)
iNto aCIRCULAR STABLE MATCHING instanceY’ = (M', W' D', P'). For each playep € M U W, we cre-
ate a playeip’ and add her/him/it into the derived instan€e Suppose a mam € M’ is created based on
m € M. We let him have the same preferencemdrecisely, supposing thBtm,) = w1 > Wiz > -+ - > Wip,
let P'(m) = wi; > W, > = W Furthermore, for each marf € M’, we create a dog; and add it into
D’ with preferenceP’ (d m’ > ---. Forawomamw € W', her preference is now for dogs, moreover, in
her new preferencéhe mdrces are kept the san®o be precise, iP(wj) = mjp = mp2 = --- = my,, we make
P(W) = df = o= -+ -l

By this construction, it is easy to observe that the matchirg{(m;1,wj1), (Mj2,Wj2),-- -, (Mjn,Wijn) }
is stable inY'if and only if the matchingd' = {(m, W/, djy), (Mo, Wj5, dj5), - - (nrm,V\/m,d]n)} is strongly
stable inY’. A blocking pair(mjk,wj ) in the former implies a blocking trrplerrfjk, I’djk) of degree 2 in
the latter. Conversely, there cannot be a blocking tripldetfree 3 int (since every dog is matched to its
top-ranked man). A blocking triplem, . w;,di) of degree 2 implies thamx, wj ) blocksp as well.

From the fact that the number of stable matchingsTBLE MARRIAGE can be exponential (see
Knuth's book [15]), the fact that weak stable matchings amuperset of strong stable matchings, and
the reduction given in Section 2.2, we establish:

Theorem 5. The number of weak and strong stable matchings in circulslstmatching and 3-way kidney
transplant problems can be exponential.

Unfortunately, the above constructiondfis not a reduction, instead, it is merely an embedding. Tisate
guarantee that some other strong stable matching (in wluigh dre not always matched to their top-ranked
men) will not arise inY’. To prove the #P-completeness, we need one more twist.

We transformY’ into a 3WWAY KIDNEY TRANSPLANT INSTANCE Y’ = (X", L") as follows. We first
make a copy of every player i’ U %’ U9’ and add it intoX”. For each dog} € %, we create a set of
guard players to restrict its possible successors in agstable matching. The idea here is similar to the one
we used in the reduction of Section 2.3. We need an inst\qpce 7@// L ,,) which has the properties: (1)

it has four playerskff,, ,1<j <4, and (2) it does not allow strong stable matching itselé ¢he appendix

for such an instance)
We embedy» into Y” by altering the preferences df and its associated three guard players as follows.
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- P'(d") =~ Pyd,, kg 1) WherePy,,(k# 1) is the preference list &€}, , in the instancer

i

- P'(Ky ) = d,,(kg ) =+, where 2< j <4andPy,,(k# ;) is the preference list &€}, ; in the instance
Yo -

The intent here is to try to remove one playéf, (who plays the role okg,/ 1) from Yy to prevent a

potential blocking triple inYg: from blocking a strong stable matching Y.

After adding the 8 guard players int&k”, we also have to update the preferences of the men and women
who are the copies of those ' U W". Such a player, sayy', replaces each womart € 7 with wj’ in
his list and attaches other players to the end of his list.

It can be checked that in all strong stable matchingé€’irdogs have their top-ranked men as successors.
Moreover, a matchingL= {(mjl,wjl) (Mj2,W;j2), -+, (Mjn,Wjn) } is stable inY'if and only if a matching

W= {(mi,wi, j’J (i, Wiy, J2) (nfj’n,V\/J’n,dm} is strongly stable iny”. Therefore, the reduction
from Y'to Y” is correct. Using a S|m|Iar and slightly more complicatedggt (of guard players), it is also
possible to have a reduction fro¥fto an instance ofIRCULAR STABLE MATCHING. We omit it here.

We conclude this section with the following theorem.

Theorem 6. Itis #P-complete to count the number of strong stable magshin both circular stable match-
ing and 3-way kidney transplant problems.

5 Conclusion

We have left a complexity issue unanswered: existence ofekstable circular matching. We were unable
to come up with a NP-complete reduction, for there is no singlhdget (a small instance allowing no weak
stable matchings) to the one we used in Section 2.3. Indeedeason may go deeper. Empirical evidence
indicates that the number of weak stable circular matchgnga's extraordinarily fast with the problem size.
Eriksson, Sjostrand and Strimling [5] conjectured thaakwetable matchings always exist. This is why we
remarked previously that finding one is probably not NP-cletep

Interestingly, Bir6 and McDermid [2] designed a small arste without weak stable matchings—under
the assumption that players can truncate their preferésiseThey were thus able to prove that the existence
of weak stable matchings is also NP-complete in this context

The obvious open questions are: when preferences are eddquitbe complte, is there an instance in
which no weak stable matchings exist? And if there is no saostance, is there a technique to prove their
perennial existence.
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A Examples of Small 3-way Kidney Transplant Instances withait Stable Matchings
We mentioned in Section 2.3 and Section 5 that in the redigtiwe need 3WAY KIDNEY TRANSPLANT

instances without weak/strong stable matchings. Two sostamces are given in Table 3 and Table 4 re-
spectively.

Table 3. A 3-way kidney transplant instance of size 7 without weabklgtanatchings.

Players |Preferences Lists

Kl IS - 1E - IG - k- G - K
K G- K~ k- K- K- K
K K7~ 16 - I - KT~ K~ K
kG k- IE - G- K- K - 1S
kg A o A
kg k-1 - I - K- 1E - K
K G-k - K- K- kG - K

Table 4. A 3-way kidney transplant instance of size 4 without stroradple matchings.

Players |Preferences Lists
K R-K-K
L e
K KoKk
G G-KrK
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