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Rendering:
Computing Integrals




Numerical Integration

Approximate integrals with weighted sum of samples
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Numerical Integration

Approximate integrals with weighted sum of samples

Random Density Arrangement



Stochastic Point Processes

Formal characterization of point patterns




Stochastic Point Processes

Formal characterization of point patterns
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Stochastic Point Processes

Examples of point processes

Natural Proces Manuel Process



General Point Processes

Infinite point processes

Obsérvation window



General Point Processes

Assign a random variable to each set
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General Point Processes

Joint probabillities define the point process
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Point Process Statistics

First order product density
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Point Process Statistics

First order product density




Point Process Statistics

First order product density

A(x)
Constant



Point Process Statistics

Second order product density

e 0P (x,y) = o(x,y)
° o Expected number of points around X &y
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Point Process Statistics
Higher order product density?
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Point Process Statistics

Summary: 18t & 2"d order correlations sufficient




Stationary Point Processes

: Statlonary Isotrop|c
(translation invariant)  (translation & rotation invariant)



Stationary Point Processes

Stationary (translation invariant)

A(x) = A

o(x,y) = o(x—Yy)

= Mg(x —y)
Pair Correlation Function (PCF)
DoF reduced from 2d to d




Stationary Point Processes

Isotropic point process (translation & rotation invariant)




Estimating Correlations

Second order stationary - pair correlation function (PCF)
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Estimating Correlations

Second order stationary - pair correlation function (PCF)
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Estimating Correlations

Second order stationary - pair correlation function (PCF)

Point Distribution Pair Correlation Function




Estimating Correlations

Second order isotropic - pair correlation function (PCF)

g(r) =
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VNG

Volume of the unit Kernel
hypercube in d dimensions  e.g. Gaussian



Pair Correlation Function
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Pair Correlation Function




Spectral Statistics

= \G(v
Power spectrum Fourier transform
of PCF



Spectral Statistics

Pv) =)G(v) +1

s(x) =Y d(x—x;)  Sp =Y e
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Spectral Statistics

Pm = 4:77 [S;knsm] — )\gm +1

Points PCF Power spectrum




Spectral Statistics

Pm = 4:73 [S:@Sm] — )\gm +1

Power spectrum Radial average Radial anisotropy
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Statistics for Stationary Processes

Summary
Stationary: Spatial (PCF) & spectral (power spectrum)

Isotropic: radial averages



Error in Numerical Integration

Campbell’s Theorem
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Error in Numerical Integration

Campbell’s theorem for the error of the integral estimator
I:= Z wif(x;)  bias(l) =1 —EI  war(I) =EI? — (EI)?

El = EZw(XZ)f(XZ) = JV w(x) f(x)A(x)dx w; = w(X;)
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Campbell’s theorem

w(x) = 1/\(x) — bias(I) =0




Error in Numerical Integration

Campbell’s theorem for the error of the integral estimator

I:= Z w;f(x;)  bias(I)=1—EI war(l) = EI? — (E)?

EI? =E Z w; fiw; [ + EZ (wi fi)?
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Error in Numerical Integration

Stationary point processes
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Density Arrangement




Error in Numerical Integration

Stationary point processes
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Error in Numerical Integration

Importance Sampling — invertible warp




Error in Numerical Integration

Importance Sampling — general unbiased

var(l) = /

Importance Sampling — random add/remove for intensity
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Error in Numerical Integration

Spectral counterparts
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Error in Numerical Integration

Spectral counterparts — stationary point processes

S(X) — Z w(Xi)(S(X — Xi) S,, = Z w(Xi)e—Zﬂ-mei
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Power spectra
Stationary



Error in Numerical Integration

Spectral counterparts — stationary point processes

S(X) — ZU)(XZ)(S(X — Xz') Sy, = Zw(xi)e—meTxi
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Error in Numerical Integration

Stationary point processes — spatial vs. spectral
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15t order
correlations by
warp/ algorithm

2"d order
pair-wise
correlations
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