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Chapter 1

More Standard Theorems

This chapter contains additional lemmas built on top of HOL. Some of the additional lemmas
are not included here. Most of them are too specialised to move to HOL.

1.1 Transitions

This theory contains some facts about closure, the definition of full transformations, and well-
foundedness.

theory Wellfounded-More

imports Main

begin

1.1.1 More theorems about Closures

This is the equivalent of the theorem rtranclp-mono for tranclp

lemma tranclp-mono-explicit:
Tt ab=r<s= st ab
using rtranclp-mono by (auto dest!: tranclpD intro: rtranclp-into-tranclp2)

lemma tranclp-mono:
assumes mono: <r < 8
shows (rt1 < s+t
using rtranclp-mono[ OF mono] mono by (auto dest!: tranclpD intro: rtranclp-into-tranclp2)

lemma tranclp-idemp-rel:
(RTTtT ab+— R a b

apply (rule iff)
prefer 2 apply blast
by (induction rule: tranclp-induct) auto

Equivalent of the theorem rtranclp-idemp

lemma trancl-idemp: «(r™)t = r*)
by simp

lemmas tranclp-idemp[simp] = trancl-idemp|to-pred]

This theorem already exists as theroem Nitpick.rtranclp-unfold (and sledgehammer uses it), but



it makes sense to duplicate it, because it is unclear how stable the lemmas in the ~~/src/HOL/
Nitpick.thy theory are.

lemma rtranclp-unfold: <rtranclp r a b <— (a = b V tranclp v a b))
by (meson rtranclp.simps rtranclpD tranclp-into-rtranclp)

lemma tranclp-unfold-end: <tranclp r a b +— (Fa’. rtranclp r a a’ A\ r a’ b)»
by (metis rtranclp.rtrancl-refl rtranclp-into-tranclp1 tranclp.cases tranclp-into-rtranclp)

Near duplicate of theorem tranclpD:

lemma tranclp-unfold-begin: <tranclp r a b +— (Fa’. r a a’ A rtranclp r o’ b))
by (meson rtranclp-into-tranclp2 tranclpD)

lemma trancl-set-tranclp: <(a, b) € {(b,a). P a b}t «— Pt b a)
apply (rule iffT)
apply (induction rule: trancl-induct; simp)
apply (induction rule: tranclp-induct; auto simp: trancl-into-trancl?2)
done

lemma tranclp-rtranclp-rtranclp-rel: <RTT** a b +— R** a b
by (simp add: rtranclp-unfold)

lemma tranclp-rtranclp-rtranclp|simp]: «RTT** = R**)
by (fastforce simp: rtranclp-unfold)

lemma rtranclp-exists-last-with-prop:
assumes (R z 2> and (R** z z» and <P z 2
shows Jyy  R** 2y ARyy" APyy A(dab. RabA—-Pabdb)** y 2z
using assms(2,1,3)
proof induction
case base
then show ?case by auto
next
case (step z’ z'’) note z = this(2) and IH = this(3)[OF this(4—5)]
show ?Zcase
apply (cases <Pz’ 2')
apply (rule exI[of - 2'], rule exI[of - 2"])
using z assms(1) step.hyps(1) step.prems(2) apply (auto; fail)[1]
using IH z by (fastforce intro: rtranclp.rtrancl-into-rtrancl)
qed

lemma rtranclp-and-rtranclp-left: <(A ab. Pab AN Qa b)*™* ST = P* ST
by (induction rule: rtranclp-induct) auto

1.1.2 Full Transitions

Definition We define here predicates to define properties after all possible transitions.

abbreviation (input) no-step :: (‘a = 'b = bool) = 'a = bool where
no-step step S =V S'. —step S S’

definition fulll :: ('a = 'a = bool) = 'a = 'a = bool where
fulll transf = (AS S'. tranclp transf S S’ A no-step transf S

definition full:: (‘a = 'a = bool) = ’'a = 'a = bool where
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full transf = (AS S'. rtranclp transf S S’ A no-step transf S')

We define output notations only for printing (to ease reading):

notation (output) fulll (-T4)
notation (output) full (-+)

Some Properties lemma rtranclp-fullil:
(R*™* a b= fulll Rbc = fulll R ac
unfolding fulll-def by auto

lemma tranclp-fullll:
(RYT a b= fulll Rbc= fulll R a ¢
unfolding fulll-def by auto

lemma rtranclp-fulll:
(R** ab= full Rbc= full R a &
unfolding full-def by auto

lemma tranclp-full-fullll:
(R™Y ab= fullRbc= fulll R a c
unfolding full-def fulll-def by auto

lemma full-fulll:
(Rab= full Rbc= fulll R a &
unfolding full-def fulll-def by auto

lemma full-unfold:
fullm 8§ S +— (S = S’ A no-step r S’) V fulll S S8')
unfolding full-def fulll-def by (auto simp add: rtranclp-unfold)

lemma fulll-is-full[intro]: <fulll R S T = full R S T>
by (simp add: full-unfold)

lemma not-fulll-rtranclp-relation: —fulll R** a b
by (auto simp: fulll-def)

lemma not-full-rtranclp-relation: —full R** a b
by (auto simp: full-def)

lemma fulll-tranclp-relation-full:
fulll RYT a b +— fulll R a b
by (metis converse-tranclpE fulll-def reflclp-tranclp rtranclpD rtranclp-idemp rtranclp-reficlp
tranclp.r-into-trancl tranclp-into-rtranclp)

lemma full-tranclp-relation-full:
ull RY™™ a b +— full R a b
by (metis full-unfold fulll-tranclp-relation-full tranclp.r-into-trancl tranclpD)

lemma tranclp-fulll-fulll:
(fulll RY** a b <+— fulll R ab
by (metis (mono-tags) fulll-def predicate2l tranclp.r-into-trancl tranclp-idemp
tranclp-mono-explicit tranclp-unfold-end)

lemma rtranclp-fulll-eq-or-fulll:
((fulll R)** a b+— (a =0V fulll R ab)



unfolding rtranclp-unfold tranclp-fulll-fulll by simp

lemma no-step-full-iff-eq:
(no-step R S = full RS T +— S =71T»
unfolding full-def
by (meson rtranclp.rtrancl-refl rtranclpD tranclpD)

1.1.3 Well-Foundedness and Full Transitions

lemma wf-exists-normal-form:
assumes wf: <wf {(z, y). R y z}
shows (3b. R** a b A\ no-step R b
proof (rule ccontr)
assume <~ ?thesis
then have H: <A\b. = R** a b V —no-step R b
by blast
define F' where «F = rec-nat a (Ai b. SOME ¢. R b ¢)»
have [simp]: <F 0 = a
unfolding F-def by auto
have [simp]: <\i. F (Suc i) = (SOME b. R (F i) b)»
unfolding F-def by simp
{ fix ¢
have Vj<i. R (F j) (F (Suc j))
proof (induction 7)
case (
then show ?case by auto
next
case (Suc 17)
then have <R** o (F i)
by (induction i) auto
then have <R (F' i) (SOMFE b. R (F i) b)»
using H by (simp add: somel-ex)
then have Vj < Suc i. R (F j) (F (Suc j))»
using H Suc by (simp add: less-Suc-eq)
then show ?case by fast
qed
}
then have «Vj. R (F j) (F (Suc j))» by blast
then show Fulse
using wf unfolding wfP-def wf-iff-no-infinite-down-chain by blast
qed

lemma wf-exists-normal-form-full:
assumes wf: <wf {(z, y). Ry 2}

shows 3b. full R a b»
using wf-ezists-normal-form|[OF assms] unfolding full-def by blast

1.1.4 More Well-Foundedness

A little list of theorems that could be useful, but are hidden:

e link between wf and infinite chains: theorems wf-iff-no-infinite-down-chain and wf-no-infinite-down-chain.

lemma wf-if-measure-in-wf:
«wf R= (Aab. (a,b) € S = (v a, v b)ER) = wf S
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by (metis in-inv-image wfE-min wfl-min wf-inv-image)

lemma wfP-if-measure: fixes [ :: <'a = nat»
shows «(Azy. Pr = gzy = fy < fz) = wf {(y,x). Px ANgayp
apply (insert wf-measure|of f])
apply (simp only: measure-def inv-image-def less-than-def less-eq)
apply (erule wf-subset)
apply auto
done

lemma wf-if-measure-f:
assumes (wf
shows <wf {(b, a). (fb, fa) € rp
using assms by (metis inv-image-def wf-inv-image)

lemma wf-wf-if-measure’:
assumes (wf ™ and H: <Az y. Pe —= gzy = (fy, fz) €™
shows <wf {(y,z). Pz AN gz y}b
proof —
have «wf {(b, a). (f b, fa) € r}> using assms(1) wf-if-measure-f by auto
then have <wf {(b, a). PaAgabA (fb, fa) € rp

using wf-subset[of - <{(b, a). Pa A gabA (fb, fa) € rp] by auto
moreover have ({(b, a). Pa A gabA (fb, fa) € r} C{(b,a). (fb, fa) € r}> by auto
moreover have «{(b, a). Pa A gabA (fb, fa) € r} ={(b, a). Pa A g a b} using H by auto

ultimately show ?thesis using wf-subset by simp
qed

lemma wf-lex-less: «wf (lex less-than))
by (auto simp: wf-less)

lemma wfP-if-measure2: fixes f :: <'a = nat
shows «(Azy. Pry = gzy = fa < fy) = wf {(z,y). Pzxy AN gzyp
apply (insert wf-measure|of f])
apply (simp only: measure-def inv-image-def less-than-def less-eq)
apply (erule wf-subset)
apply auto
done

lemma lexord-on-finite-set-is-wf:
assumes
P-finite: <\ANU. PU — U € A» and
finite: <finite A> and
wf: «<wf R> and
trans: <trans R»
shows <wf {(T, S). (PS AP T)AN(T,S) € lexord R}»
proof (rule wfP-if-measure2)
fix TS
assume P: <P S AN P T) and
s-le-t: «(T, S) € lexord R»
let 2f = \S. {U. (U, S) € lexord RANPUANPSh
have «?f T C ?2f S»
using s-le-t P lexord-trans trans by auto
moreover have (T € 2f S)
using s-le-t P by auto
moreover have «T ¢ 2f T)»
using s-le-t by (auto simp add: lexord-irreflexive local.wf)



ultimately have «({U. (U, T) € letord RAPUANP T} C{U.(U,S)€lexord R\PUANPShH
by auto
moreover have «finite {U. (U, S) € lexord RA P U AN P S}
using finite by (metis (no-types, lifting) P-finite finite-subset mem-Collect-eq subsetl)
ultimately show <card (?f T) < card (?f S)> by (simp add: psubset-card-mono)
qed

lemma wf-fst-wf-pair:
assumes wf {(M', M). R M' M} >
shows «wf {((M', N'), (M, N)). RM' M}
proof —
have <wf ({(M', M). R M' M} <slexx> {})»
using assms by auto
then show ?thesis
by (rule wf-subset) auto
qed

lemma wf-snd-wf-pair:
assumes «wf {(M', M). R M' M} »
shows <wf {((M', N'), (M, N)). R N' N}
proof —
have wf: <wf {(M', N), (M, N)). R M' M}
using assms wf-fst-wf-pair by auto
then have wf: <\AP. Vz. Vy. (v, 2) € {(M', N), M, N). RM' M} — Py) — Px) = All P»
unfolding wf-def by auto
show ?thesis
unfolding wf-def
proof (intro alll impl)
fix P :: </¢ X 'a = booly and z :: (/¢ X ')
assume H: Vz. (Vy. (y, z) € {(M', N'), M, y). RN'y} — Py) — Px
obtain a b where z: <z = (a, b)) by (cases x)
have P: <Pz = (P o (A(a, b). (b, a))) (b, a)
unfolding z by auto
show (P )
using wf[of <P o (A(a, ). (b, a)))] apply rule
using H apply simp
unfolding P by blast
qed
qed

lemma wf-if-measure-f-notation2:
assumes <wf
shows <wf {(b, h a)|b a. (fb, f (ha)) €r}h
apply (rule wf-subset)
using wf-if-measure-f[OF assms, of f] by auto

lemma wf-wf-if-measure’-notation2:
assumes (wf m and H: <Az y. Pe —= gzy = (fy, f (hz)) €nr
shows «wf {(y,hz)| yz. Pz AN gz y}h
proof —
have «wf {(b, h a)|b a. (fb, f (h a)) € r}> using assms(1) wf-if-measure-f-notation2 by auto
then have «wf {(b, ha)lba. PaAgabA (fb, f(ha))erh
using wf-subset[of - <{(b, ha)l ba. Pa AN gabA(fb, f(ha))€r}] by auto
moreover have ({(b, ha)lba. PaNgabA (fb, f(ha))eEr}
C{(b, ha)lba. (fb, f (ha)) €T} by auto
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moreover have <{(b, ha)lba. PaANgabA (fb,f (ha))er}={0b ha)ba PaAgab}
using H by auto
ultimately show ?thesis using wf-subset by simp
qed

lemma power-ex-decomp:
assumes (R"n) S T
shows
Af.fo=8SANfn=TANNMNii<n— R(fi)(f (Suci)))
using assms
proof (induction n arbitrary: T)
case (
then show «?case) by auto
next
case (Suc n) note IH = this(1) and R = this(2)
from R obtain T’ where
ST: «(R™"n) ST and
T'T:-«<RT'T»
by auto
obtain f where
[simp]: <f 0 = S» and
[simp]: «fn = T’ and
H:<N\i.i <n= R (fi) (f (Suci))
using [H[OF ST] by fast
let 2f = «f(Suc n:= T)
show Zcase
by (rule exI|of - ?f])
(use H ST T'T in auto)
qed

The following lemma gives a bound on the maximal number of transitions of a sequence that is
well-founded under the lexicographic ordering lexn on natural numbers.

lemma lexn-number-of-transition:
assumes
le: <N\i. i < n = ((f (Suci)), (f7)) € lexn less-than m> and
upper: <N\ij. i <n=j<m= (fi)!je{0.<k} and
finite A> and
k:<k>1»
shows «n < k ~ Suc m»
proof —
define r where
«rx = zip x (map (Mi. k ~ (length x —1)) [0..<length x])) for x :: «nat list)

define s where
<s x = foldr (Aa b. a + b) (map (A(a, b). a * b) z) 0) for z :: <(nat x nat) list)

have [simp]: <r [| = []» <s [] = O
by (auto simp: r-def s-def)

have upt <m > 0 = [0..< m] = 0 # map Suc [0..< m — 1] for m
by (auto simp: map-Suc-upt upt-conv-Cons)

have upt”: «<m > 0 = [0..< m] = [0..< m — 1] @ [m—1)> for m
by (cases m) (auto simp: )

have Cons: <r (x # xs) = (z, k™ (Suc (length xs))) # (r xs)» for = xs
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unfolding r-def

apply (subst upt’)

apply (clarsimp simp add: upt'’ comp-def nth-append Suc-diff-le simp flip: zip-map2)
apply (clarsimp simp add: upt’ comp-def nth-append Suc-diff-le simp flip: zip-map?2)
done

have [simp]: <s (ab # zs) = fst ab x snd ab + s zs» for ab s
unfolding s-def by (cases ab) auto

have le2: «(Va € set b. a < k) = (k ~ (Suc (length b))) > s ((r b)) for b
apply (induction b arbitrary: f)
using k apply (auto simp: Cons)
apply (rule order.strict-trans1)
apply (rule-tac j = «(k — 1) % k xk ~ length b> in Nat.add-le-monol)
subgoal for a b
by auto
apply (rule order.strict-trans2)
apply (rule-tac b = <«(k — 1) * k * k ~ length b> and d = «(k *x k " length b)) in add-le-less-mono)
apply (auto simp: mult.assoc comm-semiring-1-class.semiring-normalization-rules(2))
done

have «s (r (f (Suc ©))) < s (r (f4)) if <i < n» for §
proof —
have i-n: «Suc i < ny <1 < m»
using that by auto
have length: «length (f i) = m» <length (f (Suc i)) = m»
using le[OF that] by (auto dest: lexn-length)
define zs and ys where <zs = fi» and <ys = f (Suc ©)»

show ?thesis
using le[OF that] upper|OF i-n(2)] upper[OF i-n(1)] length Cons
unfolding zs-def[symmetric] ys-def[symmetric]
proof (induction m arbitrary: xs ys)
case () then show ?case by auto
next
case (Suc m) note IH = this(1) and H = this(2) and p = this(3—)
have IH: «(tl ys, tl xs) € lexn less-than m = s (r (tl ys)) < s (r (t xs))
apply (rule IH)
subgoal by auto
subgoal for i using p(1)[of <Suc i}] p by (cases zs; auto)
subgoal for i using p(2)[of <Suc i>] p by (cases ys; auto)
subgoal using p by (cases zs) auto
subgoal using p by auto
subgoal using p by auto
done
have «s (r (tl ys)) < k ~ (Suc (length (tl ys)))»
apply (rule le2)
unfolding all-set-conv-all-nth
using p by (simp add: nth-tl)
then have <ab x (k x k ~ length (¢l ys)) + s (r (¢ ys)) <
ab x (k x k " length (tl ys)) 4+ (k x k ~ length (tl ys))» for ab
by auto
also have «... ab < (ab+ 1) % (k x k " length (tl ys))» for ab
by auto
finally have less: <ab < ac = ab x (k = k ~ length (tl ys)) + s (r (¢t ys)) <
ac x (k = k ~ length (tl ys))» for ab ac
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proof —
assume al: Aab. ab * (k x k " length (¢l ys)) + s (r (tl ys)) <
(ab + 1) x (k * k ~ length (tl ys))
assume ab < ac
then have — ac * (k * k ~length (tl ys)) < (ab + 1) * (k = k ~ length (tl ys))
by (metis (no-types) One-nat-def Suc-lel add.right-neutral add-Suc-right
mult-less-cancel2 not-less)
then show %thesis
using al by (meson le-less-trans not-less)
qed

have «ab < ac =
ab x (k= k " length (t ys)) + s (r (tl ys))
< ac * (k = k " length (¢l zs)) + s (r (¢ xs))» for ab ac
using less[of ab ac] p by auto
then show ?case
apply (cases xs; cases ys)
using IH H p(3—5) by auto
qged
ged
then have «i<n = s (r (f7)) + i < s (r (f0)) for ¢
apply (induction i)
subgoal by auto
subgoal premises p for ¢
using p(3)[of «i—13] p(1,2)
apply auto
by (meson Nat.le-diff-conv2 Suc-lel Suc-le-lessD add-leD2 less-diff-conv less-le-trans p(3))
done
from this[of n] show «n < k ~ Suc m»
using le2[of «f 0»] upper|of 0] k
using le[of 0] apply (cases «n = 0)
by (auto dest!: lexn-length simp: all-set-conv-all-nth eq-commute[of - m])
qed

end
theory WB-List-More
imports HOL— Library. Finite-Map
Nested-Multisets-Ordinals. Duplicate- Free- Multiset
HOL- Eisbach.Fisbach
HOL- Eisbach.Eisbach-Tools
HOL- Library. FuncSet
begin

This theory contains various lemmas that have been used in the formalisation. Some of them
could probably be moved to the Isabelle distribution or Nested-Multisets-Ordinals. Multiset-More.

More Sledgehammer parameters

1.2 Various Lemmas

1.2.1 Not-Related to Refinement or lists

Unlike clarify /auto/simp, this does not split tuple of the form 3 7. P T in the assumption. After
calling it, as the variable are not quantified anymore, the simproc does not trigger, allowing to
safely call auto/simp/...

13



method normalize-goal =
(match premises in
J[thin]: <z. -» = <rule exE[OF J»
| J[thin]: <- A - = «<rule conjE[OF J]»
)

Close to the theorem nat-less-induct ((An. Vm<n. ¢P m = ?P n) = 2P %n), but with a
separation between the zero and non-zero case.

lemma nat-less-induct-case[case-names 0 Suc:
assumes
<P 0> and
<An. (Vm < Suc n. P m) = P (Suc n)
shows «P n»
apply (induction rule: nat-less-induct)
by (rename-tac n, case-tac n) (auto intro: assms)

This is only proved in simple cases by auto. In assumptions, nothing happens, and the theo-
rem if-split-asm can blow up goals (because of other if-expressions either in the context or as
simplification rules).

lemma if-0-1-ge-0[simp):
<0 < (if P then a else (0::nat)) +— P A 0 < @
by auto

lemma bez-lessl: Pj — j < n = 3Jj<n. Pj
by auto

lemma bez-gtl: Pj = j > n = dj>n. Pj
by auto

lemma bez-gel: Pj=—j > n = 3j>n. Pj
by auto

lemma bez-lel: Pj— j < n=—= 3j<n. Pj
by auto

Bounded function have not yet been defined in Isabelle.

definition bounded :: (‘a = 'b::ord) = bool where
<bounded f +— (3b. Vn. fn < b)

abbreviation unbounded :: «('a = 'b::ord) = bool> where
<unbounded f = — bounded f>

lemma not-bounded-nat-exists-larger:
fixes f :: <nat = nat>
assumes unbound: (unbounded f>
shows <In. fn>m A n > ny
proof (rule ccontr)
assume H: (- ?thesis)
have <finite {f n|n. n < no}
by auto
have <An. fn < Maz ({f n|n. n < ng} U {m})
apply (case-tac <n < ng»)
apply (metis (mono-tags, lifting) Maz-ge Un-insert-right <finite {f n |n. n < ng}p
finite-insert insertCI mem-Collect-eq sup-bot.right-neutral)
by (metis (no-types, lifting) H Max-less-iff Un-insert-right <finite {f n |n. n < no}p
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finite-insert insertll insert-not-empty lel sup-bot.right-neutral)
then show False
using unbound unfolding bounded-def by auto
qed

A function is bounded iff its product with a non-zero constant is bounded. The non-zero
condition is needed only for the reverse implication (see for example £k = 0 and f = (\i. ©) for
a counter-example).

lemma bounded-const-product:
fixes k :: nat and f :: (nat = nat»
assumes <k > 0»
shows <bounded f «— bounded (N\i. k * f i)
unfolding bounded-def apply (rule iffI)
using mult-le-mono2 apply blast
by (metis Suc-lel add.right-neutral assms mult.commute mult-0-right mult-Suc-right mult-le-mono
nat-mult-le-cancell )

lemma bounded-const-add:
fixes k :: nat and f :: <nat = nat
assumes <k > 0»
shows <bounded f +— bounded (N\i. k + f i)
unfolding bounded-def apply (rule iffT)
using nat-add-left-cancel-le apply blast
using add-leE by blast

This lemma is not used, but here to show that property that can be expected from bounded
holds.

lemma bounded-finite-linorder:
fixes f :: 'a::finite = 'b :: {linorder}
shows <(bounded f»
proof —
have «finite (f ¢ UNIV)»
by simp
then have <A\z. fz < Max (f * UNIV))
by (auto intro: Maz-ge)
then show ?thesis
unfolding bounded-def by blast
qed

1.3 More Lists

1.3.1 set, nth, tl

lemma ex-gel: <Pn = n>m =— dn>m. Pn»
by auto

lemma Ball-atLeastLessThan-iff: «(¥V L€{a..<b}. PL) +— VL. L>a ANL <b— PL)>»
unfolding set-nths by auto

lemma nth-in-set-tl: <i > 0 = i < length xs = zs | i € set (tl zs)
by (cases xs) auto

lemma tl-drop-def: <tl N = drop 1 N»
by (cases N) auto
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lemma in-set-removelD:
<a € set (removel x xs) => a € set x$
by (meson notin-set-removel )

lemma take-length-take While-eq-take While:
<take (length (takeWhile P xs)) xs = takeWhile P xs
by (induction xs) auto

lemma fold-cons-replicate: <fold (M- xs. a # xs) [0..<n] zs = replicate n a Q s>
by (induction n) auto

lemma Collect-minus-single-Collect: «{z. Pz} — {a} ={z . Pz Nz # ap
by auto

lemma in-set-image-subsetD: « f ‘A C B=—= x € A =fzx € B
by blast

lemma mset-tl:
«mset (tl xs) = removel-mset (hd xs) (mset xs)»
by (cases zs) auto

lemma hd-list-update-1If:
coutl’ # [| = hd (outl’]i := w]) = (if i = 0 then w else hd outl’)
by (cases outl’) (auto split: nat.splits)

lemma list-update-id”:
@ =uas ! i = as[i == z] = 9
by auto
This lemma is not general enough to move to Isabelle, but might be interesting in other cases.

lemma set-Collect- Pair-to-fst-snd:

{((a, b), (a, 0). Paba' b’} ={(e f). P (fst e) (snde) (fst f) (snd f)}
by auto

lemma butlast-Nil-iff: <butlast xs = [| «— length xs = 1 V length zs = 0>
by (cases zs) auto

lemma Set-remove-diff-insert: <a € B — A = B — Set.remove a A = insert a (B — A)
by auto

lemma Set-insert-diff-remove: «B — insert a A = Set.remove a (B — A)»
by auto

lemma Set-remove-insert: <a ¢ A’ = Set.remove a (insert a A') = A’
by (auto simp: Set.remove-def)

lemma diff-eq-insertD:
«<B— A =1inserta A’ = a € B»
by auto

lemma in-set-tID: <z € set (tl xs) => x € set s
by (cases xs) auto

This lemmma is only useful if set zs can be simplified (which also means that this simp-rule
should not be used...)

lemma (in —) in-list-in-setD: <xs = it Q & # 0 = x € setl z$)
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by auto

lemma Collect-eq-comp”: < {(z, y). Pz y} O {(c, a). c = fa} = {(z, a). Pz (fa)}
by auto

lemma (in —) filter-disj-eq:
{ze A PaevQut={zec A PztU{zec A Quah
by auto

lemma zip-cong:
«(Ai. i < min (length zs) (length ys) = (zs !4, ys 1 ) = (zs’ 1 4, ys' 1 i)) =
length xs = length s’ = length ys = length ys' = zip xs ys = zip xs’ ys’
proof (induction xs arbitrary: zs’ ys' ys)
case Nil
then show ?Zcase by auto
next
case (Cons z zs xs' ys’ ys) note TH = this(1) and eq = this(2) and p = this(3—)
thm IH
have <zip xs (tl ys) = zip (¢l zs’) (¢l ys’)» for i
apply (rule IH)
subgoal for i
using p eqof «Suc ©)] by (auto simp: nth-tl)
subgoal using p by auto
subgoal using p by auto
done
moreover have (hd zs’ = ) <hd ys = hd ys"» if <ys # []»
using eq[of 0] that p[symmetric] apply (auto simp: hd-conv-nth)
apply (subst hd-conv-nth)
apply auto
apply (subst hd-conv-nth)
apply auto
done
ultimately show ?Zcase
using p by (cases zs’; cases ys'; cases ys)
auto
qed

lemma zip-cong2:

«(Ai. i < min (length xzs) (length ys) = (zs !4, ys 1 i) = (zs’' 1 4, ys' 1 i)) =
length zs = length xs' = length ys < length ys' = length ys > length s —
2ip 18 ys = zip x5’ ys’

proof (induction xs arbitrary: zs’ ys’ ys)
case Nil

then show ?Zcase by auto

next
case (Cons = xs zs’ ys' ys) note IH = this(1) and eq = this(2) and p = this(3—)
have <zip xs (tl ys) = zip (tl zs’) (tl ys’)» for ¢
apply (rule IH)
subgoal for
using p eqlof «Suc O] by (auto simp: nth-tl)
subgoal using p by auto
subgoal using p by auto
subgoal using p by auto
done
moreover have «hd zs’ = x> <hd ys = hd ys"» if <ys # [|»
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using eq[of 0] that p apply (auto simp: hd-conv-nth)
apply (subst hd-conv-nth)
apply auto
apply (subst hd-conv-nth)
apply auto
done
ultimately show ?Zcase
using p by (cases zs’; cases ys'; cases ys)
auto
qed

1.3.2 List Updates

lemma tl-update-swap:
> 1= tl (N[i:=C]) =@ N)[i—1:=C)
by (auto simp: drop-Suc[of 0, symmetric, simplified] drop-update-swap)

lemma tl-update-0[simpl: <tl (N[0 := z]) = tIl N»
by (cases N) auto

declare nth-list-update]simp]

This a version of ?i < length ?xs = %xs[%i := ?z] | %j = (if %0 = ?j then ?z else ?zs | ?j) with
a different condition (j instead of 7). This is more useful in some cases.

lemma nth-list-update-le’[simp):
J < length s = (xs[i:=x])lj = (if i = j then x else xslj)
by (induct zs arbitrary: i j) (auto simp add: nth-Cons split: nat.split)

1.3.3 Take and drop

lemma take-2-if:
<take 2 C = (if C =[] then [] else if length C' = 1 then [hd C] else [C'0, C1])»
by (cases C; cases <tl C») auto

lemma in-set-take-conv-nth:
«x € set (take n xs) +— (Im<min n (length xs). xs | m = z)»
by (metis in-set-conv-nth length-take min.commute min.strict-boundedE nth-take)

lemma in-set-dropl:
«m < length xs = m > n = zs | m € set (drop n zs)»
unfolding in-set-conv-nth
by (rule exI[of - «<m — m]) auto

lemma in-set-drop-conv-nth:

«x € set (drop n xs) «— (Im > n. m < length s A\ zs ! m = z)»

apply (rule iffT)

subgoal
apply (subst (asm) in-set-conv-nth)
apply clarsimp
apply (rule-tac © = (n+% in exl)
apply (auto)
done

subgoal
by (auto intro: in-set-dropl)

done
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Taken from the Word library.

lemma atd-lem: <take nzs =t — dropnzs=d — zs =1t Q d»
by (auto intro: append-take-drop-id [symmetric])

lemma drop-take-drop-drop:
j > i = drop i xs = take (j — i) (drop i zs) Q drop j zs
apply (induction <j — i> arbitrary: j i)
subgoal by auto
subgoal by (auto simp add: atd-lem)
done

lemma in-set-conv-iff:
x € set (take n xs) «+— (i < n. i < length xzs AN zs ! i = z)
apply (induction n)
subgoal by auto
subgoal for n
apply (cases «Suc n < length xs»)
subgoal by (auto simp: take-Suc-conv-app-nth less-Suc-eq dest: in-set-takeD)
subgoal
apply (cases <n < length xs))
subgoal
apply (auto simp: in-set-conv-nth)
by (rule-tac z=i in exl; auto; fail)+
subgoal
apply (auto simp: take-Suc-conv-app-nth dest: in-set-takeD)
by (rule-tac =1 in exl; auto; fail)+
done
done
done

lemma distinct-in-set-take-iff:

<distinct D => b < length D = D | b € set (take a D) +— b <
apply (induction a arbitrary: b)
subgoal by simp
subgoal for a

by (cases <Suc a < length D»)

(auto simp: take-Suc-conv-app-nth nth-eq-iff-indez-eq)

done

lemma in-set-distinct-take-drop-iff:
assumes
<distinct Dy and
<b < length D>
shows <D | b € set (take (a — init) (drop init D)) +— (init < b A b < a)
using assms apply (auto 5 5 simp: distinct-in-set-take-iff in-set-conv-iff
nth-eq-iff-indez-eq dest: in-set-takeD)
by (metis add-diff-cancel-left’ diff-less-mono le-iff-add)

1.3.4 Replicate
lemma list-eq-replicate-iff-nempty:

«n > 0 = xs = replicate n x +— n = length zs N set s = {z}
by (metis length-replicate neq0-conv replicate-length-same set-replicate singletonD)

lemma list-eq-replicate-iff:
<xs = replicate n x «— (n= 0 A xs = []) V (n = length xs A set s = {z})»
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by (cases n) (auto simp: list-eq-replicate-iff-nempty simp del: replicate.simps)

1.3.5 List intervals (upt)

The simplification rules are not very handy, because theorem upt.simps ( 2 ) (i.e. [?i..<Suc %]
= (if 20 < ?j then [%i..<?j] Q [?]] else [])) leads to a case distinction, that we usually do not
want if the condition is not already in the context.

lemma upt-Suc-le-append: «—i < j = [i..<Suc j| = [
by auto

lemmas upt-simps[simp] = upt-Suc-append upt-Suc-le-append
declare upt.simps(2)[simp del]

The counterpart for this lemma when n — m < 7 is theorem take-all. It is close to theorem ?i
+ ?m < ?n = take ?m [%i..<%n] = [%i..<?i + ?m], but seems more general.

lemma take-upt-bound-minus[simp]:
assumes i < n — m
shows (take i [m..<n| = [m ..<m+i]
using assms by (induction i) auto

lemma append-cons-eq-upt:
assumes (A @ B = [m..<n)
shows <A = [m ..<m+length A]> and <B = [m + length A..<n)
proof —
have «(take (length A) (A @ B) = Ay by auto
moreover {
have <length A < n — m» using assms linear calculation by fastforce
then have <take (length A) [m..<n] = [m ..<m+length A]> by auto }
ultimately show (4 = [m ..<m-+length A]> using assms by auto
show «B = [m + length A..<n])> using assms by (metis append-eq-conv-conj drop-upt)
qed

The converse of theorem append-cons-eq-upt does not hold, for example if Q term B:: nat list
is empty and A is [0::'a):

lemma (A @ B = [m..< n] +— A = [m ..<m+length A] A B = [m + length A..<n]>
oops

A more restrictive version holds:

lemma (B #[| = A @Q B = [m..< n| +— A = [m ..<m+length A] A B = [m + length A..<n])
(is «?P = %A = 7B»)
proof
assume ?A then show ?B by (auto simp add: append-cons-eq-upt)
next
assume ?P and ?B
then show ?A using append-eq-conv-conj by fastforce
qed

lemma append-cons-eq-upt-length-i:
assumes (A Q § # B = [m..<n]
shows (A = [m ..<i]
proof —
have <A = [m ..< m + length A]> using assms append-cons-eq-upt by auto
have «(4 @Q ¢ # B) ! (length A) = © by auto
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moreover have <n — m = length (A Q i # B)»
using assms length-upt by presburger
then have «[m..<n] ! (length A) = m + length As> by simp
ultimately have «i = m + length A> using assms by auto
then show %thesis using <A = [m ..< m + length A]> by auto
qed

lemma append-cons-eq-upt-length:
assumes (A Q { # B = [m..<n]
shows «length A = i — m»
using assms
proof (induction A arbitrary: m)
case Nil
then show ?Zcase by (metis append-Nil diff-is-0-eq list.size(3) order-refl upt-eq-Cons-conv)
next
case (Cons a A)
then have A: <A Q ¢ # B = [m + [..<n)]> by (metis append-Cons upt-eq-Cons-conv)
then have «<m < v by (metis Cons.prems append-cons-eg-upt-length-i upt-eq-Cons-conv)
with Cons.IH[OF A] show ?case by auto
qed

lemma append-cons-eq-upt-length-i-end:
assumes (A Q i # B = [m..<n]
shows (B = [Suc i ..<n]»
proof —
have (B = [Suc m + length A..<n)> using assms append-cons-eq-upt[of <A Q [{]» B m n| by auto
have (4 @Q ¢ # B) ! (length A) = © by auto
moreover have <n — m = length (A Q i # B)»
using assms length-upt by auto
then have «[m..<n]! (length A) = m + length A> by simp
ultimately have i = m + length A» using assms by auto
then show %thesis using <B = [Suc m + length A..<n]> by auto
qed

lemma Maz-n-upt: <Maz (insert 0 {Suc 0..<n}) = n — Suc 0»
proof (induct n)
case (
then show ?Zcase by simp
next
case (Suc n) note IH = this
have i: nsert 0 {Suc 0..<Suc n} = insert 0 {Suc 0..< n} U {n}> by auto
show ?case using IH unfolding 7 by auto
qed

lemma upt-decomp-lt:
assumes H: «xs Q ¢ # ys Q j # zs = [m ..< n]
shows (i < j»
proof —
have zs: <xzs = [m ..< i) and ys: <ys = [Suc ¢ ..< j]» and zs: <zs = [Suc j ..< n)»
using H by (auto dest: append-cons-eq-upt-length-i append-cons-eq-upt-length-i-end)
show ?thesis
by (metis append-cons-eq-upt-length-i-end assms lessI less-trans self-append-conv2
upt-eq-Cons-conv upt-rec ys)
qed

lemma nths-upt-upto-Suc: <aa < length s = nths zs {0..<Suc aa} = nths zs {0..<aa} Q [zs ! aa]>
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by (simp add: atLeastOLessThan take-Suc-conv-app-nth)

The following two lemmas are useful as simp rules for case-distinction. The case length | = 0
is already simplified by default.

lemma length-list-Suc-0:
ength W = Suc 0 <— (3 L. W = [L])»
apply (cases W)
apply (simp; fail)
apply (rename-tac a W', case-tac W)
apply auto
done

lemma length-list-2: ength S = 2 «— (3a b. S = [a, b])»
apply (cases S)
apply (simp; fail)
apply (rename-tac a S’)
apply (case-tac S’)
by simp-all

lemma finite-bounded-list:
fixes b :: nat
shows «finite {zs. length xs < s A (Vi< length xzs. xzs | i < b)}» (is <finite (95 s))
proof —
have H: «finite {xs. set s C {0..<b} A length zs < s}
by (rule finite-lists-length-le[of <{0..<b}> <s»]) auto
show ?thesis
by (rule finite-subset|OF - H]) (auto simp: in-set-conv-nth)
qed

lemma last-in-set-drop While:
assumes (3L € set (zs Q [z]). P L»
shows <z € set (dropWhile P (zs Q [z]))»
using assms by (induction zs) auto

lemma mset-drop-upto: <mset (drop a N) = {#Nli. i €# mset-set {a..<length N}#}
proof (induction N arbitrary: a)
case Nil
then show ?case by simp
next
case (Cons ¢ N)
have upt: <{0..<Suc (length N)} = insert 0 {1..<Suc (length N)}>
by auto
then have H: (mset-set {0..<Suc (length N)} = add-mset 0 (mset-set {1..<Suc (length N)})»
unfolding upt by auto
have mset-case-Suc: «{#case x of 0 = ¢ | Suc x = N | z . z €# mset-set {Suc a..<Suc b}#} =
{#N ! (z—1) . z €# mset-set {Suc a..<Suc b}#}» for a b
by (rule image-mset-cong) (auto split: nat.splits)
have Suc-Suc: «{Suc a..<Suc b} = Suc ‘{a..<b}> for a b
by auto
then have mset-set-Suc-Suc: «mset-set {Suc a..<Suc b} = {#Suc n. n €# mset-set {a..<b}#}> for
ab
unfolding Suc-Suc by (subst image-mset-mset-set[symmetric]) auto
have #: ({#N ! (z—Suc 0) . x €# mset-set {Suc a..<Suc b}#} = {#N ! v . x €# mset-set {a..<b}#}
for a b
by (auto simp add: mset-set-Suc-Suc)
show ?case
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apply (cases a)
using Cons|of 0] Cons by (auto simp: nth-Cons drop-Cons H mset-case-Suc *)

qed

lemma last-list-update-to-last:
<last (xzs[z := last zs]) = last zs»
by (metis last-list-update list-update.simps(1))

lemma take-map-nth-alt-def: <take n xzs = map ((!) zs) [0..<min n (length zs)]»
proof (induction xs rule: rev-induct)
case Nil
then show ?Zcase by auto
next
case (snoc z xs) note IH = this
show Zcase
proof (cases «<n < length (zs @ [z]))
case True
then show ?thesis
using IH by (auto simp: min-def nth-append)
next
case Fulse
have [simp]:
«map (Aa. if a < length xs then zs | a else [z] ! (a — length xs)) [0..<length xs] =
map (Aa. xs ! a) [0..<length zs]» for zs and z :: 'b
by (rule map-cong) auto
show ?thesis
using IH Fulse by (auto simp: nth-append min-def)
qed
qed

1.3.6 Lexicographic Ordering

lemma lezn-Suc:
(z # s, y # ys) € lexn r (Suc n) +—
(length zs = n A length ys = n) A ((z, y) € 7V (x = y A (zs, ys) € lexn 7 n))»
by (auto simp: map-prod-def image-iff lex-prod-def)

lemma lexn-n:
n > 0= (z # xs, y # ys) € lexn r n +—

(length zs = n—1 A length ys = n—1) A ((z, y) € r V (x =y A (s, ys) € lexn r (n — 1))

apply (cases n)
apply simp
by (auto simp: map-prod-def image-iff lex-prod-def)

There is some subtle point in the previous theorem explaining why it is useful. The term 71 is
converted to Suc 0, but 2 is not, meaning that I is automatically simplified by default allowing
the use of the default simplification rule lezn.simps. However, for 2 one additional simplification

rule is required (see the proof of the theorem above).

lemma lezn2-conwv:
«([a, ], [c, d]) € lexn 1 2 «— (a, c) € rV (a=c A (b, d) €r)
by (auto simp: lexn-n simp del: lexn.simps(2))

lemma lezn3-conv:
«([a, b, c], [a’, b, ¢]) € lexn r 8 +—
(g, ayervia=a' AN, b)er)V(a=a ANb=b"A(c,c)erp
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by (auto simp: lexn-n simp del: lexn.simps(2))

lemma prepend-same-lexn:
assumes irrefl: <irrefl Ry
shows (4 @ B, A @ C) € lexn Rn <— (B, C) € lexn R (n — length A)> (is <?A +— ?B»)
proof
assume 74
then obtain zys r s y ys where
len-B: «length B = n — length A> and
len-C: <length C = n — length A> and
AB: <A Q B = xys Q z # zs» and
AC: <AQ C =zys Q y # ys» and
zy: «(z, y) € R
by (auto simp: lexn-conv)
have z-neq-y: «x #
using zy irrefl by (auto simp add: irrefl-def)
then have «B = drop (length A) zys Q z # xs
using arg-cong[OF AB, of «drop (length A))]
apply (cases <length A — length zys»)
apply (auto; fail)
by (metis AB AC nth-append nth-append-length zero-less-Suc zero-less-diff)

moreover have «C = drop (length A) zys Q y # ys»
using arg-cong[OF AC, of «drop (length A))] z-neq-y
apply (cases <length A — length zys))
apply (auto; fail)
by (metis AB AC nth-append nth-append-length zero-less-Suc zero-less-diff)
ultimately show ?B
using len-B[symmetric] len-C[symmetric] xy
by (auto simp: lexn-conv)
next
assume ?B
then obtain zys z zs y ys where
len-B: <length B = n — length A> and
len-C': <length C = n — length A> and
AB: «B = zys Q z # zs» and
AC: «C = zys Q y # ys» and
zy: «(z, y) € B>
by (auto simp: lexn-conv)
define Azys where <Azys = A Q zys»

have <A @ B = Azys Q z # zs»
using AB Azys-def by auto

moreover have (A Q C = Azys Q y # ys»
using AC Azxys-def by auto
moreover have «Suc (length Azys + length xs) = n» and
<length ys = length xs»
using len-B len-C AB AC Axys-def by auto
ultimately show 74
using len-B[symmetric] len-C[symmetric] xy
by (auto simp: lexn-conv)
qed

lemma append-same-lexn:
assumes irrefl: <irrefl R»
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shows «(B@Q A, C @ A) € lexn R n <— (B, C) € lezn R (n — length A)> (is <74 <+— ?B»)
proof
assume 74
then obtain zys = zs y ys where
len-B: <n = length B + length A» and
len-C: <n = length C + length A> and
AB: «BQ A = zys Q z # xs» and
AC: «C Q@ A = zys Q@ y # ys» and
zy: «(z, y) € R
by (auto simp: lexn-conv)
have z-neq-y: «x #
using zy irrefl by (auto simp add: irrefl-def)
have len-C-B: <length C = length B>
using len-B len-C by simp
have len-B-zys: <length B > length xys»
apply (rule ccontr)
using arg-cong[OF AB, of <take (length B))] arg-cong|OF AB, of «drop (length B)»)
arg-cong|OF AC, of «drop (length C))] z-neg-y len-C-B
by auto

then have B: «<B = zys Q x # take (length B — Suc (length zys)) s
using arg-cong|OF AB, of <take (length B)]
by (cases <length B — length xys)) simp-all

have C: «C = zys Q y # take (length C — Suc (length xys)) ys»
using arg-cong[OF AC, of <take (length C))] z-neg-y len-B-zys unfolding len-C-B[symmetric]
by (cases <length C' — length zys)) auto

show ?B
using len-B[symmetric] len-C[symmetric] zy B C
by (auto simp: lexn-conv)

next

assume ?B

then obtain zys z zs y ys where
len-B: <length B = n — length A> and
len-C': <length C = n — length A> and
AB: «B = zys Q z # zs» and
AC: «C = zys Q y # ys» and
zy: «(z, y) € B>
by (auto simp: lexn-conv)

define Ays Azs where <Ays = ys @ A) and<Axzs = zs Q A»

have «<B Q A = zys Q z # Azs)
using AB Azs-def by auto

moreover have «C Q@ A = zys Q@ y # Ays
using AC Ays-def by auto
moreover have «Suc (length zys + length Azs) = n> and
<length Ays = length Axs)
using len-B len-C AB AC Axs-def Ays-def by auto
ultimately show 74
using len-B[symmetric] len-C[symmetric] xy
by (auto simp: lexn-conv)
qed

lemma irrefl-less-than [simp]: <irrefl less-thany
by (auto simp: irrefl-def)

25



1.3.7 Remove

More lemmas about remove

lemma distinct-removel-last-butlast:
<distinct xs = xs # [| = removel (last xs) zs = butlast s
by (metis append-Nil2 append-butlast-last-id distinct-butlast not-distinct-conv-prefiz
removel .simps(2) removel-append)

lemma removel-Nil-iff:
<removel zxs =[] +— xs =[] V xs = [z
by (cases zs) auto

lemma removeAll-upt:
<removeAll k [a..<b] = (if k > a A k < b then [a..<k] @ [Suc k..<D] else [a..<b])»
by (induction b) auto

lemma remowvel-upt:
<removel k [a..<b] = (if k > a Ak < b then [a..<k] Q [Suc k..<b] else [a..<D])
by (subst distinct-removel-removeAll) (auto simp: removeAll-upt)

lemma sorted-removeAll: <sorted C = sorted (removeAll k C)»
by (metis map-ident removeAll-filter-not-eq sorted-filter)

lemma distinct-removel-rev: <distinct xs = removel  (rev xs) = rev (removel x xs)»
using split-list[of = 5]
by (cases <z € set xs)) (auto simp: removel-append removel-idem)

Remove under condition

This function removes the first element such that the condition f holds. It generalises remowvel.

fun removel-cond where
<removel-cond f [] = []» |
<removel-cond f (C' # L) = (if f C’ then L else C' # removel-cond f L)

lemma <removel x xs = removel-cond ((=) ) zs
by (induction zs) auto

lemma mset-map-mset-removel-cond:
«mset (map mset (removel-cond (AL. mset L = mset a) C)) =
removel-mset (mset a) (mset (map mset C))»
by (induction C) auto

We can also generalise removeAll, which is close to filter:

fun removeAll-cond :: «('a = bool) = 'a list = 'a list> where
<removeAll-cond f [] = []» |
<removeAll-cond f (C' # L) = (if f C' then removeAll-cond f L else C' # removeAll-cond f L)»

lemma removeAll-removeAll-cond: «removeAll x s = removeAll-cond ((=) x) xs
by (induction zs) auto

lemma removeAll-cond-filter: <removeAll-cond P xs = filter (Az. =P ) xs
by (induction xs) auto

lemma mset-map-mset-removeAll-cond:
«mset (map mset (removeAll-cond (Ab. mset b = mset a) C))
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= removeAll-mset (mset a) (mset (map mset C))»
by (induction C) auto

lemma count-mset-count-list:
<count (mset xs) © = count-list zs x>
by (induction zs) auto

lemma length-removeAll-count-list:
<length (removeAll x xs) = length xs — count-list xs x>

proof —
have <length (removeAll x xs) = size (removeAll-mset x (mset xs))»
by auto
also have «... = size (mset xs) — count (mset xs) o>
by (metis count-le-replicate-mset-subset-eq le-refl size-Diff-submset size-replicate-mset)
also have « ... = length xs — count-list xs x>

unfolding count-mset-count-list by simp
finally show ?thesis .
qed

lemma removeAll-notin: <a ¢# A = removeAll-mset a A = A»
using count-inl by force

Filter

lemma distinct-filter-eq-if:
«distinct C = length (filter ((=) L) C) = (if L € set C then 1 else 0)»
by (induction C) auto

lemma length-filter-update-true:
assumes (i < length s> and «P (xs! i)
shows <length (filter P (xs[i := z])) = length (filter P xs) — (if P x then 0 else 1)»
apply (subst (5) append-take-drop-id|of i, symmetric])
using assms upd-conv-take-nth-drop|of i xs x] Cons-nth-drop-Suc|of © xs, symmetric]
unfolding filter-append length-append
by simp

lemma length-filter-update-false:
assumes ({ < length rs» and <—P (zs ! i)
shows <length (filter P (xs[i := z])) = length (filter P xs) + (if P x then 1 else 0)»
apply (subst (5) append-take-drop-id[of i, symmetric])
using assms upd-conv-take-nth-drop|of i zs z] Cons-nth-drop-Suc|of i xs, symmetric]
unfolding filter-append length-append
by simp

lemma mset-set-mset-set-minus-id-iff :
assumes (finite A»
shows (mset-set A = mset-set (A — B) «— (Vb€ B. b ¢ A)
proof —
have f1: mset-set A = mset-set (A — B)«— A — B=A
using assms by (metis (no-types) finite-Diff finite-set-mset-mset-set)
then show ?thesis
by blast
qed

lemma mset-set-eq-mset-set-more-conds:
finite {x. P z} = mset-set {z. P x} = mset-set {z. Qx N Pz} «— (Vz. Pz — Q z)»
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(is «<9F = ?A <— ?7B)
proof —
assume ?F
then have (YA «— (Vz € {z. Pz} z € {z. Qx N Pz})
by (subst mset-set-eq-iff) auto
also have «... «— (Vz. Pz — Q z)»
by blast
finally show ?thesis .
qed

lemma count-list-filter: <count-list xs x = length (filter ((=) ) zs)»
by (induction zs) auto

lemma sum-length-filter-compl’: <length [x<xs . = P x] + length (filter P xs) = length xs
using sum-length-filter-compl[of P xs] by auto

1.3.8 Sorting
See [sorted ?xs; distinct ?xs; sorted ?ys; distinct ?ys; set ?xs = set ?ys] = %xs = ?ys.

lemma sorted-mset-unique:
fixes s :: </a :: linorder list)
shows (sorted xs = sorted ys = mset xs = mset ys = xs = ys$»
using properties-for-sort by auto

lemma insort-upt: <insort k [a..<b] =
(if k < a then k # [a..<b]
else if k < b then [a..<k] @ k # [k ..<b]
else [a..<b] @ [k])»
proof —
have H: <k < Suc b = = k < a = {a..<b} = {a..<k} U {k..<b}> for a b :: nat
by (simp add: wl-disj-un-two(3))
show ?thesis
apply (induction b)
apply (simp; fail)
apply (case-tac <=k < a A k < Suc b)
apply (rule sorted-mset-unique)
apply ((auto simp add: sorted-append sorted-insort ac-simps mset-set-Union
dest!: H; fail)+)[2]
apply (auto simp: insort-is-Cons sorted-insort-is-snoc sorted-append mset-set-Union
ac-simps dest: H; fail)+
done
qed

lemma removeAll-insert-removeAll: <removeAll k (insort k zs) = removeAll k zs)
by (simp add: filter-insort-triv removeAll-filter-not-eq)

lemma filter-sorted: <sorted xs = sorted (filter P xs)»
by (metis list.map-ident sorted-filter)

lemma removeAll-insort:

sorted xs => k # k' = removeAll k' (insort k zs) = insort k (removeAll k' xs)»
by (simp add: filter-insort removeAll-filter-not-eq)
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1.3.9 Distinct Multisets

lemma distinct-mset-remdups-mset-id: <distinct-mset C = remdups-mset C = C»
by (induction C) auto

lemma notin-add-mset-remdups-mset:
(a ¢# A = add-mset a (remdups-mset A) = remdups-mset (add-mset a A)>
by auto

lemma distinct-mset-image-mset:
«distinct-mset (image-mset f (mset xs)) «— distinct (map f xs)>
apply (subst mset-map[symmetric])
apply (subst distinct-mset-mset-distinct)

lemma distinct-image-mset-not-equal:
assumes
LL": <L # L' and
dist: <distinct-mset (image-mset f M) and
L: <L €# M) and
L’ <L’ e# M) and
fLL[simp]: <f L = f L"
shows (Fualser
proof —
obtain M1 where M1: <M = add-mset L M1»
using multi-member-split{OF L] by blast
obtain M2 where M2: <M1 = add-mset L' M2>
using multi-member-split[of L' M1] LL' L' unfolding M1 by (auto simp: add-mset-eq-add-mset)
show Fulse
using dist unfolding M1 M2 by auto
qed

lemma distinct-mset-remdups-mset[simp|: <distinct-mset (remdups-mset S)»
using count-remdups-mset-eq-1 unfolding distinct-mset-def by metis

lemma remdups-mset-idem: <remdups-mset (remdups-mset a) = remdups-mset a)
using distinct-mset-remdups-mset distinct-mset-remdups-mset-id by fast

1.3.10 Set of Distinct Multisets

definition distinct-mset-set :: <'a multiset set = bool> where
«distinct-mset-set ¥ «+— (V.S € . distinct-mset S)»

lemma distinct-mset-set-empty[simp]: <distinct-mset-set {}>
unfolding distinct-mset-set-def by auto

lemma distinct-mset-set-singleton[iff]: «distinct-mset-set { A} +— distinct-mset A»
unfolding distinct-mset-set-def by auto

lemma distinct-mset-set-insert[iff]:
<distinct-mset-set (insert S ¥) «— (distinct-mset S A distinct-mset-set L)»
unfolding distinct-mset-set-def by auto

lemma distinct-mset-set-union[iff]:

«distinct-mset-set (3 U X') «— (distinct-mset-set & A distinct-mset-set 3')»
unfolding distinct-mset-set-def by auto
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lemma in-distinct-mset-set-distinct-mset:
ca € X = distinct-mset-set ¥ = distinct-mset a»
unfolding distinct-mset-set-def by auto

lemma distinct-mset-mset-set: <distinct-mset (mset-set A)»
unfolding distinct-mset-def count-mset-set-if by (auto simp: not-in-iff)

lemma distinct-mset-filter-mset-set[simp): <distinct-mset {#a €# mset-set A. P a#}>
by (simp add: distinct-mset-filter distinct-mset-mset-set)

lemma distinct-mset-set-distinct: <distinct-mset-set (mset ‘ set Cs) «— (¥ c€ set Cs. distinct c)»
unfolding distinct-mset-set-def by auto

1.3.11 Sublists
lemma nths-single-if: <nths | {n} = (if n < length I then [Iln] else [])»

proof —
have [simp]: <0 < n = {j. Sucj=n} = {n—1}» for n
by auto

show ?thesis
apply (induction | arbitrary: n)
subgoal by (auto simp: nths-def)
subgoal by (auto simp: nths-Cons)
done
qed

lemma atLeastLessThan-Collect: <{a..<b} = {j. j > a N j < b}
by auto

lemma mset-nths-subset-mset: <mset (nths s A) C# mset zs)
apply (induction s arbitrary: A)
subgoal by auto
subgoal for a zs A
using subset-mset.add-increasing2|of <add-mset - {#}» «mset (nths xs {j. Suc j € A})»
«mset )]
by (auto simp: nths-Cons)
done

lemma nths-id-iff:
«nths s A = xzs «+— {0..<length xzs} C A»
proof —
have «{j. Sucj € A} = (N\j. j—1) ‘(A — {0}) for A
using DiffI by (fastforce simp: image-iff)
have 1: «({0..<b} C{j. Sucje€ A} +— Va.2—1 <b—2# 0 — z € A
for A :: <nat set> and b :: nat
by auto
have [simp]: <{0..<b} C {j. Sucje€ A} «— (Vz.2—1 <b— z € Ap
if <0 € A for A :: <nat set> and b :: nat
using that unfolding 1 by auto
have [simp]: <nths xs {j. Suc j € A} = a # xs <— Fulse
for a :: 'a and s :: ‘a list> and A :: (nat set>
using mset-nths-subset-mset|of xs <{j. Suc j € A}p] by auto
show ?thesis
apply (induction zs arbitrary: A)
subgoal by auto
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subgoal
by (auto 5 5 simp: nths-Cons) fastforce
done
qed

lemma nts-upt-length[simp]: «<nths zs {0..<length zs} = zs»
by (auto simp: nths-id-iff)

lemma nths-shift-lemma’:
«map fst [pzip zs [i..<i + n]. snd p + b € A] = map fst [p<=zip zs [0..<n]. sndp + b + i € A
proof (induct xs arbitrary: i n b)
case Nil
then show ?case by simp
next
case (Cons a xs)
have 1: ¢map fst [p<=zip (a # xs) (i # [Suc i..<i + n]). sndp + b € A] =
(if i + b € A then a#tmap fst [p+=zip xs [Suc i.<i + n]. snd p + b € 4]
else map fst [p<zip xs [Suc i..<i + n]. snd p + b €A])
by simp
have 2: ¢map fst [p<zip (a # xs) [0..<n] . sndp + b + i € A] =
(if i + b € A then a # map fst [p<=zip zs [1..<n]. snd p + b + i € A]
else map fst [p<zip (xs) [1..<n] . sndp + b + i € A])»
if <n > 0>
by (subst upt-conv-Cons) (use that in <auto simp: ac-simps»)
show ?Zcase
proof (cases n)
case (
then show ?thesis by simp
next
case n: (Suc m)
then have i-n-m: <i + n = Suc i + m»
by auto
have 3: (map fst [p+=zip zs [Suc i..<i+n] . sndp + b € A] =
map fst [p<zip xs [0..<m] . snd p + b + Suc i € A
using Cons|of b «Suc ©» m] unfolding i-n-m .
have /: <map fst [p<=zip zs [1..<n] . sndp + b+ i € A] =
map fst [p<zip xs [0..<m] . Suc (snd p + b + i) € Ap
using Cons[of <b+i> 1 m] unfolding n Suc-eq-plusi-left add.commute|of 1]
by (simp-all add: ac-simps)
show ?thesis
apply (subst upt-conv-Cons)
using n apply (simp; fail)
apply (subst 1)
apply (subst 2)
using n apply (simp; fail)
apply (subst 3)
apply (subst 3)

apply (subst 4)
apply (subst 4)
by force
qged
qed

lemma nths-Cons-upt-Suc: <nths (a # zs) {0..<Suc n} = a # nths zs {0..<n}>
unfolding nths-def
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apply (subst upt-conv-Cons)

apply simp

using nths-shift-lemma’[of 0 <{0..<Suc n}» «xs» 1 <length zs)]
by (simp-all add: ac-simps)

lemma nths-empty-iff: «nths zs A = [| «+— {..<length zs} N A = {}
proof (induction s arbitrary: A)

case Nil

then show ?Zcase by auto
next

case (Cons a xs) note IH = this(1)
have «(Vz<length zs. x # 0 — x ¢ A)
if al: {..<length zs} N {j. Sucj € A} = {}
proof (intro alll impI)
fix nn
assume nn: <nn < length xs» <nn # 0
moreover have Vn. Sucn ¢ AV = n < length xs
using al by blast
then show nn ¢ A
using nn
by (metis (no-types) lessI less-trans list-decode. cases)
qed
show Zcase
proof (cases <0 € A»)
case True
then show ?%thesis by (subst nths-Cons) auto
next
case Fulse
then show ?thesis
by (subst nths-Cons) (use less-Suc-eq-0-disj IH in auto)
qed
qed

lemma nths-upt-Suc:
assumes (i < length s
shows (nths xzs {i..<length xs} = xsli # nths xs {Suc i..<length xs}»
proof —
have upt: «({i.<k} ={j. i <jAj<k}p for ik : nat
by auto
show ?thesis
using assms
proof (induction xs arbitrary: 1)
case Nil
then show ?case by simp
next
case (Cons a zs i) note IH = this(1) and i-le = this(2)
have [simp]: <i — Suc 0 < j +— i < Suc jp if <i > 0> for j
using that by auto
show ?Zcase
using IH|of <i—1>] i-le
by (auto simp add: nths-Cons upt)
qed
qed

lemma nths-upt-Suc’:
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assumes i < b» and b <= length zs»
shows «nths xs {i..<b} = zsli # nths xs {Suc i..<b}»
proof —
have S1: «{j. i < SucjANj<b— Suc0} ={j. i< Sucj A Sucj< b} foribd
by auto
have S2: «{j. i <jAj<b—Suc0} ={j. i <jASucj<b}foribd
by auto
have upt: «{i.<k} ={j. i <jAj< kb for ik : nat
by auto
show ?thesis
using assms
proof (induction xs arbitrary: i b)
case Nil
then show ?case by simp
next
case (Cons a xs i) note IH = this(1) and i-le = this(2,3)
have [simp]: <i — Suc 0 < j +— i < Suc j» if <i > 0> for j
using that by auto
have i — Suc 0 < b — Suc 0 V (i = 0)
using i-le by linarith
moreover have b — Suc 0 < length zs V zs = []»
using i-le by auto
ultimately show ?case
using IH[of <i—1» <b—1>] i-le
apply (subst nths-Cons)
apply (subst nths-Cons)
by (auto simp: upt S1 S2)
qed
qed

lemma Ball-set-nths: «(V Leset (nths xs A). P L) +— (Vi € AN {0..<length zs}. P (zs! 7))
unfolding set-nths by fastforce

1.3.12 Product Case

The splitting of tuples is done for sizes strictly less than 8. As we want to manipulate tuples of
size 8, here is some more setup for larger sizes.

lemma prod-cases8 [cases type]:
obtains (fields) a b cde fgh where y = (a, b, ¢, d, e, f, g, h)
by (cases y, cases <snd y») auto

lemma prod-induct8 [case-names fields, induct type]:
(NAabcdefgh. P(a,byc d, e f,g h) = Pz
by (cases x) blast

lemma prod-cases9 [cases typel:
obtains (fields) a b cd e fgh i where y = (a, b, ¢, d, e, f, g, h, ©)
by (cases y, cases <snd y») auto

lemma prod-induct9 [case-names fields, induct type]:
(Aabcdefghi. P(a, b c,d ef, g h i) =— Pz
by (cases x) blast

lemma prod-cases10 [cases typel:
obtains (fields) abcde fghijwherey=(a, b c d, e f, g, h,i,j)
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by (cases y, cases <snd y») auto

lemma prod-induct10 [case-names fields, induct type]:
(Aabcdefghij P(a, b, c, d, e f,g h i j)=— Pz
by (cases x) blast

lemma prod-cases11 [cases typel:
obtains (fields) abcdefghijk wherey = (a,b, c, d,e, f, g, h,i,j k)
by (cases y, cases <snd y») auto

lemma prod-induct11 [case-names fields, induct typel:
(/\abcdefthJkP(a, b7 & d7 evf7 9, ha Z'7j1 k)) = Pz
by (cases x) blast

lemma prod-cases12 [cases typel:
obtains (fields) abcdefghijklwherey=(a,b, c, d, e f, g, h,ij kl
by (cases y, cases <snd y») auto

lemma prod-induct1?2 [case-names fields, induct type]:
(Nabcdefghijkl. P(a, b, c,d e f,g h i34 kl)=— Pz
by (cases x) blast

lemma prod-cases13 [cases typel:
obtains (fields) abcdefghijklm wherey= (a, b, ¢, d, e f, g, h,iijk I, m)
by (cases y, cases <snd y») auto

lemma prod-induct13 [case-names fields, induct typel:
(Aaebcdefghijklm.P(a, b, c,d, ef, g h i34 kI, m)=— Pz
by (cases x) blast

lemma prod-casesl [cases typel:
obtains (fields) abcdefghijklmn wherey=(a,b, c,d, e f,g,h,ij k I, m n)
by (cases y, cases <snd y») auto

lemma prod-inductly [case-names fields, induct type]:
(Nabcdefghijklmmn. P(a, b, c, d, e f, g hi,j kI, mn)—=— Pz
by (cases x) blast

lemma prod-cases15 [cases typel:
obtains (fields) abcdefghijklmnpwhere
y=(a, b, c, d, e f, g, h i j Kk I, mn, p)
by (cases y, cases <snd y») auto

lemma prod-induct15 [case-names fields, induct typel:
(Nabedefghijklmmnp. P(a, b, ¢, d, e f, g h i3k I, mmn p)=— Pz
by (cases x) blast

lemma prod-cases16 [cases typel:
obtains (fields) abcdefghijklmnp qwhere
y=1(a, b, c,d, e f, g, h ] k I, mn, p q)
by (cases y, cases <snd y») auto

lemma prod-induct16 [case-names fields, induct typel:

(Aadeefghijklmnpq"P(a’ b’ c’ d7 e?f’g7h7i’j7k7 l’ m?n’p’ q)):>P:L.
by (cases x) blast
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lemma prod-cases17 [cases typel:
obtains (fields) abcdefghijklmmnp qr where
y=(a,b,c,d, e f,g h i 4 k1, mn pqr)
by (cases y, cases <snd y») auto

lemma prod-induct17 [case-names fields, induct typel:
(/\abcdefghl]klmnpqrp(a, b7 c, dv e?fagv ha Z'7j7 k7 l7 m, n7P7 q7 7")):>PCE
by (cases x) blast

lemma prod-cases18 [cases typel:
obtains (fields) abcdefghijklmmnpqrswhere
Yy = (av b, ¢, d, eva g, hy i, 4, ky I, my m, p, g, T, 8)
by (cases y, cases <snd y») auto

lemma prod-induct18 [case-names fields, induct typel:
(Aadeefghijklmnpqrs' P(a7 b’ c’ d? e?f’ g’ h7 i’j? k? l’ m7 n7p’ Q7 r’ 5)):>Px
by (cases x) blast

lemma prod-cases19 [cases typel:
obtains (fields) abcdefghijklmmnpqrst where
y=1(a, b, c, d, e f, g hij kI, mmn, pqr,s,t)
by (cases y, cases <snd y») auto

lemma prod-induct19 [case-names fields, induct type]:
(Nabecdefghijklmmnpqrst.
P(a, b, c,d e f,g h i j, k1, mn, p gqgrst)=— Pz
by (cases x) blast

lemma prod-cases20 [cases typel:
obtains (fields) abcdefghijklmmnpqrstuwhere
y=1(a, b, c,d, e f,g h i j, kI, mmn, p qrst u
by (cases y, cases <snd y») auto

lemma prod-induct20 [case-names fields, induct type]:
(Nabcdefghijklmnpqrstu.
P(a, b, c,d e f,g h i 4,k l,mmn p qrstu)=—Pz
by (cases x) blast

lemma prod-cases21 [cases typel:
obtains (fields) abcdefghijklmmnpqrstuv where
y=1(a, b, c,d, e f,g, h i j, k1, mmn, p qr st u v

by (cases y, cases <snd y») auto

lemma prod-induct21 [case-names fields, induct typel:
(Nabecdefghijklmnpgqgrstuo.
P (a, b, c,d,e f, g h, i34 kI, mn pqr st uuv) = Pz
by (cases x) (blast 43)

lemma prod-cases22 [cases typel:
obtains (fields) abcdefghijklmmnpqrstuovwwhere
y=1(a,b ¢, d, e f,g h ik I,mn p qrst u v w)

by (cases y, cases <snd y») auto

lemma prod-induct22 [case-names fields, induct typel:

(Nabecdefghijklmnpgqgrstuovw.
P(a‘7 b) C? d’ e7f7g’h? i)j7k7 l7m7n7p7 q7r787t7u) U’ w)):>Px
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by (cases x) (blast 43)

lemma prod-cases23 [cases typel:
obtains (fields) abcdefghijklmmnpqgrstuvwz where
y=1(a, b, c,d, e f, g hij k I,mmn pgqrst u v wx)

by (cases y, cases <snd y») auto

lemma prod-induct23 [case-names fields, induct type]:
(Nabecdefghijklmnpgrstuvwy.
P(a, b, c,d, e f, g h i34,k 1, mmn p qr st uuvwy)=— Pz
by (cases x) (blast 43)

1.3.13 More about list-all2 and map

More properties on the relator list-all2 and map. These theorems are mostly used during the
refinement and especially the lifting from a deterministic relator to its list version.

lemma list-all2-op-eq-map-right-iff: <list-all2 (AL. (=) (f L)) a aa +— aa = map fa >
apply (induction a arbitrary: aa)
apply (auto; fail)
by (rename-tac aa, case-tac aa) (auto)

lemma list-all2-op-eq-map-right-iff : <list-all2 (AL L. L' = f L) a aa +— aa = map f @
apply (induction a arbitrary: aa)
apply (auto; fail)
by (rename-tac aa, case-tac aa) auto

lemma list-all2-op-eq-map-left-iff: list-all2 (AL’ L. L' = (f L)) a aa +— a = map f aw
apply (induction a arbitrary: aa)
apply (auto; fail)
by (rename-tac aa, case-tac aa) (auto)

lemma list-all2-op-eq-map-map-right-iff:
list-all2 (list-all2 (AL. (=) (f L))) zs’ © «+— x = map (map f) zs’» for z
apply (induction xs’ arbitrary: )
apply (auto; fail)
apply (case-tac z)
by (auto simp: list-all2-op-eq-map-right-iff)

lemma list-all2-op-eq-map-map-left-iff:
list-all2 (list-all2 (AL' L. L' = f L)) zs’ x <— zs’ = map (map f) v
apply (induction xzs’ arbitrary: )
apply (auto; fail)
apply (rename-tac z, case-tac x)
by (auto simp: list-all2-op-eq-map-left-iff )

lemma list-all2-conj:
list-all2 Az y. Pz y N Q xy) s ys «— list-all2 P zs ys A list-all2 Q xs ys»
by (auto simp: list-all2-conv-all-nth)

lemma list-all2-replicate:

«(bi, b) € R = list-all2 (Ax z'. (z, 2') € R’) (replicate n bi) (replicate n b)»
by (induction n) auto
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1.3.14 Multisets

We have a lit of lemmas about multisets. Some of them have already moved to Nested- Multisets-Ordinals. Multise
but others are too specific (especially the distinct-mset property, which roughly corresponds to
finite sets).

notation image-mset (infixr # 90)

lemma in-multiset-nempty: <L €# D = D # {#}
by auto

The definition and the correctness theorem are from the multiset theory ~~/src/HOL/Library/
Multiset.thy, but a name is necessary to refer to them:

definition union-mset-list where
<union-mset-list s ys = case-prod append (fold (Az (ys, zs). (removel x ys, x # 25)) zs (ys, []))

lemma union-mset-list:

(mset s U# mset ys = mset (union-mset-list zs ys)>
proof —

have (/A zs. mset (case-prod append (fold (Az (ys, zs). (removel x ys, x # 2s)) xs (ys, 2s))) =

(mset xs U# mset ys) + mset 2
by (induct xs arbitrary: ys) (simp-all add: multiset-eq-iff)

then show %thesis by (simp add: union-mset-list-def)

qed

lemma union-mset-list-Nil[simp]: <union-mset-list [| bi = bi»
by (auto simp: union-mset-list-def)

lemma size-le-Suc-0-iff: <size M < Suc 0 <— ((Fa b. M = {#a#}) V M = {#})
using size-1-singleton-mset by (auto simp: le-Suc-eq)

lemma size-2-iff: <size M = 2 «— (Fa b. M = {#a, b#})
by (metis One-nat-def Suc-1 Suc-pred empty-not-add-mset nonempty-has-size size-Diff-singleton
size-eq-Suc-imp-eq-union size-single union-single-eq-diff union-single-eq-member)

lemma subset-eq-mset-single-iff: «<x2 CH# {#L#} +— 12 = {#} V 22 = {#L#}p
by (metis single-is-union subset-mset.add-diff-inverse subset-mset.eq-refl subset-mset.zero-le)

lemma mset-eq-size-2:
«mset xs = {#a, b#} «— x5 = [a, b] V zs = [b, a]
by (cases xs) (auto simp: add-mset-eq-add-mset Diff-eq-empty-iff-mset subset-eq-mset-single-iff)

lemma butlast-list-update:
cw < length zs = butlast (zs|w = last zs]) = take w zs @ butlast (last xs # drop (Suc w) xs)»
by (induction zs arbitrary: w) (auto split: nat.splits if-splits simp: upd-conv-take-nth-drop)

lemma mset-butlast-removel-mset: <xs # [| = mset (butlast xs) = removel-mset (last xs) (mset xs)»
apply (subst(2) append-butlast-last-id[of s, symmetric])
apply assumption
apply (simp only: mset-append)
by auto

lemma distinct-mset-mono: <D’ C# D = distinct-mset D = distinct-mset D"
by (metis distinct-mset-union subset-mset.le-iff-add)
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lemma distinct-mset-mono-strict: <D’ C# D = distinct-mset D = distinct-mset D'
using distinct-mset-mono by auto

lemma subset-mset-trans-add-mset:
<D C# D' = D C# add-mset L D"
by (metis add-mset-remove-trivial diff-subset-eq-self subset-mset.dual-order.trans)

lemma subset-add-mset-notin-subset: <L ¢# E —> E C# add-mset L D +— E C# D»
by (meson subset-add-mset-notin-subset-mset subset-mset-trans-add-mset)

lemma removel-mset-empty-iff: <removel-mset L N = {#} «— N = {#L#} Vv N = {#}
by (cases <L €# N»; cases N) auto

lemma mset-set-subset-iff:
«mset-set A CH# I «— infinite AV A C set-mset I»
by (metis finite-set-mset finite-set-mset-mset-set mset-set.infinite mset-set-set-mset-subseteq
set-mset-mono subset-imp-msubset-mset-set subset-mset.dual-order.trans subset-mset.maz-bot
subset-mset.maz-def)

lemma distinct-subseteg-iff:
assumes dist: «distinct-mset M)
shows <set-mset M C set-mset N «— M C# N)
proof
assume <set-mset M C set-mset N»
then show <M C# N)
using dist by (metis distinct-mset-set-mset-ident mset-set-subset-iff)
next
assume <M C# N»
then show «<set-mset M C set-mset N»
by (metis set-mset-mono)
qed

lemma distinct-set-mset-eq-iff:
assumes <(distinct-mset M> «distinct-mset N)»
shows (set-mset M = set-mset N «— M = N»
using assms distinct-mset-set-mset-ident by fastforce

lemma (in —) distinct-mset-union2:
<distinct-mset (A + B) = distinct-mset B)
using distinct-mset-union[of B A]
by (auto simp: ac-simps)

lemma in-removel-msetl: <x # a = x €# M = x €7 removel-mset a M)
by (simp add: in-removel-mset-neq)

lemma count-multi-member-split:
<count M a > n = AM’' M = replicate-mset n a + M"
apply (induction n arbitrary: M)
subgoal by auto
subgoal premises IH for n M
using [H(1)[of <removel-mset a M>»] IH(2)
apply (cases <n < count M a — Suc 0»)
apply (auto dest!: Suc-le-D)
by (metis count-greater-zero-iff insert-DiffM zero-less-Suc)
done
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lemma count-image-mset-multi-member-split:
<count (image-mset f M) L > Suc 0 = 3IK.fK =L AN K €# M)
by auto

lemma count-image-mset-multi-member-split-2:
assumes count: <count (image-mset f M) L > 2»
shows GKK' M fK=LANKec# MANfK' =LA K’'e# removel-mset K M A
M = {#K, K'#} + M’
proof —
obtain K where
K:«fK =L <K e# M»
using count-image-mset-multi-member-split[of f M L] count by fastforce
then obtain K’ where
K" «fK'= Ly <K' €4 removel-mset K M»
using count-image-mset-multi-member-split[of f <removel-mset K M» L] count
by (auto dest!: multi-member-split)
moreover have (AM'= M = {#K, K'#} + M"
using multi-member-split[of K M| multi-member-split|of K' <removel-mset K M»] K K’
by (auto dest!: multi-member-split)
then show ?thesis
using K K’ by blast
qed

lemma minus-notin-trivial: L ¢# A = A — add-mset L B= A — B
by (metis diff-intersect-left-idem inter-add-right1)

lemma minus-notin-trivial2: <b ¢# A = A — add-mset e (add-mset b B) = A — add-mset e B>
by (subst add-mset-commute) (auto simp: minus-notin-trivial)

lemma diff-union-single-conv3: <a ¢# I = removel-mset a (I + J) = I + removel-mset a J»
by (metis diff-union-single-conv remove-1-mset-id-iff-notin union-iff)

lemma filter-union-or-split:
A#Le# C.PLV QL#} ={#Lec# C. PL#} + {#L €# C. =P L AN Q L#}b
by (induction C) auto

lemma subset-mset-minus-eq-add-mset-noteq: <A C# C = A — B # C»
by (auto simp: dest: in-diffD)

lemma minus-eq-id-forall-notin-mset:
(A— B=A+— (VL €# B. L ¢# A)
by (induction A)
(auto dest!: multi-member-split simp: subset-mset-minus-eq-add-mset-noteq)

lemma in-multiset-minus-notin-snd[simpl: <a ¢# B — a €# A — B+— a €# A
by (metis count-greater-zero-iff count-inl in-diff-count)

lemma distinct-mset-in-diff:
<distinct-mset C = a €# C — D +— a €# C A a ¢# D»
by (meson distinct-mem-diff-mset in-multiset-minus-notin-snd)
lemma diff-le-mono2-mset: <A C# B=— C — B C# C — A
apply (auto simp: subseteg-mset-def ac-simps)

by (simp add: diff-le-mono?2)

lemma subseteg-removel [simp]: «C CH# C' = removel-mset L C C# C"
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by (meson diff-subset-eq-self subset-mset.dual-order.trans)

lemma filter-mset-cong2:
(Ne. 2 €# M = fz=gz) = M = N = filter-mset f M = filter-mset g N
by (hypsubst, rule filter-mset-cong, simp)

lemma filter-mset-cong-inner-outer:
assumes
M-eq: «(A\z. © €# M = fz = g z)» and
notin: <(A\z. © €# N — M = —g z)> and
MN: <M C# N»
shows «filter-mset f M = filter-mset g N»
proof —
define NM where «<NM = N — M>
have N: <N = M + NM>
unfolding NM-def using MN by simp
have «(filter-mset ¢ NM = {#}
using notin unfolding NM-def|[symmetric] by (auto simp: filter-mset-empty-conv)
moreover have «filter-mset f M = filter-mset g M»
by (rule filter-mset-cong) (use M-eq in auto)
ultimately show ?thesis
unfolding N by simp
qed

lemma notin-filter-mset:
(K ¢# C = filter-mset P C' = filter-mset (A\L. PL N L # K) C)
by (rule filter-mset-cong) auto

lemma distinct-mset-add-mset-filter:
assumes <(distinct-mset C» and <L €# C»> and (=P L»
shows <add-mset L (filter-mset P C) = filter-mset (Az. Pz V x = L) C»
using assms
proof (induction C)
case empty
then show ?case by simp
next
case (add z C) note dist = this(2) and LC = this(3) and P[simp] = this(4) and - = this
then have IH: <L €# C = add-mset L (filter-mset P C) = {#xz €# C. Pz V x = L#}> by auto
show ?Zcase
proof (cases «x = L)
case [simp]: True
have «filter-mset P C = {#x €# C. Pz V x = L#}
by (rule filter-mset-cong2) (use dist in auto)
then show ?thesis
by auto
next
case Fulse
then show ?thesis
using [H LC by auto
qed
qed

lemma set-mset-set-mset-eq-iff: <set-mset A = set-mset B +— (Va€#A. a €# B) A (Va€#B. a €#

A)
by blast
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lemma removel-mset-union-distrib:
<removel-mset a (M U# N) = removel-mset a M U# removel-mset a N»
by (auto simp: multiset-eq-iff)

lemma member-add-mset: <a €# add-mset x xs «— a = z V a €# s
by simp

lemma sup-union-right-if:
(N U# add-mset t M =
(if x ¢# N then add-mset x (N U# M) else add-mset © (removel-mset x N U# M))»
by (auto simp: sup-union-right2)

lemma same-mset-distinct-iff:
«mset M = mset M' = distinct M <— distinct M"
by (auto simp: distinct-mset-mset-distinct[symmetric|] simp del: distinct-mset-mset-distinct)

lemma inj-on-image-mset-eq-iff:
assumes inj: <inj-on f (set-mset (M + M'))
shows <image-mset f M’ = image-mset f M «— M’ = M) (is «<?A = ?B»)
proof
assume ?B
then show ?A by auto
next
assume ?A
then show ?B
using inj
proof (induction M arbitrary: M)
case empty
then show ?case by auto
next

case (add © M) note IH = this(1) and H = this(2) and inj = this(3)

obtain MI z’ where
M’ «M’' = add-mset ' M1 and
frrz”: «fx’ = fr and
M1-M: <image-mset f M1 = image-mset f M
using H by (auto dest!: msed-map-invR)
moreover have (M1 = M)
apply (rule IH{OF M1-M))
using inj by (auto simp: M)
moreover have <z = 1/
using inj f-zz’ by (auto simp: M)
ultimately show ?case by fast
qed
qed

lemma image-msetl: «x €# A = fox €# fH# A
by (auto)

lemma inj-image-mset-eq-iff:
assumes inj: <nj f»
shows <image-mset f M’ = image-mset f M <— M' = M)
using inj-on-image-mset-eq-iff [of f M' M] assms
by (simp add: inj-eq multiset.inj-map)
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lemma singleton-eq-image-mset-iff: «{#a#} = f ‘# NE' +— (3b. NE' = {#b#} A fb = a)
by (cases NE') auto

lemma image-mset-If-eq-notin:
C ¢# A= {#f (ifr = Cthenazelsebx). x €# A#} = {# f(bx). z e# A #}b
by (induction A) auto

lemma finite-mset-set-inter:
finite A = finite B = mset-set (A N B) = mset-set A N# mset-set B»
apply (induction A rule: finite-induct)
subgoal by auto
subgoal for a A
apply (cases <a € By; cases <a E# mset-set B))
using multi-member-split[of a <mset-set B»]
by (auto simp: mset-set.insert-remove)
done

lemma distinct-mset-inter-remdups-mset:
assumes dist: <distinct-mset A»
shows (A N# remdups-mset B = A N# B>
proof —
have [simp]: <A’ N# removel-mset a (remdups-mset Aa) = A’ N# A
if
A" N# remdups-mset Aa = A' N# Aa> and
<a ¢# A’y and
<a €# Aw
for A’ Aa :: <'a multisety and a
by (metis insert-Diff M inter-add-right1 set-mset-remdups-mset that)

show ?thesis

using dist

apply (induction A)

subgoal by auto

subgoal for a A’
apply (cases <a €# B»)
using multi-member-split[of a <B>] multi-member-split|of a «A»)
by (auto simp: mset-set.insert-remove)

done

qed

lemma mset-butlast-update-last][simp]:
(w < length ts = mset (butlast (zs|w := last (zs)])) = removel-mset (xs | w) (mset s)»
by (cases <xs = []»)
(auto simp add: last-list-update-to-last mset-butlast-removel-mset mset-update)

lemma in-multiset-ge-Maz: <a €# N = a > Maz (insert 0 (set-mset N)) = False»
by (simp add: leD)

lemma distinct-mset-set-mset-removel-mset:
«distinct-mset M = set-mset (removel-mset ¢ M) = set-mset M — {c}>
by (cases <c €# M>) (auto dest!: multi-member-split simp: add-mset-eq-add-mset)

lemma distinct-count-msetD:

<distinct xs = count (mset zs) a = (if a € set zs then 1 else 0)»
unfolding distinct-count-atmost-1 by auto
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lemma filter-mset-and-implied:
(Aia. ia €# 15 = Q ia = P ia) = {#ia €# zs. P ia N Q ia#} = {#ia €# zs. Q ia#}
by (rule filter-mset-cong2) auto

lemma filter-mset-eq-add-msetD: <filter-mset P xs = add-mset a A =— a €# s N P w>
by (induction zs arbitrary: A)
(auto split: if-splits simp: add-mset-eq-add-mset)

lemma filter-mset-eq-add-msetD’: <add-mset a A = filter-mset P zs =—> a €# s A P a
using filter-mset-eq-add-msetD|[of P zs a A] by auto

lemma image-filter-replicate-mset:
{#Ca €4 replicate-mset m C. P Ca#} = (if P C then replicate-mset m C else {#})
by (induction m) auto

lemma size-Union-mset-image-mset:
size (3 % (A = 'a multiset multiset)) = (3.1 €# A. size i)
by (induction A) auto

lemma image-mset-minus-inj-on:
<ing-on f (set-mset A U set-mset B) = f‘“# (A — B)=fH# A — f# B
apply (induction A arbitrary: B)
subgoal by auto
subgoal for z A B
apply (cases <x €4# B»)
apply (auto dest!: multi-member-split)
apply (subst diff-add-mset-swap)
apply auto
done
done

lemma filter-mset-mono-subset:
(ACH# B= (A\v. 2 €## A= Pz — Q z) = filter-mset P A C# filter-mset Q B»
by (metis multiset-filter-mono multiset-filter-mono2 subset-mset.order-trans)

lemma mset-inter-empty-set-mset: <M N# xc = {#} <— set-mset M N set-mset zc = {}
by (induction zc) auto

lemma sum-mset-cong:
(NAAe#H M= fA=gA) = O AcH# M. fA) = Ac# M. g Ap
by (induction M) auto

lemma sum-mset-mset-set-sum-set:
(D> A €# mset-set As. fA) = (DA€ As. f A
apply (cases «finite As»)
by (induction As rule: finite-induct) auto

lemma sum-mset-sum-count:

(DS A e# As. fA) = (D0 A € set-mset As. count As A = f A)»
proof (induction As)

case empty

then show ?Zcase by auto
next

case (add z As)

define n where «n = count As x>
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define As’ where (As’ = removeAll-mset x As»
have As: <As = As’ + replicate-mset n
by (auto simp: As’-def n-def introl: multiset-eql)
have [simp]: <set-mset As’ — {x} = set-mset As’y <count As' © = 0> <z ¢# Ash
unfolding As’-def
by auto
have ¢ () A€set-mset As'.
(if x = A then Suc (count (As’ + replicate-mset n ) A)
else count (As’ + replicate-mset n ) A)
fA) =
(5" Aeset-mset As’.
(count (As' + replicate-mset n z) A) *
A
by (rule sum.cong) auto
then show Zcase using add by (auto simp: As sum.insert-remove)
qed

lemma sum-mset-inter-restrict:
(D> x €# filter-mset P M. fz) = (>, © €# M. if Pz then f x else 0)»
by (induction M) auto

lemma sumset-diff-constant-left:
assumes A\z. z €# A = fz < mw
shows <D ze# A.n—fz)=sizeAxn— O xe# A. fz)
proof —
have <size A x n > (> xe# A . fz)
if \A\z. 2e# A= faz<n for A
using that
by (induction A) (force simp: ac-simps)+
then show ?%thesis
using assms
by (induction A) (auto simp: ac-simps)
qed

lemma mset-set-eq-mset-iff: <finite © => mset-set x = mset xs +— distinct xs N x = set xs)
apply (auto simp flip: distinct-mset-mset-distinct eg-commute|of - <mset-set -3
simp: distinct-mset-mset-set mset-set-set)
apply (metis finite-set-mset-mset-set set-mset-mset)
apply (metis finite-set-mset-mset-set set-mset-mset)
done

lemma distinct-mset-iff:
<=distinct-mset C <— (Ja C'. C = add-mset a (add-mset a C'))»
by (metis (no-types, opaque-lifting) One-nat-def
count-add-mset distinct-mset-add-mset distinct-mset-def
member-add-mset mset-add not-in-iff)

lemma diff-add-mset-removel: <NO-MATCH {#} N = M — add-mset a N = removel-mset a (M —
N)»
by auto

lemma remdups-mset-sum-subset: «C C# C’' = remdups-mset (C + C’) = remdups-mset C'
«C C# C' = remdups-mset (C' + C) = remdups-mset C'
apply (metis remdups-mset-def set-mset-mono set-mset-union sup.absorb-iff2)
by (metis add.commute le-iff-sup remdups-mset-def set-mset-mono set-mset-union)
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lemma distinct-mset-subset-iff-remdups:
<distinct-mset a = a CH#H b +— a CH# remdups-mset b
by (simp add: distinct-mset-inter-remdups-mset subset-mset.le-iff-inf)

lemma remdups-mset-subset-add-mset: <remdups-mset C' C# add-mset L C"
by (meson distinct-mset-remdups-mset distinct-mset-subset-iff-remdups subset-mset.order-refl
subset-mset-trans-add-mset)

lemma subset-mset-removeAll-iff:
(M C# removeAll-mset a M’ «— a ¢# M N M CH# M"
by (smt (verit, del-insts) count-replicate-mset diff-le-mono diff-subset-eq-self in-diff-count
in-replicate-mset minus-eq-id-forall-notin-mset minus-multiset.rep-eq mset-subset-eqD
nat-less-le subset-mset.trans subseteq-mset-def)

lemma remdups-mset-removeAll: <remdups-mset (removeAll-mset a A) = removeAll-mset a (remdups-mset
A)»
by (smt (verit, ccfo-threshold) add-mset-remove-trivial count-eq-zero-iff diff-zero
distinct-mset-remdups-mset distinct-mset-removel-All insert-DiffM order.refl remdups-mset-def
remdups-mset-singleton-sum removeAll-subseteq-removel-mset replicate-mset-eq-empty-iff
set-mset-minus-replicate-mset(1) set-mset-remdups-mset subset-mset-removeAll-iff)

This is an alternative to remdups-mset-singleton-sum.

lemma remdups-mset-singleton-removeAll:
remdups-mset (add-mset a A) = add-mset a (removeAll-mset a (remdups-mset A))
by (metis dual-order.refl finite-set-mset mset-set.insert-remove remdups-mset-def
remdups-mset-removeAll set-mset-add-msel-insert set-mset-minus-replicate-mset(1))

lemma mset-remove-filtered: <C — {#x €# C. P a#} = {#z €# C. =P z#}
by (metis add-implies-diff union-filter-mset-complement)

1.4 Finite maps and multisets

Finite sets and multisets

abbreviation mset-fset :: 'a fset = 'a multisety where
¢mset-fset N = mset-set (fset N)»

definition fset-mset :: <'a multiset = 'a fset> where
fset-mset N = Abs-fset (set-mset N)»

lemma fset-mset-mset-fset: «fset-mset (mset-fset N) = N»
by (auto simp: fset.fset-inverse fset-mset-def)

lemma mset-fset-fset-mset[simp]:
¢mset-fset (fset-mset N) = remdups-mset N

by (auto simp: fset.fset-inverse fset-mset-def Abs-fset-inverse remdups-mset-def)

lemma in-mset-fset-fmember([simp|: <x €# mset-fset N +— z |€] N>
by (auto simp: fmember.rep-eq)

lemma in-fset-mset-mset[simp|: <z |€| fset-mset N +— z €# N)
by (auto simp: fmember.rep-eq fset-mset-def Abs-fset-inverse)
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Finite map and multisets

Roughly the same as ran and dom, but with duplication in the content (unlike their finite sets
counterpart) while still working on finite domains (unlike a function mapping). Remark that
dom-m (the keys) does not contain duplicates, but we keep for symmetry (and for easier use of
multiset operators as in the definition of ran-m).

definition dom-m where
<dom-m N = mset-fset (fmdom N)»

definition ran-m where
<ran-m N = the ‘# fmlookup N ‘# dom-m N>

lemma dom-m-fmdrop[simp|: «dom-m (fmdrop C N) = removel-mset C (dom-m N)»
unfolding dom-m-def
by (cases <C |€| fmdom N»)
(auto simp: mset-set.remove fmember.rep-eq)

lemma dom-m-fmdrop-All: <dom-m (fmdrop C N) = removeAll-mset C (dom-m N)»
unfolding dom-m-def
by (cases <C |€| fmdom N»)
(auto simp: mset-set.remove fmember.rep-eq)

lemma dom-m-fmupd[simp]: <dom-m (fmupd k C N) = add-mset k (removel-mset k (dom-m N))»
unfolding dom-m-def
by (cases <k |€| fmdom N»)
(auto simp: mset-set.remove fmember.rep-eq mset-set.insert-remove)

lemma distinct-mset-dom: <distinct-mset (dom-m N)»
by (simp add: distinct-mset-mset-set dom-m-def)

lemma in-dom-m-lookup-iff: «C €# dom-m N’ <+— fmlookup N’ C # None»
by (auto simp: dom-m-def fmdom.rep-eq fmlookup-dom’-iff)

lemma in-dom-in-ran-m[simpl: <i €# dom-m N = the (fmlookup N i) €# ran-m N>
by (auto simp: ran-m-def)

lemma fmupd-same[simp):
«xl €# dom-m zlaa = fmupd x1 (the (fmlookup zlaa x1)) zlaa = zlaa
by (metis fmap-ext fmupd-lookup in-dom-m-lookup-iff option.collapse)

lemma ran-m-fmempty[simpl: <ran-m fmempty = {#}> and
dom-m-fmempty[simp|: «dom-m fmempty = {#}»
by (auto simp: ran-m-def dom-m-def)

lemma fmrestrict-set-fmupd:
<a € s = fmrestrict-set xs (fmupd a C N) = fmupd a C (fmrestrict-set zs N)»
<a & s = fmrestrict-set xs (fmupd a C N) = fmrestrict-set xs N»
by (auto simp: fmfilter-alt-defs)

lemma fset-fmdom-fmrestrict-set:
«fset (fmdom (fmrestrict-set xs N)) = fset (fmdom N) N zs»
by (auto simp: fmfilter-alt-defs)

lemma dom-m-fmrestrict-set: <dom-m (fmrestrict-set (set xs) N) = mset xs N# dom-m N>
using fset-fmdom-fmrestrict-set[of <set xs» N| distinct-mset-dom[of N]

46



distinct-mset-inter-remdups-mset|of <mset-fset (fmdom N)» <mset xs))
by (auto simp: dom-m-def fset-mset-msel-fset finite-mset-set-inter multiset-inter-commaute
remdups-mset-def)

lemma dom-m-fmrestrict-set”: <dom-m (fmrestrict-set zs N) = mset-set (xs N set-mset (dom-m N))»
using fset-fmdom-fmrestrict-set[of <xs» N| distinct-mset-dom[of N]
by (auto simp: dom-m-def fset-mset-mset-fset finite-mset-set-inter multiset-inter-commaute
remdups-mset-def)

lemma indom-mI: <fmlookup m x = Some y = x €# dom-m m»
by (drule fmdomlI) (auto simp: dom-m-def fmember.rep-eq)

lemma fmupd-fmdrop-id:
assumes <k |€| fmdom N
shows <fmupd k (the (fmlookup N’ k)) (fmdrop k N') = N
proof —
have [simp]: <map-upd k (the (fmlookup N’ k))
(A\z. if © # k then fmlookup N' z else None) =
map-upd k (the (fmlookup N' k))
(fmlookup N')»
by (auto introl: ext simp: map-upd-def)
have [simp]: <map-upd k (the (fmlookup N' k)) (fmlookup N’) = fmlookup N’
using assms
by (auto intro!: ext simp: map-upd-def)
have [simp]: <finite (dom (Az. if x = k then None else fmlookup N’ x))»
by (subst dom-if) auto
show ?thesis
apply (auto simp: fmupd-def fmupd.abs-eq[symmetric])
unfolding fmlookup-drop
apply (simp add: fmlookup-inverse)
done
qed

lemma fm-member-split: <k |€| fmdom N’ = IN" v. N' = fmupd k v N'' A the (fmlookup N’ k) = v
A
k |¢| fmdom N’
by (rule exI|of - <fmdrop k N"])
(auto simp: fmupd-fmdrop-id)

lemma <fmdrop k (fmupd k va N'') = fmdrop k N
by (simp add: fmap-ext)

lemma fmap-ext-fmdom:
«(fmdom N = fmdom N') = (A z. z |€| fmdom N = fmlookup N x = fmlookup N’ z) =
N =N’
by (rule fmap-ext)
(case-tac <z |€| fmdom N>, auto simp: fmdom-notD)

lemma fmrestrict-set-insert-in:
«za € fset (fmdom N) =
fmrestrict-set (insert xa 11) N = fmupd za (the (fmlookup N za)) (fmrestrict-set 11 N)»
apply (rule fmap-ext-fmdom)
apply (auto simp: fset-fmdom-fmrestrict-set fmember.rep-eq notin-fset; fail)||
apply (auto simp: fmlookup-dom-iff; fail)
done
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lemma fmrestrict-set-insert-notin:
«za ¢ fset (fmdom N) =
fmrestrict-set (insert xa 11) N = fmrestrict-set 11 N»
by (rule frmap-ext-fmdom)
(auto simp: fset-fmdom-fmrestrict-set fmember.rep-eq notin-fset)

lemma fmrestrict-set-insert-in-dom-m[simp):
<xa €# dom-m N —=
fmrestrict-set (insert za 11) N = fmupd za (the (fmlookup N za)) (fmrestrict-set 11 N)»
by (simp add: fmrestrict-set-insert-in dom-m-def)

lemma fmrestrict-set-insert-notin-dom-m[simp]:
«xza ¢# dom-m N =
fmrestrict-set (insert xa l1) N = fmrestrict-set l1 N»
by (simp add: fmrestrict-set-insert-notin dom-m-def)

lemma fmlookup-restrict-set-id: <fset (fmdom N) C A = fmrestrict-set A N = N»
by (metis fmap-ext fmdom’-alt-def fmdom’-notD fmlookup-restrict-set subset-iff)

lemma fmlookup-restrict-set-id": <set-mset (dom-m N) C A = fmrestrict-set A N = N>
by (rule frmlookup-restrict-set-id)
(auto simp: dom-m-def)

lemma ran-m-mapsto-upd:
assumes
NC: «C €# dom-m N>
shows <ran-m (fmupd C C' N) =
add-mset C' (removel-mset (the (fmlookup N C)) (ran-m N))»
proof —
define N’ where
«N'" = fmdrop C N»
have N-N'": <dom-m N = add-mset C (dom-m N'))
using NC unfolding N’-def by auto
have «C ¢# dom-m N’
using NC distinct-mset-dom[of N| unfolding N-N' by auto
then show ?thesis
by (auto simp: N-N' ran-m-def mset-set.insert-remove image-mset-removel-mset-if
intro!: image-mset-cong)
qed

lemma ran-m-mapsto-upd-notin:
assumes NC: «C ¢# dom-m N)»
shows <ran-m (fmupd C C' N) = add-mset C' (ran-m N)»
using NC
by (auto simp: ran-m-def mset-set.insert-remove image-mset-removel-mset-if
introl: image-mset-cong split: if-splits)

lemma ran-m-fmdrop:
«C €# dom-m N = ran-m (fmdrop C N) = removel-mset (the (fmlookup N C)) (ran-m N)»
using distinct-mset-dom[of N]
by (cases <fmlookup N C»)
(auto simp: ran-m-def image-mset-If-eq-notin[of C - <\z. fst (the z)]
dest!: multi-member-split
intro!: filter-mset-cong2 image-mset-cong2)

lemma ran-m-fmdrop-notin:
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«C ¢# dom-m N = ran-m (fmdrop C N) = ran-m N>

using distinct-mset-dom[of N]

by (auto simp: ran-m-def image-mset-If-eq-notinof C - <\z. fst (the )]
dest!: multi-member-split
intro!: filter-mset-cong2 image-mset-cong2)

lemma ran-m-fmdrop-If:
<ran-m (fmdrop C N) = (if C €# dom-m N then removel-mset (the (fmlookup N C)) (ran-m N) else
ran-m N)»
using distinct-mset-dom[of N]
by (auto simp: ran-m-def image-mset-If-eg-notin[of C - «Az. fst (the x)»)
dest!: multi-member-split
introl: filter-mset-cong2 image-mset-cong2)

Compact domain for finite maps

packed is a predicate to indicate that the domain of finite mapping starts at 7 and does not
contain holes. We used it in the SAT solver for the mapping from indexes to clauses, to ensure
that there not holes and therefore giving an upper bound on the highest key.

TODO KILL!

definition Maz-dom where
<Maz-dom N = Max (set-mset (add-mset 0 (dom-m N)))»

definition packed where
<packed N «— dom-m N = mset [1..<Suc (Maz-dom N)]

Marking this rule as simp is not compatible with unfolding the definition of packed when marked
as:

lemma Maz-dom-empty: <dom-m b = {#} = Max-dom b = 0>
by (auto simp: Max-dom-def)

lemma Mazx-dom-fmempty: «Max-dom fmempty = 0>
by (auto simp: Maz-dom-empty)

lemma packed-empty[simp]: <packed fmempty>
by (auto simp: packed-def Max-dom-empty)

lemma packed-Maz-dom-size:
assumes p: (packed N)»
shows <Maz-dom N = size (dom-m N)»
proof —
have 1: <dom-m N = mset [1..<Suc (Maz-dom N)]»
using p unfolding packed-def Max-dom-def[symmetric] .
have (size (dom-m N) = size (mset [1..<Suc (Maz-dom N)])»
unfolding 1 ..

also have «... = length [1..<Suc (Maz-dom N)]
unfolding size-mset ..
also have (... = Maz-dom N>

unfolding length-upt by simp
finally show ?thesis
by simp
qed

lemma Maz-dom-le:
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<L €# dom-m N = L < Max-dom N»
by (auto simp: Max-dom-def)

lemma removel-mset-ge-Max-some: <a > Maz-dom b => removel-mset a (dom-m b) = dom-m b
by (auto simp: Maz-dom-def remove-1-mset-id-iff-notin
dest!: multi-member-split)

lemma Maz-dom-fmupd-irrel:
assumes
«(a:: a2 {zero,linorder}) > Maz-dom M>
shows «Maz-dom (fmupd a C M) = maz a (Maz-dom M)»
proof —
have [simp]: <maz 0 (max a A) = maz a A for A
using assms
by (auto simp: Maz-dom-def removel-mset-ge-Maz-some ac-simps
Max.insert-remove split: if-splits)
have [iff]: maz a A = a +— (A < a) for A
by (auto split: if-splits simp: maz-def)

show ?thesis
using assms
apply (cases «dom-m M»)
apply (auto simp: Maz-dom-def removel-mset-ge-Maz-some ac-simps)]]
apply (auto simp: Maz-dom-def removel-mset-ge-Maz-some ac-simps)
using order-less-imp-le apply blast
by (meson in-diff D less-le-not-le)
qed

lemma Maz-dom-alt-def: «Maz-dom b = Mazx (insert 0 (set-mset (dom-m b)))»
unfolding Maz-dom-def by auto

lemma Maz-insert-Suc-Maz-dim-dom[simp:
«Maz (insert (Suc (Maz-dom b)) (set-mset (dom-m b))) = Suc (Maz-dom b)»
unfolding Max-dom-alt-def
by (cases <set-mset (dom-m b) = {}») auto

lemma size-dom-m-Maz-dom:
<size (dom-m N) < Suc (Maz-dom N)»
proof —
have (dom-m N C# mset-set {0..< Suc (Max-dom N)}
apply (rule distinct-finite-set-mset-subseteq-iff[THEN iffD1])
subgoal by (auto simp: distinct-mset-dom)
subgoal by auto
subgoal by (auto dest: Maz-dom-le)
done
from size-mset-mono|OF this] show ?thesis by auto
qed

lemma Maz-atLeastLessThan-plus: «Maz {(a::nat) ..< a+n} = (if n = 0 then Maz {} else a+n — 1)
apply (induction n arbitrary: a)
subgoal by auto
subgoal for n a
by (cases n)
(auto simp: image-Suc-atLeastLess Than|symmetric] mono-Maz-commute[symmetric] mono-def
atLeastLess ThanSuc
simp del: image-Suc-atLeastLessThan)
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done

lemma Maz-atLeastLessThan: <Maz {(a:nat) ..< b} = (if b < a then Max {} else b — 1)»
using Maz-atLeastLess Than-plus[of a <b—a>]
by auto

lemma Maz-insert-Max-dom-into-packed:
«Maz (insert (Max-dom be) {Suc 0..<Maz-dom be}) = Maz-dom be
by (cases <Maz-dom bey; cases <Maz-dom be — 15)
(auto simp: Maz-dom-empty Maz-atLeastLessThan)

lemma packed0-fmud-Suc-Maz-dom: <packed b = packed (fmupd (Suc (Maz-dom b)) C b)»
by (auto simp: packed-def removel-mset-ge-Maz-some Maz-dom-fmupd-irrel maz-def)

lemma ge-Maz-dom-notin-dom-m: <a > Maz-dom ao = a ¢# dom-m ao)
by (auto simp: Maz-dom-def)

lemma packed-in-dom-mlI: <packed bc = j < Maz-dom bc = 0 < j = j €# dom-m bc»
by (auto simp: packed-def)

lemma mset-fset-empty-iff: «<mset-fset a = {#} +— a = fempty>
by (cases a) (auto simp: mset-set-empty-iff)

lemma dom-m-empty-iff [iff]:
«dom-m NU = {#} <— NU = fmempty
by (cases NU) (auto simp: dom-m-def msel-fset-empty-iff mset-set.insert-remove)

lemma nat-power-div-base:
fixes k :: nat
assumes 0 < m 0 < k
shows k& ~m div k = (k:nat) ~ (m — Suc 0)
proof —
have eq: k “m =k ~ ((m — Suc 0) + Suc 0)
by (simp add: assms)
show ?thesis
using assms by (simp only: power-add eq) auto
qed

lemma eg-insertD: <A = insert a B=—= a € AN BC A
by auto

lemma length-list-ge2: <length S > 2 +— (Ja b S". S = [a, b] Q@ )
apply (cases S)
apply (simp; fail)
apply (rename-tac a S’)
apply (case-tac S’)
by simp-all

1.4.1 Multiset version of Pow

This development was never useful in my own formalisation, but some people saw an interest
in this or in things related to this (even if they discarded it eventually). Therefore, I finally
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decided to save the definition from my mailbox.

If anyone ever uses that and adds the concept to the AFP, please tell me such that I can delete
it.

definition Pow-mset where

«Pow-mset A = fold-mset (Aa A. (A + (add-mset a) ‘H# A)) {#{#}#} A

interpretation pow-mset-commute: comp-fun-commute <«(Aa A. (A + (add-mset a) ‘H# A))
by (auto simp: comp-fun-commute-def add-mset-commute introl: ext)

lemma Pow-mset-alt-def:
Pow-mset (mset A) = mset ‘H# mset (subsegqs A)
apply (induction A)
subgoal by (auto simp: Pow-mset-def)
subgoal
by (auto simp: Let-def Pow-mset-def)
done

lemma Pow-mset-empty[simp):

<Pow-mset {#} = {#{#}#}
by (auto simp: Pow-mset-def)

lemma Pow-mset-add-mset[simp]:
<Pow-mset (add-mset a A) = Pow-mset A + (add-mset a) ‘H# Pow-mset A»
by (auto simp: Let-def Pow-mset-def)

lemma in-Pow-mset-iff:
<A €# Pow-mset B +— A C# B»
proof
assume (A C# B>
then show <A €# Pow-mset B)
apply (induction B arbitrary: A)
subgoal by auto
subgoal premises p for b B A
using p(1)[of A] p(1)[of <A — {#b#}] p(2)
apply (cases <b €# A»)
by (auto dest: subset-add-mset-notin-subset-mset
dest!: multi-member-split)
done
next
assume (A €# Pow-mset B»
then show <A C# B
apply (induction B arbitrary: A)
subgoal by auto
subgoal premises p for b B A
using p by (auto simp: subset-mset-trans-add-mset)
done
qed

lemma size-Pow-mset[simp]: <size (Pow-mset A) = 2 (size A)»
by (induction A) auto

lemma set-Pow-mset:

«set-mset (Pow-mset A) = {B. B C# A}»
by (auto simp: in-Pow-mset-iff)
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Proof by Manuel Eberl on Zulip https://isabelle.zulipchat.com/#narrow /stream/238552-Beginner- Questions/
topic/Cardinality.200f.20powerset.200f.20a.20multiset /near /220827959.

lemma bij-betw-submultisets:
card {B. B C# A} = ([] z€set-mset A. count A z + 1)
proof —
define f :: 'a multiset = ’'a = nat
where [ = (AB z. if x €# A then count B z else undefined)
define g :: (Ya = nat) = ‘a multiset
where g = (A\h. Abs-multiset (Az. if x €# A then h z else 0))

have count-g: count (g h) z = (if v €# A then h z else 0)
if h € (Ilg zeset-mset A. {0..count A z}) for h z
proof —
have finite {z. (if z €# A then h z else 0) > 0}
by (rule finite-subset[of - set-mset A]) (use that in auto)
thus ?thesis
using g-def by auto
qed

have f: f B € (Ilg z€set-mset A. {0..count A z}) if B C# A for B
using that by (auto simp: f-def subseteqg-mset-def)

have bij-betw f {B. B C# A} (Ilg z€set-mset A. {0..count A z})
proof (rule bij-betwl[where g = g, goal-cases)
case I
thus ?case using f by auto
next
case 2
show ?case
by (auto simp: Pi-def PiE-def count-g subseteq-mset-def)
next
case (3 B)
have count (g (f B)) * = count B z for z
proof —
have count (g (f B)) ¢ = (if ¢ €# A then f B z else 0)
using f 3 by (simp add: count-g)
also have ... = count B z
using 3 by (auto simp: f-def)
finally show ?¢thesis .
qed
thus ?case
by (auto simp: multiset-eq-iff)
next
case 4
thus ?case
by (auto simp: fun-eq-iff f-def count-g)
qed
hence card {B. B C# A} = card (Ilg z€set-mset A. {0..count A z})
using bij-betw-same-card by blast
thus ?thesis
by (simp add: card-PiE set-Pow-mset)
qed

lemma empty-in-Pow-mset[iff]: {#} €# Pow-mset B»
by (induction B) auto
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lemma full-in-Pow-mset[iff]: «B €# Pow-mset B»
by (induction B) auto

lemma Pow-mset-nempty[iff]: «Pow-mset B # {#}>
using full-in-Pow-mset|of B] by force

lemma Pow-mset-single-empty[iff]: <Pow-mset B = {#{#}#} «— B = {#}
using full-in-Pow-mset[of B] by fastforce

lemma Pow-mset-mono: <A C# B = Pow-mset A C# Pow-mset B»

apply (induction A arbitrary: B)
subgoal by auto
subgoal premises p for z A B

using p(1)[of (removel-mset x Bs] p(2)

by (cases <x€#B))

(auto dest!: multi-member-split

stmp add: image-mset-subseteq-mono subset-mset.add-mono)

done

Variants around head and last

definition option-hd :: <’a list = ’a option> where
coption-hd xs = (if zs = [| then None else Some (hd xs))>

lemma option-hd-None-iff [iff]: <option-hd zs = None +— zs = [> «None = option-hd zs +— zs = []»
by (auto simp: option-hd-def)

lemma option-hd-Some-iff[iff]: <option-hd zs = Some y <— (zs # [| A y = hd zs)
«Some y = option-hd zs <— (zs # [| A y = hd zs)»
by (auto simp: option-hd-def)

lemma option-hd-Some-hd[simp]: <zs # [| = option-hd zs = Some (hd zs)»
by (auto simp: option-hd-def)

lemma option-hd-Nil[simp|: <option-hd [| = None»
by (auto simp: option-hd-def)

definition option-last where
coption-last | = (if | =[] then None else Some (last 1))

lemma
option-last-None-iff [iff]: <option-last | = None +— 1 = []> «None = option-last | +— | = []» and
option-last-Some-iff [iff]:
coption-last | = Some a «— |l # [] A a = last D
«Some a = option-last | «+— 1 # [| A a = last D
by (auto simp: option-last-def)

lemma option-last-Some[simp]: <l # [| = option-last | = Some (last 1)»
by (auto simp: option-last-def)

lemma option-last-Nil[simp]: <option-last [| = None)
by (auto simp: option-last-def)

lemma option-last-removel-not-last:
«x # last xs = option-last ts = option-last (removel x xs)»
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by (cases xs rule: rev-cases)
(auto simp: option-last-def removel-Nil-iff removel-append)

lemma option-hd-rev: <option-hd (rev xs) = option-last xs
by (cases xs rule: rev-cases) auto

lemma map-option-option-last:
<map-option f (option-last xs) = option-last (map f xs)>
by (cases xs rule: rev-cases) auto

end
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