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Abstract
Decomposing a given matrix into two factor matrices is a frequently used technique
in data mining for uncovering underlying latent patterns in the data. Unlike in pure
mathematics, the emphasis is put on obtaining results that are interpretable, rather than
necessarily having a small reconstruction error. One approach to increase interpretability
is to pose constraints on the factors. For example they might be restricted to the same
type as the original matrix.
Among many different ways one can define matrix multiplication, the standard and
Boolean cases are the most thoroughly studied. In this work we introduce matrix multiplication over max-times algebra, which is the set of nonnegative real numbers endowed
with standard multiplication, but with addition being replaced by the maximization
operation. The main objective of the thesis is to develop efficient factorization algorithms
for this newly defined matrix multiplication.
We propose several methods for solving this problem. The choice of a particular algorithm
depends on the nature of the data, in particular its density. The sparser the matrices, the
closer their max-multiplication is to the standard matrix multiplication, and for extremely
sparse data even an algorithm for nonnegative matrix factorization can be quite good.
However, for other cases algorithms that are specifically tailored for max-times data are
required.
The max matrix factorization problem is hard, and solving the problem precisely for large
input sizes is infeasible, which means that approximate methods should be sought. It
turned out in the experiments that the most promising approach is to relax the objective
in such way that it becomes differentiable, after which convex optimization algorithms
(e.g. gradient descent) can be used. This produces relatively good results when the
max-times structure is present in the data.

Acknowledgements
I would like to express my deep gratitude to Dr. Pauli Miettinen, who paid very close
attention to my work and frequently gave valuable advice. He provided strong guidance
from the very start and paid attention to every detail in his comments. He also gave
me sufficient freedom to try my own ideas and to discover where they lead. Thanks to
him, I have learned a lot, not only on the topic of my thesis, but also on how to conduct
scientific research in general, which is probably even more important.
This thesis was written during my studies at Saarland University in Saarbrücken, Germany.
I received funding from the Saarbrücken Graduate School of Computer Science, and later
from Max-Planck Institute of Informatics. I cordially thank both organizations for their
financial support, which allowed me to concentrate on my studies.
Writing a thesis is a long road, which takes a lot of energy as well as emotional resources.
It is vital that along this road one can rely on someone whom they trust and who
can understand them well. I am pleased to thank my friends who were supporting me
throughout my work.
Finally, and most importantly, I would like to thank my family, especially my parents.
Without their love and support it would be impossible for me to accomplish even a tiny
part of what I have achieved so far. They taught me how to live my life in integrity and
how to achieve my goals no matter the circumstance.

viii

Contents
Abstract

vi

Acknowledgements

viii

1 Introduction

1

2 Notation and Definitions
2.1 Background . . . . . . . . . . .
2.1.1 Linear Analysis . . . . .
2.1.2 Matrix Decompositions
2.1.3 Convex Analysis . . . .
2.2 Notation . . . . . . . . . . . . .
2.2.1 Vectors and Matrices . .
2.2.2 Max-Times Algebra . .
2.2.3 Max-Plus Algebra . . .

.
.
.
.
.
.
.
.

5
5
5
7
8
9
10
10
11

3 Related Work
3.1 Real-Valued Matrix Decompositions . . . . . . . . . . . . . . . . . . . . .
3.2 Binary Matrix Decompositions . . . . . . . . . . . . . . . . . . . . . . . .
3.3 Max-Plus Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

13
13
15
16

4 Matrix Factorization over Max-Times Algebra
4.1 Rank . . . . . . . . . . . . . . . . . . . . . . . . .
4.2 Sparsity of Factors . . . . . . . . . . . . . . . . .
4.3 Complexity . . . . . . . . . . . . . . . . . . . . .
4.4 Relation to Max-Plus Algebra . . . . . . . . . . .

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

19
19
20
21
23

5 Direct Methods
5.1 Greedy solver . . . . . .
5.2 SDD Based Algorithms
5.2.1 SDDMMF . . . .
5.2.2 SDDUNDERFIT

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

25
25
27
27
29

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

6 Relaxation Methods
33
6.1 MERA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
ix

Contents

x
6.2

BMERA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

7 Experiments
7.1 Synthetic Experiments . . . . . . . . . . . .
7.1.1 Algorithms Used . . . . . . . . . . .
7.1.2 Comparing Different Methods . . . .
7.1.3 Experimental Setup and Results . .
7.2 Real-World Data . . . . . . . . . . . . . . .
7.2.1 The Extended Yale Face Database B

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

.
.
.
.
.
.

41
41
41
42
43
44
44

8 Conclusions

49

List of Figures

50

Bibliography

53

Chapter 1

Introduction
Data mining can be viewed as a collection of techniques for extracting interesting patterns
from large bodies of data [HKP06]. In the last couple decades the amount of data collected
in almost all areas of human endeavour has been increasing rapidly, making it virtually
impossible to analyze it manually. This has led to the development of a wide range of
methods that facilitate the process of discovering new knowledge from data repositories.
The ultimate goal of data mining is to present users with extracted interesting patterns
in a form they will be able to understand.
Matrices are a natural and very convenient way of representing data, which is the reason
why they are ubiquitous in data mining. The data mining view of a matrix is different
from that of linear algebra, that considers matrices as linear operators from one linear
space to another [GVL12].
Matrix decomposition is a problem of finding two or more factor matrices whose product
is equal to the original matrix. There are some variations to this definition, for example,
rather than seeking a precise decomposition, the problem might be to find the best
low-rank approximation with respect to some norm. Some classic examples of matrix
decompositions are SVD and QR decomposition [GVL12]. In data mining matrix
decompositions play a crucial role and are valuable tools allowing better interpretation
of data. What differs matrix decompositions in data mining from linear algebra is
that domain knowledge is used to obtain results that are more useful to the user,
and interpretability is valued higher than obtaining a precise factorization. There are
many ways to increase interpretability [Mie09], among which are making factor matrices
considerably smaller than the original matrix or restricting the entries in factors to the
same domain as the original one (if, say, all values in the matrix being decomposed are
nonnegative real numbers, then so are the entries in the factors). A simple example of
matrix factorization in data mining comes from information retrieval.
1
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Interpretability of the results is of primary importance in data mining: a method effective
in uncovering patterns is practically useless if its output cannot be understood by the
end user. It is worth mentioning that filtering interesting patterns and data presentation
are not usually considered parts of data mining, but rather are separate steps in the
Knowledge Discovery in Databases (KDD) process [HKP06]. However, when designing a
data mining algorithm, the issue of interpretability still plays a very important role. Quite
often we are even willing to sacrifice some characteristics of a method (e.g. precision or
speed) for the sake of making the results easier to understand. For example, in the context
of matrix factorization it is usually not imperative to obtain a precise decomposition
for two reasons: first, patterns can often be extracted without necessarily having a zero
recovery error, and second, the data is often noisy, which means that by driving the error
to zero we are effectively fitting the noise.
The topic of this thesis is matrix decompositions over max-times algebra, which is defined
as an algebra over the set of nonnegative real numbers with standard multiplication,
but addition being replaced by the maximum operation. That is for any two numbers
a, b ≥ 0 we have a  b = max{a, b}. Informally, one can think of it as an extension
of logical operations from {0, 1}, where 1 stands for TRUE and 0 for FALSE, to the
set of all nonnegative numbers. Indeed, the logical addition is defined as OR, that is
1 + 1 = 1, 0 + 1 = 1 and 1 + 0 = 1, which is the same as taking the maximum. Hence,
maximization operation in max-times algebra can be viewed as a generalization of the
logical addition.
There exist many domains where the max-times algebraic data occurs naturally. The
common characteristic of such data is that one feature dominates all the rest and
determines the outcome. Think of an auction where the amount of money paid for an
item is determined by a highest bid.
A more sophisticated example of data with max-times algebraic structure comes from
the entertainment area. Consider a customer review web page where users give ratings
to movies they have watched. All movies have features (genre, actors playing main
characters, director, special effects, etc.). Assume that all users have to give each film a
single score. Though different people have different voting patterns, it is quite unlikely
that the majority would just give a movie the average of the scores of its features. It
appears much more plausible that (apart from movie critics) they would rate a movie
based on its best feature (say, somebody might give The Hobbit an outstanding score
just because he happens to be a J. R. R. Tolkien fan). More precisely, let B be a matrix
with rows denoting users and columns denoting features. It represents how important is
each feature to a particular user. Let another matrix W represent how much a movie
scores for each feature. Then, if our assumption about the highest scoring feature is
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correct, the aggregate rating will be given by the max-times product of matrices B and
W.
The contribution of this thesis is the development of algorithms for matrix factorization
over max-time algebra and their application to real-world data. Also, the complexity
analysis of the factorization problem is provided. The algorithms created for the thesis
can be broadly divided into two groups. The first group consists of methods that attempt
to solve the factorization problem as it is, and are called direct. However, the max-times
factorization problem is hard, which motivates looking for approximate relaxed methods.
Algorithms comprising the second group are using the latter approach, and for this reason
they are called relaxed.
As has been mentioned above, the notion of a “good” factorization in the realm of data
mining is not the same as in pure linear algebra. Whereas in linear algebra we are
interested in obtaining an exact decomposition or in minimizing the approximation error,
an effective data mining method aims to find underlying patterns in the data and does
not necessarily produce a very small error. For example, while experimenting with the
Yale “eigenfaces” database, which contains pictures of people under different lightning
conditions (see e.g. [BHK97]), we were able to extract meaningful features of human
faces even when the reconstruction error was relatively high.
Data mining is supposed to deal with high quantities of data, where it becomes incomprehensible for humans, and hence, scalability is of primary importance for most data
mining methods. We tested the presented algorithms on large amounts of data, and (to
be written when we know the final results).
Structure of the thesis. Chapter 2 introduces the necessary background and notation
for the thesis. Here we also formulate the max matrix factorization problem. Then all
the related work is discussed in Chapter 3. Chapter 4 contains theoretical results on the
MMF problem, which include rank, sparsity, computational complexity and a relation
to the max-times algebra. All the new algorithms are introduced in Chapters 5 and 6.
Chapter 5 is dedicated to algorithms Greedy, SDDMMF and SDDUNDERFIT that solve the
original problem directly. Chapter 6 discusses methods that are based on the exponential
relaxation technique. Experimental evaluation of the algorithms is performed in Chapter
7, and Chapter 8 is the conclusion.

Chapter 2

Notation and Definitions
This chapter introduces the notation used in the thesis and provides the background
necessary for further reading. Here we also give a formal definition of the matrix
factorization problem over max-times algebra.

2.1

Background

In this section we introduce the minimal knowledge from linear algebra, theory of matrices
and convex analysis that is fundamental for understanding the material covered in the
thesis.

2.1.1

Linear Analysis

Definition 2.1.1. Given linear spaces L and U over a field F, where F is either real
or complex numbers, a map A : L → U is a linear operator if it satisfies the following
axioms for all c ∈ F and v, w ∈ L :
1. A(cv) = cAv, homogeneity,
2. A(v + w) = Av + Aw, additivity.
In this work we extensively use different matrix norms for measuring the errors of
factorization algorithms. One can think of a norm as a length of a vector in a linear
space. The formal definition is as follows:
Definition 2.1.2. Given a linear space L over a field F, where F is either real or
complex numbers, a norm is a map k · k : L → R+ that satisfies the following axioms for
all c ∈ F and v, w ∈ L :
5
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1. kcvk = |c| kvk, homogeneity of the norm,
2. kv + wk ≤ kvk + kwk, triangle inequality,

3. kvk = 0 if and only if v = 0, separating points.
Definition 2.1.3 ([RS81]). Let L be a linear space over R or C. Two norms k · k1
and k · k2 are said to be equivalent if there exist constants C1 , C2 > 0 such that
C1 kxk1 ≤ kxk2 ≤ C2 kxk1

(2.1)

for all x ∈ L.
The following result is useful for matrix analysis since all finite dimensional matrices can
be viewed as finite dimensional vectors.
Lemma 2.1.1 ([RS81]). All norms on Rn are equivalent.
For more information on linear spaces, linear operators and norms see e.g. a monograph
by Dunford and Schwartz [DS58].
There are many different vector norms, among which some of the most common are l1
and l2 or Euclidean, norms, which are defined for a vector x ∈ Fn as kxk1 =
and kxk2 =

r P
1≤i≤n

|x|i

P
1≤i≤n

|x|2i , respectively. Though the Definition 2.1.2 is given for vectors, it

can readily be extended to matrices: we only need to observe that a matrix of size n-by-m
can be viewed as a vector of size nm. Perhaps the most well known and ubiquitous is
the Frobenius matrix norm (see [GVL12]).
Definition 2.1.4. Frobenius norm of an n-by-m matrix A is defined as
kAk2F =

X

A2ij .

(2.2)

1≤i≤n
1≤j≤m

The Frobenius norm of a matrix is nothing else than the standard Euclidean norm of
a vector composed of its elements. Another important norm, which, together with the
Frobenius norm we use for measuring the error is the sum of absolute values of a matrix.
We denote it by k · k1 , analogous to the k · k1 vector norm [HJ12].
Definition 2.1.5. k · k1 norm of an n-by-m matrix A is defined as
kAk1 =

X
1≤i≤n
1≤j≤m

|Aij | .

(2.3)
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Matrix Decompositions

Informally speaking, the matrix decomposition (or factorization) problem is, given a
matrix A, find a collection of matrices B1 , . . . , BN , called factors, whose product
provides a good approximation of A with respect to some cost function cost(A, BW ).
Certain constraints can be imposed on the matrix being decomposed, as well as on the
factors. In order to illustrate this we will give formal definitions of three very common
matrix decomposition problems: Singular Value Decomposition, Nonnegative Matrix
Factorization and Boolean Matrix Factorization.
For the definition of Singular Value Decomposition we need the notion of an orthogonal
matrix (see e.g. [GVL12] for details).
Definition 2.1.6. A matrix U ∈ Rn×n is called orthogonal if the following holds
U U T = U T U = In ,

(2.4)

where In is an n-by-n identity matrix.
Theorem 2.1.1 ([GVL12]). If A is a real n-by-m matrix, then there exist orthogonal
matrices U ∈ Rn×n and U ∈ Rm×m and a nonnegative rectangular diagonal matrix
Σ ∈ Rn×m , such that
A = U ΣV T .

(2.5)

The decomposition (2.5) is called the Singular Value Decomposition or (SVD).
When the original matrix and the factors are restricted to nonnegative real matrices, we
obtain the Nonnegative Matrix Factorization problem (for more details see e.g.[LS99]).
Definition 2.1.7. Given a matrix A ∈ Rn×m
and a positive integer rank k, the
+
Nonnegative Matrix Factorization (NMF )problem is to find two factors B ∈ Rn×k
and
+
W ∈ Rk×m
such that the approximation error
+
cost(A, BW )

(2.6)

is minimized. The most common choice for the cost function is the Frobenius norm –
cost(A, BW ) = kA − BW kF .
Boolean matrix factorization (see [Mie09]) considers binary matrices with arithmetic
operations defined over so called Boolean algebra, which differs from the conventional
arithmetics. The following definition of Boolean algebra is due to Whitesitt [Whi95].
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Definition 2.1.8. A class of elements B together with two binary operations (+) and
(·) (where a · b will be written ab ) is a Boolean algebra if and only if the following
postulates hold:
1. The operations (+) and (·) are commutative.
2. There exist in B distinct identity elements 0 and 1 relative to the operation (+)
and (·), respectively.
3. Each operation is distributive over the other.
4. For every a ∈ B there exists an element a0 ∈ B such that
a + a0 = 1 and aa0 = 0.
In the following we will always assume that B = {0, 1}, in which case the binary
operations (+) and (·) are logical OR and AND, respectively.
Definition 2.1.9 ([Mie09]). Given a binary matrix A ∈ {0, 1}n×m and a positive
integer k, the Boolean Matrix Factorization (BMF ) problem is to find binary matrices
B ∈ {0, 1}n×k and W ∈ {0, 1}k×m such that
cost(A, B  W ) = kA − B  W k1

(2.7)

is minimized.

2.1.3

Convex Analysis

We now introduce some basic notions from the theory of convex sets and functions that
will be used in optimization routines described in Chapter 6. More details on the theory
of convex sets and functions in general can be found, for example, in a classical book by
Kelley [Kel75].
Definition 2.1.10. Let L be a linear space over R. A set X ⊂ L is called convex if
for any two elements x, y ∈ X and any number 0 ≤ α ≤ 1 we have αx + (1 − α)y ∈ X.
Definition 2.1.11. Let L be a linear space over R and X ⊂ L be convex. A function
f : X → R, is called convex if for any x, y ∈ X and for any number 0 ≤ α ≤ 1 the
following condition holds
f (αx + (1 − α)y) ≤ αf (x) + (1 − α)y .

(2.8)
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Convexity is a very useful property when it comes to optimization as for convex functions
every local minimum is global [BV04].
A closely related notion is that of a biconvex set and a biconvex function (see e.g.
[GPK07] and [AH86]). Informally speaking, a function of two arguments is biconvex if it
is convex on each of the arguments when the other one is fixed. As we consider functions
of two arguments it is useful to define the Cartesian product of sets (see [Hal60] for
more).
Definition 2.1.12. The Cartesian product of two sets X and Y is the set of pairs
(x, y) defined as follows
X × Y = {(x, y) | x ∈ X, y ∈ Y } .

(2.9)

When the objective is biconvex it is still possible to use convex optimization methods
if we fix one of the variables, as then we obtain a convex function. In order to give a
proper definition of a biconvex set let us first introduce some useful notation. Let U
and V be linear spaces over R and sets X ⊂ U and Y ⊂ V be convex. For a set
B ⊂ U × V and for any x ∈ X and y ∈ Y we define x-section and y-section of B as
Bx = {y ∈ Y | (x, y) ∈ B} and By = {x ∈ X | (x, y) ∈ B} respectively.
Definition 2.1.13. Let U and V be linear spaces over R, and let sets X ⊂ U and
Y ⊂ V be convex. A set B ⊂ X × Y is called biconvex if for any x ∈ X and y ∈ Y
the sets Bx and By are convex.
For any element x ∈ X we denote by fx a mapping from Bx to R such that fx (y) =
f (x, y) for all y ∈ Bx , and the same notation applies to fy : By → R.
Definition 2.1.14. Let U and V be linear spaces over R, sets X ⊂ U and Y ⊂ V
convex, and a set B ∈ X × Y biconvex. A function f : B → R is called biconvex if for
any x ∈ X and y ∈ Y the functions fx and fy are convex.

2.2

Notation

Most of the notation in the thesis is standard, except for the one used for the max-times
algebra. This section gives a quick recap of the known notation, as well as introduces a
new one for the max-times algebra.
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2.2.1

Vectors and Matrices

Throughout this work matrices are denoted by capital letters and vectors are set with
lowercase letters. Unless otherwise specified, BW denotes the normal product of matrices
B and W , and Ax stands for the result of applying the linear operator defined by
matrix A to vector v. We use standard notation for indexing vectors and matrices:
for a vector v its i-th component is denoted by vi and for a matrix A an element
on the intersection of in its i-th row and j-th column is denoted by Aij . However,
we do introduce some more elaborated notation for complex indexing. Quite often we
need to consider a contiguous range of elements in a vector. We use an expression
v(i : j) to denote the range in a vector v from position i to position j. Given a matrix
X, the symbol X(i) denotes the i-th column of X and the symbol X(j, :) denotes
its j-th row. We also use a vector of indices to extract elements from another vector.
Namely, given a vector v and an index vector w of size n, the expression vw stands
for vw1 , vw2 , . . . , vwn .
Sometimes, apart from standard matrix multiplication, it is convenient to consider their
elementwise product. More formally, given n-by-m matrices B and W their elementwise
or Hadamard product (see e.g. [GVL12]) is denoted by B ◦ W and is defined as
(B ◦ W )ij = Bij Wij .

2.2.2

Max-Times Algebra

Max-times algebra is defined over the set of nonnegative real numbers and has two
operations, which we call addition and multiplication. Multiplication is the same as in
the conventional algebra of real numbers, but addition is defined as taking the maximum
instead. More formally
Definition 2.2.1. Max-times algebra is a triple (R+ , , ), where R+ = {x ∈ R | x ≥ 0}
and for any x, y ≥ 0, x  y = max {x, y} and x  y = xy.
Since taking a product of matrices requires only operations of addition and multiplication
we can now define max-times matrix multiplication.
Definition 2.2.2. Given matrices B ∈ Rn×k
and W ∈ Rk×m
, their max-times product
+
+
is defined as follows
(B  W )ij = max Bis Wsj .
1≤s≤k

(2.10)

The analogy between the conventional algebra of real numbers and the max-times algebra
can be further extended by formulating the problem of max-times matrix factorization.
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Given a matrix A ∈ Rn×m
we want to find factors B and W whose product gives the
+
best approximation of A with respect to some cost function. In this work we mostly use
Frobenius norm, and the corresponding decomposition problem is as follows.
Definition 2.2.3. Given a matrix A ∈ Rn×m
and an integer k > 0, the Max Matrix
+
Factorization problem (MMF ) is to find matrices B ∈ Rn×k
and W ∈ Rk×m
that
+
+
minimize the error
cost(A, B  W ) = kA − B  W kF .

(2.11)

For the sake of brevity in the future we will call this problem simply max-times matrix
factorization.

2.2.3

Max-Plus Algebra

Very closely related to the max-times algebra is another unconventional algebra with of
real numbers, where addition defined as taking the maximum and multiplication replaced
by addition and. Prior to giving a formal definition we will introduce a concept of the
extended real number line.
Definition 2.2.4. The extended real number line, which we denote by R is defined as
R = R ∪ {−∞}. In addition the following rules apply to the infinity element:
exp {−∞} = 0

(2.12)

log(0) = −∞ .

(2.13)

and

Definition 2.2.5. Max-plus algebra is a triple (R, ⊕, ⊗), where for any x, y ≥ 0,
x ⊕ y = max {x, y} and x ⊗ y = x + y.
It is well known that the max-times and max-plus algebras are isomorphic [BGT00].
This can readily be checked by considering the exponent function, which maps R to R+
and preserves the operations. This isomorphism can be extended to matrices by simply
mapping matrix elements to their exponents:
Definition 2.2.6. For any positive integers n and m define a map π : R
such that for any A ∈ R

n×k

n×k

n×k
→ R+

, π(A)ij = exp Aij .

This indicates that we can obtain a max-times decomposition by finding the corresponding
solution over max-plus algebra. This link will be exploited in the algorithmic part of the
thesis. We will also prove that there is a linear relation between approximation errors in
max-plus and max-times matrix algebras.

Chapter 3

Related Work
In this chapter we review previous work in areas related to the topic of the thesis.
Whereas matrix factorization can be viewed as the reverse of matrix multiplication, the
latter can be defined in many different ways. Beside the standard matrix multiplication
over real numbers, there is also Boolean matrix multiplication, which defines the product
of two binary matrices using Boolean algebra, max-times matrix multiplication, which is
the topic of this thesis, and many other.

3.1

Real-Valued Matrix Decompositions

A classic example of a real-valued matrix decomposition is the singular value decomposition (SVD) [GVL12], which is very well known and finds extensive applications in
many disciplines. The SVD of a real n-by-m matrix A is a factorization of the form
A = U ΣV T , where U ∈ Rn×n and V ∈ Rm×m are orthogonal matrices and Σ ∈ Rn×m
is a rectangular diagonal matrix with nonnegative entries. An important property of
SVD is that it provides the best low-rank approximation of a given matrix with respect
to the Frobenius norm [GVL12]. More formally, given an n-by-m matrix A and an
integer k > 0, the matrix obtained by truncating the SVD of A to k greatest values
of Σ minimizes the error kA − BkF among all rank-k n-by-m matrices B.
The above property is often used in practice to separate the more important parts of
data from the noise. In [JY11] the truncated SVD was used to remove the noise from
sensor data in electronic nose systems. Another prominent usage of the truncated SVD
is in dimensionality reduction (see for example [SKKR00, DDF+ 90]).
Despite SVD being so ubiquitous there are some restrictions to its usage in data mining
due to possible presence of negative elements in the factors. In many applications
13
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negative values are hard to interpret, and thus other methods have to be used [Mie09].
Nonnegative matrix factorization (NMF) is a way to tackle this problem. For a given
nonnegative real matrix A the NMF problem is to find a decomposition of A into
two matrices A ≈ BW such that B and W are also nonnegative. The NMF problem
differs from MMF in that normal matrix multiplication is used, compared to max-times
multiplication in MMF. However, when factors are sparse, the two can be quite close.
This becomes apparent if we write the definition of max-times matrix multiplication
(see Section 2.2.2) (B  W )ij = max Bis Wsj and observe that the sparser the factors
1≤s≤k

are, the more likely it is to have only one nonzero element inside the maximization, in
which case (B  W )ij = (BW )ij . Applications of NMF include text mining [PSBP04],
document clustering [XLG03], pattern discovery [BTGM04] and many other. This area
drew considerable attention after a publication by Lee and Seung [LS99], where they
provided an efficient algorithm for solving NMF problem. It is worth mentioning that
even though Lee and Seung’s paper, which was published in 1999, is the most famous
in NMF literature, it was not the first one to consider the problem. Earlier work on
NMF problem include a paper by Paatero and Tapper published in 1994 [PT94] (see also
[Paa97] and [Paa99]) and a 1993 paper by Cohen and Rothblum [CR93]. An overview of
NMF algorithms and applications can be found in [BBL+ 07].
Though both NMF and SVD perform approximations of a fixed rank, there are also other
ways to enforce compact representation of data. For example in maximum-margin matrix
factorization constraints are posed on the norms of factors. This approach was exploited
in Srebro et. al. [SRJ04], where they show that it is a good method for predicting
unobserved values in a matrix. The authors also indicate that posing constraints on the
factor norms, rather than on the rank yields a convex optimization problem, which is
easier to solve.
Semi-discrete decomposition (SDD) was introduced by O’Leary and Peleg in their 1983
paper [OP83], where it was used for image compression. It decomposes a real matrix
into a sum of rank-1 matrices A ≈

K
P
k=1

dk xk ykT , where dk are real numbers and the

vectors xk and yk can only take values from the set {−1, 0, 1}. This decomposition
can be represented in a form similar to SVD: A ≈ U ΣV, with Σ being diagonal and
matrices U and V having values restricted to {−1, 0, 1}. SDD has subsequently found
applications in other areas, for example it was used for latent semantic indexing in
information retrieval [KO00]. In its original form SDD is not very similar to MMF since
it allows negative values in the factors and also uses standard matrix multiplication.
However, if in the definition we change the summation to maximization, that is seek
for a decomposition of the form A ≈ max dk xk ykT , and restrict values of xk and yk to
k
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{0, 1} and dk to R+ , then we obtain an MMF version of it. This latter approach is
used for two algorithms that we propose in Section 5.2.

3.2

Binary Matrix Decompositions

Binary matrix factorization occurs when the matrix being decomposed has only binary
values, but its type can vary depending on the constraints we pose on the factors. A special
case is Boolean matrix factorization (BMF) that deals with matrices over Boolean algebra
(for the definition see Section 2.1). There is a strong link between max-times matrix
factorization and BMF. One can observe that Boolean matrix multiplication is nothing else
than max-times multiplication on binary matrices. Furthermore, for every precise maxtimes decomposition of a matrix, there is a corresponding Boolean decomposition of its
pattern (see Lemma 4.1.1). In many applications data is naturally represented as a binary
matrix (e.g. transaction databases), which makes it reasonable to seek decompositions
that preserve the type of the data. The conceptual and algorithmic analysis of the
problem was done in [Mie09], which focuses mainly on data mining perspective of the
problem and highlights the interpretability of the obtained decompositions, rather than
necessarily having a small reconstruction error. For a linear algebra perspective see
[Kim82], where the emphasis is put on the existence of exact decompositions.
It is not always the case that the factors are required to be binary as well. For example in
logistic PCA [SSU03] real matrices are used to model probability distributions of binary
matrices. More formally, a real matrix Θ ∈ Rn×m defines a probability distribution
on binary data as follows P (X|Θ) =

Q

σ(Θij )Xij , where σ(Θij ) = 1/(1 + e−Θij )

ij

is the logistic function. Like in standard PCA, the idea is to find a more compact
representation of the matrix Θ, which is done by finding two matrices B and W of
lower inner dimension, such that Θ = U V. In a sense logistic PCA is somewhere in
between BMF and MMF, as it deals with binary data, but the decomposition is performed
in the domain of real numbers.
Another variation of binary matrix factorization is the problem of finding two binary
factors such that their normal matrix product approximates the original matrix, which is
also binary [ZDLZ07]. As MMF this can be considered a mixture of BMF and NMF: it
uses the matrix type of BMF and the product of NMF, whereas MMF does the opposite.
This type of binary matrix factorization finds applications in for example document
clustering and gene analysis [ZDLZ07].
A closely related problem to BMF is tiling transaction databases [GGM04]. A tile is a
submatrix consisting only of ones. Given a binary matrix (transaction database), the
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goal is to cover as many ones as possible with tiles, without covering any zeros. The
problem can be viewed as Boolean matrix factorization where covering 0 s with 1 s is not
allowed [Mie09]. This in turn implies that it is also a restricted variation of the MMF
problem, where all matrices are binary and overcovering the data is not allowed.
The co-clustering problem is, given a matrix, split the indices of both dimensions into
groups, such that elements within each group have some similarity. Co-clustering was
introduced in 1972 by Hardigan [Har72]. For newer research in the area see for example
[BDG+ 04] and [Dhi01]. Boolean matrix factorization is essentially a co-clustering problem,
where the clusters are allowed to overlap [Mie09]. As with tiling, the co-clustering problem
is related to MMF through the Boolean factorization. Namely, if MMF is restricted to
binary matrices and no overlap is required, then we obtain the co-clustering problem.
Boolean algebra is, in fact, a subalgebra of the max-times algebra. Hence, one can view
the max-times matrix decomposition problem as a mixture of NMF and BMF. As with
NMF we allow only nonnegative elements in factors, but the product is defined in a way
that essentially copies Boolean product. Moreover, if we consider max-times product on
binary matrices we will obtain exactly Boolean matrix multiplication.

3.3

Max-Plus Algebra

Max-plus algebra [Hog06] is known to be isomorphic to max-times algebra [BGT00].
It differs from the conventional algebra of real numbers in that addition is defined as
maximization and multiplication as addition. Despite the theory of max-plus algebra
being relatively young it has been thoroughly studied in recent years. The reason for
this is an explosion of interest in so called discrete event systems (DES) [CL99], where
max-plus algebra has become ubiquitously used for modeling (see e.g. [BCOQ92] and
[CGQ99]). In order to get some insight on what a discrete event system is and how
max-plus algebra helps in modeling it, let us have a look at the following example
[BCOQ92]. Consider a set of machines repeatedly running a bunch of jobs, where each
job is assigned to a specific machine. Assume that in order to start running its task each
machine needs outputs from some of the others. We can model the whole process as
a directed weighted graph G = (V, E, W ), where nodes represent machines and each
weight wij stands for the time that should elapse after node i has started to process its
job before node j can start to work. If machine i does not depend on the output of
machine j, then we set wij = −∞. For each machine i we would like to know when it
can activate for the k-th time at the earliest. We denote by xk a vector that represents
the earliest activation times for the machines at iteration k, with x0 standing for the
initial activation times. Then we can describe the system by the following recurrence
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relation
xk+1
= max {wij + xkj } ,
i

(3.1)

xk+1
= A ⊗ xk ,
i

(3.2)

j

or in vector notation

which is a max-plus linear equation. Solving linear systems of equations is an important
routine used in many matrix factorization algorithms. It was shown in [But03] that for
max-plus algebra this problem is equivalent to the set cover problem, which is known
to be NP-hard. This result directly affects the max-times algebra through the above
mentioned isomorphism [BGT00] and makes the problem of precisely solving max-times
linear systems infeasible for high dimensions. However, we avoid this pitfall as algorithms
considered in this work usually do not require this problem to be solved precisely. Instead,
we are aiming for a good approximation of the best solution.
To the best of our knowledge there is no published work on matrix decompositions in
the settings considered in this thesis. However, there are proven results for a slightly
different algebra which extends the max-plus algebra. Namely, Schutter and Moor [SM02]
demonstrated that if the max-times algebra is extended in such a way that there is an
additive inverse for each element, then it is possible to solve many of the standard matrix
decomposition problems. In particular, they obtained max-plus analogues of QR and
SVD. Authors also claim that techniques they propose can readily be extended to other
types of classic factorizations (e.g. Hessenberg and LU decomposition).

Chapter 4

Matrix Factorization over
Max-Times Algebra
Here we prove some theoretical results concerning the MMF problem. These include a
connection between max-times and Boolean ranks, as well as computational complexity
and relationship to max-plus algebra.

4.1

Rank

Definition 4.1.1. Define a map φ : Rn×m
→ {0, 1}n×m as follows: φ(A)ij = 1 if
+
Aij > 0 and 0 else. For every matrix A its image φ(A) is called pattern of A.
Lemma 4.1.1. The map φ preserves multiplication, that is for any B ∈ Rn×k
and
+
W ∈ Rk×m
the following holds
+

φ(B)  φ(W ) = φ(B  W ) .

(4.1)

Proof. Denote by A the max-product of B and W. Let B 0 = φ(B), W 0 = φ(W ) and
A0 = φ(A). We need to show that for all 1 ≤ i ≤ n, 1 ≤ j ≤ m, A0ij = (B 0  W 0 )ij .
Consider an element Aij for some 1 ≤ i ≤ n, 1 ≤ j ≤ m. If Aij > 0 then Bis Wsj > 0
0
0
0
0
for at least one 1 ≤ s ≤ k, which entails (B 0  W 0 )ij = max Bik
Wkj
≥ Bis
Wsj
= 1.
k

Similarly, from Aij = 0 it follows that Bis Wsj = 0 for all 1 ≤ s ≤ k, and hence
0
0
(B 0  W 0 )ij = max Bis
Wsj
= 0. By (4.1) A0ij = 1 if and only if Aij > 0, which
k

completes the proof.
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It immediately follows from Lemma 4.1.1 that the max-times rank of a matrix is not
smaller than the Boolean rank of its pattern. The converse however does not hold as can
easily be verified by considering a matrix that has no zeros. A pattern of such a matrix
has the Boolean rank 1 (it is the Boolean product of two vectors of all ones), but the
max-times rank can obviously be higher than 1.

4.2

Sparsity of Factors

When doing matrix factorization for data mining purposes we usually desire for sparse
factors, which make the patterns more prominent and easier to find. We would like
to know how the factor density depends on the density of the original matrix. Two
important measures of sparsity are the number of nonzero elements in a matrix (see e.g.
[Mie10]) and the fraction of zero elements in a matrix (see for example a work by by
Gillis and Glineur [GG10]). In this section we will show that even though the above
paper by Gillis and Glineur only considers NMF, the results can be readily transferred
to MMF. The fraction of zeros of an n-by-m matrix A is defined as follows:

s(A) =

nm − η(A)
,
nm

(4.2)

where for convenience we denoted by η(A) the number of nonzero elements in a matrix.
In their article Gillis and Glineur used the notion of one matrix being dominated by
another, which they called “underapproximation”.
Definition 4.2.1. An n-by-m matrix A is said to be dominated by an n-by-m matrix
B if Aij ≤ Bij for all 1 ≤ i ≤ n, and 1 ≤ j ≤ m.
They proved that for any two matrices B ∈ Rn×k
and W ∈ Rk×m
, if their product is
+
+
dominated by an n-by-m matrix A, then we have s(B) + s(W ) ≥ s(A). In fact, the
same result holds for dominated max-times products, which we will show by adjusting
the proofs of Theorem 1 and Corollary 1 of [GG10].
Theorem 4.2.1. Let matrices B ∈ Rn×k
and W ∈ Rk×m
be such that their max-times
+
+
product is dominated by an n-by-m matrix A. Then the following estimate holds
s(B) + s(W ) ≥ s(A) .

(4.3)

T
Proof. We first prove (4.3) for k = 1. Let b ∈ Rn+ and w ∈ Rm
+ be such that bi wj ≤ Aij

for all 1 ≤ i ≤ n, 1 ≤ j ≤ m. Since (bwT )ij > 0 if and only if bi > 0 and wj > 0 we
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have
η(bwT ) = η(b) η(w) .

(4.4)

By (4.2) we have η(bwT ) = nm(1−s(bwT )), η(b) = n(1−s(b)) and η(w) = m(1−s(w)).
Plugging these expressions into (4.4) we obtain (1 − s(bwT )) = (1 − s(b))(1 − s(w)).
Hence, the number of zeros in a rank-1 dominated approximation of A is
s(b) + s(w) ≥ s(bwT ) .

(4.5)

From (4.5) and the fact that the number of nonzero elements in bwT is no greater than
in A, it follows that
s(b) + s(w) ≥ s(A) .

(4.6)

Now let B ∈ Rn×k
and W ∈ Rk×m
be such that B  W is dominated by A. Then
+
+
Bil Wlj ≤ Aij for all 1 ≤ i ≤ n, 1 ≤ j ≤ m and 1 ≤ l ≤ k, which means that for
each 1 ≤ l ≤ k, B(l)W (l, :) is dominated by A. To complete the proof observe that
s(B) = 1/k

P

B(l) and s(W ) = 1/k

1≤l≤k

P

W (l), and that for each l the estimate

1≤l≤k

(4.6) holds.

4.3

Complexity

In this section we prove that MMF is computationally hard, and thus the use of approximate methods is justified. Before formulating the main results we introduce some basic
concepts from complexity theory. We start by defining the notion of a decision problem.
Informally, a decision problem is a computational problem that can only have “YES” or
“NO” answers.
Definition 4.3.1 ([GJ79]). A decision problem Π consists of a set of instances IΠ and
a subset YΠ ⊆ IΠ of YES-instances.
The following definition of the complexity class NP is informal, but it suffices for our
analysis.
Definition 4.3.2 ([Sch07]). NP is a class of all problems for which polynomial-time
verification algorithms exist.
Definition 4.3.3 ([CLRS03]). A problem is called NP-hard if it is at least as hard as
the hardest problem in NP.
Definition 4.3.4 ([Sch07]). An NP-hard problem Π is called NP-complete if it is also
in NP.
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In order to prove the complexity results for MMF, we first need to turn it into a decision
problem. Recall from Section 2.2.2 that in MMF problem we perform optimization with
respect to some cost function cost(A, B  W ).
Definition 4.3.5. Given a matrix A ∈ Rn×m
, a positive integer k and a real number
+
t ≥ 0, the d-MMF problem is to answer whether there exist factor matrices B ∈ Rn×k
+
and W ∈ Rk×m
such that
+
cost(A, B  W ) ≤ t .

(4.7)

The d-MMF problem is NP-hard, which is quite expected since max-times algebra is an
extension of Boolean algebra, and d-BMF is NP-hard [Mie09].
Theorem 4.3.1. d-MMF problem is NP-complete.
Proof. Assume for the sake of contradiction that there exists an algorithm Ω that can
solve the decision version of the MMF problem in polynomial time. We will prove the
statement of the theorem by reduction from the BMF problem, which is known to be
in NP [Mie09]. Consider an instance (A, k) of the BMF problem that has a precise
decomposition. Since A is binary, any of its exact BMF decompositions is also an exact
MMF decomposition. Hence, there exists an exact MMF factorization A = B  W. Let
0 = 1 iff B > 0
us define binarizations B 0 and W 0 of the factors B and W with Bij
ij

and Wij0 = 1 iff Wij > 0. It is now straightforward to see that B 0  W 0 = A, since
0 W 0 = 0 for
for any 1 ≤ i ≤ n, 1 ≤ j ≤ m, from max Bik Wkj = 0 it follows that Bis
sj
k

0 W 0 = 1 for at least one
all 1 ≤ s ≤ k, and from max Bik Wkj > 0 it follows that Bis
sj
k

1 ≤ s ≤ k. Thus, knowing an MMF decomposition of a binary matrix A, we can obtain
its BMF decomposition in polynomial time. It follows that the d-MMF problem is at
least as hard as the d-BMF problem. Checking the error of the obtained solution is
clearly polynomial in the size of A and k, which finishes the proof.
Theorem 4.3.2. The problem of approximating MMF to within a polynomially computable factor is NP-hard.
Proof. This theorem is analogous to Theorem 4.2 in [Mie09] and can be proved a similar
way. Let us assume that the opposite holds, that is there exists an algorithm Ω and a
polynomial function f : R+ → R+ such that for any instance I of the MMF problem we
have cost(I, Ω(I)) / cost∗ (I) ≤ f (|I|), where cost∗ (I) is the optimal cost for instance
I. Now consider an instance I = (A, k) admitting an exact decomposition, which means
that cost∗ (I) = 0. The polynomial bound above can only hold if cost(I, Ω(I)) = 0,
which produces a contradiction since the exact MMF problem is NP-hard by Theorem
4.3.1.
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Relation to Max-Plus Algebra

Max-plus and max-times algebras are isomorphic, which means that solving the decomposition problem with zero error in one of them leads to zero error in another. However,
in the context of data mining we are interested in minimizing an error, rather than
obtaining an exact decomposition. This is due to the fact that precise decomposition is
computationally hard and does not always exist, and we resort to finding approximate
solutions. Moreover, real-world data is usually noisy, which makes the precise factorization problem practically meaningless as we will be effectively modeling the noise. What
we want is to be able to bound an error over max-times algebra given the corresponding
error over max-plus algebra. The following theorem states that this dependence is in
fact linear with respect to the max-plus error.
At the time of writing this thesis we do not have algorithms that exploit the link between
max-times and max-plus algebras, however we plan to tackle it in future research. The
following theorem, which shows that the max-times approximation error is linearly
bounded by the corresponding error for the max-plus algebra, provides the basis for
bridging the two factorization problems.
Theorem 4.4.1. Let A ∈ R

M = exp





n×m

, B∈R


max


 1≤i≤n

n×k

k×m

and W ∈ R

. Denote






max Aij , max {Bid + Wdj }
1≤d≤k

.




1≤j≤m

If an error can be bounded in max-plus algebra
kA − B ⊗ W k2F ≤ λ ,

(4.8)

then the following estimate holds with respect to the max-times algebra

kπ(A) − π(B)  π(W )k2F ≤ M 2 λ .

(4.9)

Proof. Denote αij = max {Bid + Wdj }. From (4.8) it follows that there exists a set of
1≤d≤k

numbers {λij ≥ 0 | 1 ≤ i ≤ n, 1 ≤ j ≤ m}, s.t. for any i, j we have (Aij − αij )2 ≤ λij
and

P

λij = λ. By mean-value theorem for every i, j we obtain

ij
∗
|exp Aij − exp αij | = |Aij − αij | exp αij
≤

q

∗
λij exp αij
,
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∗ ≤ max{A , α } . Hence,
for some min{Aij , αij } ≤ αij
ij
ij

(exp Aij − exp αij )2 ≤ λij (exp max{Aij , αij })2 .
The estimate for the max-times error now follows from the monotonicity of the exponent

kπ(A) − π(B)  π(W )k2F ≤

X

∗
exp αij

ij

2

λij ≤

X

(exp max{Aij , αij })2 λij ≤ M 2 λ .

ij

Even though the constant hidden in this estimate is exponential this problem can be
easily overcome by scaling.

Chapter 5

Direct Methods
In this chapter we propose methods that try to solve the original max-times matrix
decomposition problem, as opposed to a relaxation approach described in Chapter 6. We
start by describing a greedy method, which incorporates all the existing constraints and
attempts to find the best solution that does not violate any of them. Next, a group of
algorithms based on semidiscrete decomposition (SDD) [KO00, OP83] is presented.

5.1

Greedy solver

Greedy solver uses the alternating updates heuristics to reduce the matrix factorization
problem to solving a system of linear equations. Assume as usual that we are given a
matrix A ∈ Rn×m
and a rank k, and that the problem is to find factors B ∈ Rn×k
+
+
and W ∈ Rk×m
such that they minimize cost(A, B  W ). The idea of alternating
+
updates is to initialize one factor, say B, then fix it and try to optimize cost(A, B  W )
with respect to W. Then the roles of B and W are changed, that is W is fixed and
cost(A, B  W ) is optimized with respect to B. This approach is well known and is
frequently used with problems having biconvex or approximately biconvex structure (an
example of its application to nonnegative matrix factorization can be found in [PT94]).
After applying the above heuristics what is left is to solve the inner problem, which takes
the form of a system of max-linear equation. In order to see that let us assume that
the objective is to minimize the error with respect to Frobenius norm, and that we have
fixed factor B. The optimization problem is then

min

W ∈Rk×m
+

kA − B  W kF =

min

X

W ∈Rk×m
+
ij
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(Aij − max Bis Wsj ) .
s

(5.1)
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Algorithm 5.1 Greedy Solver
1:
2:
3:
4:
5:
6:
7:
8:

Input: matrix A ∈ Rn×m
, integer k ≤ min{n, m}
+
n×k
Output: Matrices B ∈ R+ , W ∈ Rm×k
+
Initialize: 0 <   1, B ∈ Rn×k
random
+
Bij ← Bij + , 1 ≤ i ≤ n, 1 ≤ j ≤ k
repeat
for j = 1 to m do
for s = 1 to k do
Wsj ← min Aij /Bis

9:
10:
11:
12:
13:

. To allow division by Bij

i

. See (5.4)

end for
end for
for i = 1 to n do
for s = 1 to k do
Bis ← min Aij /Wsj
j

end for
15:
end for
16: until convergence conditions are satisfied
17: return B, W
14:

We can split (5.1) into m independent optimization problems.
min kA(j) − B  wk2 = min

w∈Rk+

n
X

w∈Rk+ i=1

(Aij − max Bis ws ), j = 1, . . . , m ,
s

(5.2)

where the symbol A(j) stands for j-th column of A (see Section 2.2.1).
Each problem in (5.2) is of the form B  w ≈ A(j), which is a max-linear equation. The
Greedy solver tries to solve it by finding a vector w such that B  w ≤ A(j). It does so
by explicitly forcing all the constraints imposed on w, thus the name. For convenience
let us denote the j-th column of A by a. For all 1 ≤ s ≤ k such that Bis 6= 0, a
feasible w must satisfy
ws ≤ ai /Bis .

(5.3)

By adding a small number to all elements of B we can write (5.3) for all s. The Greedy
solver tries to approximate the solution by choosing an elementwise maximal w that
satisfies all the conditions in (5.3), which is done by setting
ws = min ai /Bis , s = 1, . . . , k .
i

(5.4)

Combining (5.4) with alternating updates we obtain the Greedy algorithm (Algorithm
5.1).
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SDD Based Algorithms

The standard SDD algorithm decomposes a real-valued matrix A ∈ Rn×m into a sum
A≈

K
X

dk xk ykT ,

(5.5)

k=1

where dk are real numbers, and xk ∈ {−1, 0, 1}n and yk ∈ {−1, 0, 1}m , [KO00, OP83].
This sum can be viewed as a matrix decomposition – in order to see this introduce factor
matrices B and W with k-th column of B being equal to xk and k-th row of W
being equal to dk ykT . The main idea behind the algorithm is that on each iteration a
rank-1 approximation of a matrix of the form dk xk ykT is found. Due to the constraints
imposed on xk and yk , each summand of (5.2) is an n-by-m matrix with a flat bump
determined by nonzero entries of xk and yk . Because of their shape these bumps are
called blocks. We then subtract it from the original matrix, obtaining what is called a
residual matrix, and then reiterate the process, this time applying the same procedure to
the residual. After K iterations we have a rank-K approximation of the original matrix
in the form (5.5).
In this section we present two algorithms based on the above approach. The first one,
called SDDMMF (SDD from the name of the parent algorithm, and MMF refers to
max-matrix factorization), is an alteration of the classic SDD algorithm – it uses the same
objective on each iteration, but updates the residual differently. The second algorithm,
which we call SDDUNDERFIT due to its behavior, differs from SDDMMF in that it never
overcovers the data and uses k · k1 instead of Frobenius matrix norm in its objective.

5.2.1

SDDMMF

What inspires using SDD approach for max-times matrices is the fact that, despite
having defined matrix multiplication differently, the expression xk ykT , where xk and
yk are column vectors, produces the same matrix for both standard and max-times
multiplication operations. Thus, as in original SDD, the aim is to minimize the deviation
of the recovered rank-1 matrix dk xk ykT , from the residual Rk , or to solve the problem

min

d≥0, x∈{0,1}n , y∈{0,1}m

where
J(x, y, d, R) =

n X
m
X
i=1 j=1

J(x, y, d, R) ,

(Rij − d xi yj )2 .

(5.6)
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However, that there are some important characteristics of max-times matrix multiplication
that affect this optimization problem. The most obvious difference is that all entries of
both factors and the original matrix must be nonnegative, which is why we do not allow
negative elements in x and y, and also restrict d to nonnegative numbers.
Another peculiarity of max-times algebra is that there is no additive inverse, i.e. for
a 6= 0 there is no element b, such that max{a, b} = 0. This poses some serious difficulties
as it is unclear how to define the residual matrix. We address this issue by maintaining a
binary matrix χ that has ones only where the corresponding elements of the original
matrix have been covered. We say that an element Aij of the original matrix is covered
if the corresponding element in the current recovered matrix is greater or equal to it,
that is there exists k, 1 ≤ k ≤ K, such that dk (xk )i (yk )j ≥ Aij . The residual R is now
defined as follows


 A ,
χij = 0
ij
Rij =
 0,
otherwise ,

which means that all elements covered on the previous iterations turn to 0.
The main difficulty of max-times matrix decomposition, which is not present in case
of standard decompositions, is that there is no “going back”, in the sense that once
we have some value for an element of the recovered matrix, it can never be decreased.
This happens due to addition in normal matrix multiplication being substituted by
maximization. To see this observe that after K iterations we have the following
approximation of element Aij : Aij ≈ max dk (xk )i (yk )j = ν. Then, after performing
k=1,...,K

one more step it becomes Aij ≈ max{ν, dK+1 (xK+1 )i (yK+1 )j }, and the nondecreasing
property follows by induction on K. This means that once the algorithm has made a
mistake by choosing a bigger value than in the original matrix, it can never correct it.
We propose a number of heuristics to battle this problem. The first one is to change blocks
found on previous iterations, once a new block is found that partially covers them. We
update each block in the as follows: if new blocks have covered all elements in the original
matrix corresponding to some row (column) of the block, this row (column) is removed
from it. This way blocks can shrink if some of their parts become redundant. Heights
are then recomputed using the same algorithm as in the original SDD algorithm (see the
references above). Block updates are done in the routine named UPDATEBLOCKS on
each iteration of SDDMMF algorithm. It is possible that at some point a block might
lose all its rows (columns), and thus become redundant. The second heuristics is that we
drop such blocks entirely and decrease by one the number of blocks found so far, so that
one additional block can be found.
In Algorithm 5.2 the procedure used to solve the optimization problems on lines 8 and
10, as well as the initialization of y on line 6 is the same as in [KO00] and [OP83] .
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Algorithm 5.2 SDDMMF
1:
2:
3:
4:
5:
6:
7:
8:

Input: matrix A ∈ Rn×m
, integer K ≤ min{n, m},  > 0
+
m×k
Output: Matrices X ∈ Rn×k
and vector d ∈ Rk+
+ , Y ∈ R+
Initialize: k ← 1, N IT ER > 1, R ← A, χ ← zero K × n × m matrix
while k ≤ K do
. Solves optimization problem 5.6
for count = 1 to N IT ER do
initialize y
if count mod 2 = 1 then
[x, d] ← arg min J(x, y, d, R)
d≥0, x∈{0,1}n

else
[y, d] ←

9:
10:

arg min

J(x, y, d, R)

d≥0, y∈{0,1}m

end if
end for
k-th column of X ← x, k-th column of Y ← y, dk ← d
[X, Y ] ← U P DAT EBLOCKS(A, X, Y, χ)
S ← max di X(i)Y (i)T

11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:

. Save results

i=1,...,k

κ ← binary n-by-m matrix, s.t κij = 1 iff Sij > Aij − 
χk ← κ
. Save κ from k-th iteration
Rij ← Aij if κij = 0, else Rij ← 0
. Update residual
count ← 0
for l = k − 1 downto 1 do
if dl X(l) Y (l)T = 0 then
remove l-th block
count ← count + 1
end if
end for
k ← k − count + 1
. If blocks have been removed decrease k accordingly
end while
return X, Y, d

5.2.2

SDDUNDERFIT

The above presented heuristics give considerable improvement for some sorts of data, but
the problem of overcovering still persists. The next algorithm of the SDD family, which
we called SDDUNDERFIT, avoids this issue altogether by choosing new blocks in such a
way that the recovered matrix is always elementwise smaller than the original. Assume
we want to find a rank-1 approximation of the matrix A ∈ Rn×m
without covering any
+
of its elements with a greater value. Since all norms on Rn are equivalent (see Lemma
2.1.1), we can replace the Frobenius norm, which was originally used in SDD, with k · k1 .
The optimization problem is then to find such x ∈ {0, 1}n , y ∈ {0, 1}m and d ∈ R+
that for all 1 ≤ i ≤ n and 1 ≤ j ≤ m, dxi yj ≤ Aij and the error with respect to k · k1
is minimized. More formally, we need to solve the following mixed integer-linear problem
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Algorithm 5.3 UPDATEBLOCKS
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:

m×k
Input: matrices A ∈ Rn×m
, X ∈ Rn×k
, χ ∈ {0, 1}K×n×m
+
+ , Y ∈ R+
n×k
Output: updated matrices X ∈ R+
and Y ∈ Rm×k
+
k ← number of columns of X
for i = 1 to k − 1 do
if di < dk then
X(i) ← X(i) ◦ (1 − X(k))
Y (i) ← Y (i) ◦ (1 − Y (k))
. Remove entries covered by the last block
Z ← binary matrix with Zrs = 1
T
iff Ars is not covered
, by dk X(k)r Y (k)s and (χi )rs = 0

di =

P

P

X(i)r Y (i)s Ars

Zrs =1

Zrs =1

1 . Update heights since some of elements previously covered by i-th
block are now covered by k-th block,
causing redundancy

end if
end for
13: return X, Y
11:
12:

min

dxi yj ≤Aij
d≥0, x∈{0,1}n , y∈{0,1}m

r(x, y, d, A) =

n X
m
X

min

dxi yj ≤Aij
i=1 j=1
d≥0, x∈{0,1}n , y∈{0,1}m

|Aij − dxi yj | .

(5.7)

Let us fix y and solve the problem with respect to x and d. Since we are not allowed
to overcover, problem (5.7) is equivalent to the following.
max

n X
m
X

dxi yj ≤Aij
i=1 j=1
d≥0, x∈{0,1}n

dxi yj ∼

max

dxi yj ≤Aij
d≥0, x∈{0,1}n

d

n
X

xi .

i=1

The last equivalence is due to the fact that y is fixed. We now proceed in the same way
as in the standard SDD - fix the number of nonzero elements in x and then find the
optimal x and d. Assuming

P

xi = J, we obtain

1≤i≤n

max

dxP
i ≤fi
d≥0,
xi =J

d,

(5.8)

i

where x ∈ {0, 1}n and fi = min Aij /yj . We now have to go through the n possible
yj 6=0

values of J to find the one for which problem (5.8) reaches its optimum. Finally, the
solution to (5.8) is given by d = min fi and x ∈ {0, 1}n is chosen such that ones
xi 6=0

correspond to indices of J largest elements in f.
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Algorithm 5.4 SDDUNDERFIT
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:

Input: matrix A ∈ Rn×m
, integer K ≤ min{n, m}
+
m×k
Output: Matrices X ∈ Rn×k
and vector d ∈ Rk+
+ , Y ∈ R+
Initialize: R ← A, χ ← zero n × m matrix,  > 0
for k = 1 to K do
for count = 1 to N IT ER do
initialize y
if count mod 2 = 1 then
[x, d] ← U N DERF IT SOLV E(y, A)
else
[y, d] ← U N DERF IT SOLV E(x, A)
end if
end for
k-th column of X ← x, k-th column of Y ← y, dk ← d
S ← max di X(i)Y (i)T

. Save results

i=1,...,k

χ ← binary matrix, s. t χij = 1 iff Sij > Aij − 
16:
Rij ← Aij if χij = 0, else Rij ← 0
17: end for
18: return X, Y, d

15:

Algorithm 5.5 UNDERFITSOLVE
Input: vector y ∈ {0, 1}m , matrix A ∈ Rn×m
2: Output: vector x ∈ {0, 1}n , d ≥ 0
3: f ← vector f rom Rn with fi = min Aij /yj

1:

yj 6=0

4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:

order ← increasing order of elements in f
best ← forder(1)
xbest ← zero vector ∈ Rn
xbestorder(1) ← 1
dbest ← max fi
i

for J = 2 to n do
d ← min forder(1:J)
result ← dJ
if result > best then
best ← result
xbest ← zero vector ∈ Rn
xbestorder(1:J) ← 1
dbest ← d
end if
end for
return xbest, dbest

. Update residual

Chapter 6

Relaxation Methods
One of the main difficulties of max-times matrix factorization problem is the nondifferentiability of the maximization function, as it prevents us from using effective methods of
continuous optimization, e.g. gradient descent. In this chapter we present two methods,
MERA and BMERA, that exploit the exponential relaxation technique, which allows to obtain
a smooth objective.

6.1

MERA

The Max Exponential Relaxation Algorithm (MERA) is based on two heuristics: alternating
updates of the factors (see Section 5.1), which reduces the MMF problem to finding only
one factor, and the exponential relaxation technique, that makes the problem smooth.
Recall from Section 5.1 that the inner problem when using alternating updates is
min kA(j) − B  wk2 = min

w∈Rk+

n
X

w∈Rk+ i=1

(Aij − max Bis ws ), j = 1, . . . , m .
s

(6.1)

Here the symbol A(j) denotes j-th column of matrix A (see Section 2.2.1). In order to
solve each of the problems in (6.1), we would like to use a convex optimization algorithm,
e.g. gradient descent or Newton’s method [BV04]. However, that would require us to
compute the gradient (or in in case of the Newton’s method Hessian) of the objective,
and the max function is not differentiable. The exponential relaxation is a technique
that allows to relax the maximization function in such way that it becomes infinitely
differentiable. For that let us first introduce a function
pσ (x1 , . . . , xk ; xs ) =

eσxs
k
P
eσxi
i=1

33

.

(6.2)
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We will see in the proof of Lemma 6.1.1 that it satisfies

pσ (x1 , . . . , xk ; xs ) →


 l,

xs = max xq

0,

otherwise



1≤q≤k

as σ → ∞, where l is the number of maximal elements in vector x. This property will
be used to mimic the behavior of the max function.
Definition 6.1.1. A σ-max product of matrices B ∈ Rn×k
and W ∈ Rk×m
is defined
+
+
as follows
(B σ W )ij =

k
X

pσ (Bi,: ◦ W:,j ; Bis Wsj )Bis Wsj ,

s=1

where Bi,: ◦ W:,j stands for the elementwise product of the i-th row of B and the j-th
column of W.
Lemma 6.1.1. We have that σ →  as σ → ∞ in the sense that for any B ∈ Rn×k
+
and W ∈ Rk×m
, kB  W − B σ W kF → 0.
+
k×m
Proof. We need to show that for any B ∈ Rn×k
, 1 ≤ i ≤ n and 1 ≤ j ≤ m
+ , W ∈ R+

(B  W )ij − (B σ W )ij → 0
as σ → ∞. Assume that there are l maximal elements in the vector Bi,: ◦ W:,j . Then
1/pσ (Bi1 W1j , . . . , Bik Wkj ; Bis Wsj ) =

k
X

eσBit Wtj /eσBis Wsj

t=1

=

k
X
i=1


 l,
σ→∞
eσ(Bit Wtj −Bis Wsj ) −−−→


Bis Wsj = max Biq Wqj
1≤q≤k

∞,

otherwise .

Thus,
(B σ W )ij =

k
X

σ→∞

pσ (Bi,: ◦ W:,j ; Bis Wsj )Bis Wsj −−−→

s=1

l
X
s=1

1/l max Biq Wqj
1≤q≤k

= max Biq Wqj .
1≤q≤k

Lemma 6.1.1 guarantees that we can approximate the max-product with any precision
as long as σ is sufficiently large.
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Algorithm 6.1 MERA
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:

Input: matrix A ∈ Rn×m
, integer k ≤ min{n, m}
+
n×k
k×m
Output: Factors B ∈ R+ and W ∈ R+
function MERA(k, A)
k×m
Initialize: B ∈ Rn×k
random, s.t. kBk∞ kW k∞ = kAk∞
+ , W ∈ R+
M AXIT ER > 1, σ > 0, τ > 1, error ← kA − B  W kF ,  > 0, δ > 0,
count ← 1
while error >  && count ≤ M AXIT ER do
inner_error ← kA − B σ W kF
repeat
if count mod 2 = 1 then
W ← arg min kA − B σ U kF
k×m
U ∈R+

else
B ← arg min kA − U σ W kF

11:
12:

n×k
U ∈R+

13:
14:
15:
16:
17:
18:
19:
20:

end if
inner_error_prev ← inner_error
inner_error ← kA − B σ W kF
until inner_error_prev − inner_error < δ
error ← kA − B  W kF , count ← count + 1,
end while
return B, W
end function

σ ←τ ∗σ

The MERA algorithm combines the relaxation of the objective described above with the
alternating updates heuristics. The controlling parameter σ is increased after each
iteration, which ensures that the relaxed product converges to the original max-times
matrix product.
The optimization problem on line 10 of Algorithm 6.1 can be divided into m independent
parts, each consisting of finding one column u of U. For each 1 ≤ j ≤ m we need to
optimize the objective

fj (u) =

n
X
i=1

∼

n
X



k
X


i=1

s=1

ai −

k
X

!2

pσ (Bi,: ◦ u; Bis us )Bis us

(6.3)

s=1

!2

pσ (Bi,: ◦ u; Bis us )Bis us

− 2ai

k
X



pσ (Bi,: ◦ u; Bis us )Bis us  ,

s=1

where a denotes the j-th column of A. The two objectives in (6.3) yield the same
optimization problem since they only differ by a constant term. In our implementation
of the MERA algorithm the gradient descent was used to optimize the objective (6.3).
The algorithm performs relatively well on dense matrices, but we still find only a local
minimum since the the objective function is not convex [FP96]. A way to address the
problem of nonconvexity is to represent the objective as a difference of convex functions

Chapter 6 Relaxation Methods

36

[Har59]. Currently we have a preliminary implementation of this approach, but it has
not yet improved on the original MERA algorithm, and thus we do not describe it here. It
is worth mentioning that if a function is representable as a difference of convex functions,
then there are infinitely many such representations, and choosing the right one is far
from trivial. We now obtain explicit form of the gradient of the objective.
Denote φ = Bi,: ◦u, v = exp {σφ}. We can represent the objective as a sum of independent
components
fj (u) =

n
X

ψi (v),

i=1

k P
k
P

ψi (u) =

vs vd φs φd

s=1 d=1
k P
k
P

k
P

vs φs

− 2ai s=1k
P

vα vβ

α=1 β=1

= g/h − 2p/q .
vs

s=1

We further have
∂g
= 2φs hv, φi,
∂vs

∂g
= 2vs hv, φi,
∂φs

∂h
= 2h1, vi,
∂vs

dφj
= Bij ,
duj

dvj
= σBij vj ,
duj

and for the derivatives of p and q :
∂p
= φs ,
∂vs

∂p
= vs ,
∂φs

∂q
=1.
∂vs

Plugging in these expressions we obtain
∂g
∂us
∂h
∂us
∂p
∂us
∂q
∂us

∂g ∂vs
∂g ∂φ
+
= 2Bis hv, φivs (σφs + 1) ,
∂vs ∂us ∂φs ∂us
∂h dvs
=
= 2Bis σhv, 1ivs ,
∂vs dus
∂p dvs
∂p dφ
=
+
= Bis vs (σφs + 1) ,
∂vs dus ∂φs dus
=

= σBis vs .
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Hence

2Bis hv, φivs (σφs + 1)
∂ψ(u)
−
=
!2
∂us
k
P
vs

2Bis hv, 1iσvs

s=1

− 2ai

k
P

k
P

!2

vs φs

s=1
!4

vs

s=1

Bis hv, 1ivs (σφs + 1) − Bis hv, φiσvs
k
P

!2

.

vs

s=1

The computational complexity of the MERA algorithm is O(nmk). In order to see this
observe that the main work is done when evaluating the objective of the inner problem
and finding its gradient, both of which require O(nk) time. The precision of the gradient
descent used to solve the inner problem is not critical and it converges in O(1) iterations.
Thus, the complexity of the inner problem is O(nk). It is invoked m times for each
iteration of the algorithm (we separately find all columns of W ). We only need O(1)
iterations of the algorithm, which means that the overall time complexity is O(nmk).
While effective for dense data, this method fails on sparse matrices since it tends to fill
zero entries with positive values. A better way of handling sparse data is presented in
the next section.

6.2

BMERA

As was noted above, the MERA algorithm is in general not suitable for sparse matrices.
Here we consider its modification, which we call BMERA, that combines the exponential
relaxation approach with Boolean matrix factorization. The idea is to construct a binary
matrix from the original one by using thresholding and then run a BMF algorithm (in
our implementation we use iterX algorithms initialized by Asso, both of which were
proposed in [Mie09]). This yields the basis for the BMERA method – we first preprocess the
data with BMF, and allow an element in a factor to be nonzero only if the corresponding
binary entry was 1. This allows to turn a sparse matrix into a smaller more dense
matrix, which is more suitable for the exponential relaxation procedure. First on line 7
of Algorithm 6.2 we run the above mentioned BMF algorithms in order to determine
which elements in the factors can be nonxzero. The remaining part of the algorithm is
very similar to MERA except for the way the inner problem is solved. As in case of MERA
each column is optimized independently (line 5), and for each column j we distinguish
three cases: all elements in j-th column of mask are zero, there is only one nonzero
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Algorithm 6.2 BMERA
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:

Input: matrix A ∈ Rn×m
, integer k ≤ min{n, m}
+
n×k
k×m
Output: Factors B ∈ R+ and W ∈ R+
function BMERA(k, A)
k×m
Initialize: B ∈ Rn×k
random, s.t. kBk∞ kW k∞ = kAk∞
+ , W ∈ R+
M AXIT ER > 1, κ > 0, error (
← kA − B  W kF ,  > 0, count ← 1
1,
Aij > κ
D ← binary matrix with Dij =
0, otherwise
[mask1, mask2] = BM F (D, k)
error ← kA − B  W kF
repeat
if count mod 2 = 1 then
W ← InnerSolve(A, B, mask2)
else
B ← InnerSolve(A, W, mask1)
end if
error ← kA − B  W kF
count ← count + 1
error_prev ← error
until error_prev − error <  | | count ≥ M AXIT ER
return B, W
end function

element and there is more than one nonzero element. If all elements in mask(j) are
zero, then we simply set W (j) to be a zero column. If there is a single nonzero element,
which say has index i, then the inner problem can be solved optimally for column j.
Indeed, we only need to find one element of the column, the rest of it will be filled with
zeros. Assume that the index of this element is d. Since V in this case is a vector, the
optimization problem becomes
Wdj = arg min kA(j) − yV k22 = arg min J(y) .
y∈R+

(6.4)

y∈R+

We have ∂J(y)/∂y = 2yhV, V i − 2hA(j), V i. Since at the minimum point we should have
∂J(y)/∂y = 0, which means that y = hA(j), V (i)i/hV (i), V (i)i. The problem (6.4) is
obviously convex, and hence y is its unique minimum. Also since A(j), V ∈ Rn+ we
have y ≥ 0, which means that the vector W (j) we have found is feasible. In case there
is more than one nonzero element in mask(j) we use the exponential relaxation in a way
similar to Algorithm 6.1, but without alternating updates (lines 15-21) of InnerSolve.
The asymptotic computational complexity of BMERA O(nmk), same as that of MERA,
which can be checked analogously. Except for extreme cases, when the data is very dense
or has a highly pronounced block structure (see Chapter 5), BMERA is an algorithm of
choice for max-times matrix factorization.
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Algorithm 6.3 InnerSolve
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:

Input: matrices A ∈ Rn×m
, B ∈ Rn×k
and mask ∈ {0, 1}k×m
+
+
k×m
Output: Matrix W ∈ R+
function InnerSolve(A, B, mask)
Initialize: τ > 0
for j = 1 to m do
idx ← {s | mask(s, j) = 1}
V ← B(idx)
. Select columns of B whose indices are in idx.
if |idx| = 0 then
W (j) ← zerosk×1
end if
if |idx| = 1( then
hA(j), V (i)i/hV (i), V (i)i, idxi = 1
, i = 1, . . . , n
Wij ←
0,
otherwise
end if
if |idx| > 1 then
Initialize: σ > 0, count ← 1, w ∈ Rk+ random
error ← kA(j) − V  wk2
while error ≥  && count < M AXIT ER do
w ← arg min kA(j) − V σ uk2
. Solve this using the gradient deu∈Rk+
scent initialized by w.
count ← count + 1
error ← kA(j) − V  wk2
σ ←τ ∗σ
end while
end if
end for
return W
end function

Chapter 7

Experiments
7.1

Synthetic Experiments

We ran the proposed methods and compared them to benchmark algorithms on a number
of synthetic test setups. These include varying inner dimension test, where we observe
how algorithms behave when the rank of the approximation changes, varying factor
density test, that is designed to reveal the dependence between the density and the
quality of the approximation, and varying noise test, which demonstrates how noise
tolerant the algorithms are.

7.1.1

Algorithms Used

A number of algorithms have been introduced for max-times matrix factorization. They
can be divided into two categories: those that solve the original problem directly, called
direct methods, and those that relax the objective, called relaxation methods. The direct
methods are SDDMMF (Section 5.2.1) and SDDUNDERFIT (Section 5.2.2), which are both
based on the semi-discrete decomposition (SDD) algorithm [OP83]. We also proposed two
relaxation methods: MERA (Section 6.1) and its extension - BMERA (Section 6.2), which use
exponential relaxation of the objective. The difference is that BMERA uses a combination
of BMF algorithms Asso and iterX (see [Mie09]) to determine which elements of the
product to ignore. The MERA algorithm is not suitable for sparse data since it makes
many small errors and tends to fill the matrix with small numbers where there should be
zeros. In general, the denser the data, the better results can be obtained with the MERA
algorithm, which is demonstrated by the tests with the varying factor density. Note that
in the varying inner dimension and noise tests the factor density was set to 0.25, which
is too low for the MERA algorithm and results in very high errors. To the best of our
41
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knowledge there are no published algorithms for the MMF problem. However, for the
tests described in this chapter we chose NMF [KP08] for this purpose, as it appears to be
the closest fit for solving the MMF problem.
We did not include any experiments with the Greedy algorithm (Section 5.1) since
its performance is very poor, unless matrices are extremely small. It is thus more of
theoretical interest than an actual solving algorithm, as it demonstrates the most naive
approach to the problem.

7.1.2

Comparing Different Methods

It is always a challenge to make a fair comparison of methods that solve different
problems. The NMF algorithm [KP08] used here for the comparison with the proposed
methods assumes that matrix multiplication is defined in a normal way, which makes it
drastically different from all the MMF algorithms. So why to use it? The most obvious
reason is that NMF uses the same matrix type as MMF, but there is also a more subtle
similarity. Recall that the max-product of two matrices B and W is defined as follows:
(B  W )ij = max Bik Wkj . Observe that if the factors are sparse, then many of the terms
k

over which maximization is performed may be zero, and that when there is only one
nonzero element, or no such elements at all, the above formula is equivalent to taking
the sum over k, which is the usual matrix multiplication. Thus, the sparser the factors
are, the closer their max-product is to the standard matrix product.
We conducted two sets of experiments with max-times and standard matrix products
used for multiplying the factors produced by NMF [KP08]. Even though NMF is solving a
problem with respect to the usual matrix multiplication, using the max-times product
for reconstruction is justified from the point of view of comparing the effectiveness of
NMF to that of the proposed algorithms in solving the MMF problem. From the data
mining perspective, however, we are more interested in patterns contained in the data,
thus posing the problem of what information we can extract using NMF from the MMF
data. This motivates the second experimental setup where normal matrix multiplication
was used for reconstruction with NMF.
Another important question one has to ask when performing experimental evaluation
of algorithms is how to measure the error they make. It is very common in matrix
factorization community to use the Frobenius or k · k1 norms for this purpose. The
Frobenius norm is very natural for the continuous problems like NMF since it basically
measures the Euclidean distance between the two matrices represented as vectors of
their values. However, it has a drawback of treating small and big errors differently.
Namely, due to squaring of the element-wise errors, it increases the impact of errors

Chapter 7 Experiments

43

more than 1 whereas it diminishes the contribution of errors below 1 [Mie09]. In
our experiments we used both Frobenius and k · k1 norms. More precisely, we used
relative errors with respect to these norms: costF (A, BW ) = kA − B  W kF /kAkF and
cost1 (A, BW ) = kA − B  W k1 /kAk1 , which scale the error by the norm of the original
matrix. Here AB denotes whichever matrix product is used. The Frobenius norm
seems slightly more natural for both the MMF and NMF algorithms since they use it as
an objective (all except SDDUNDERFIT), but k · k1 does not have the above mentioned
problem with small errors.

7.1.3

Experimental Setup and Results

Experiments with synthetic data were conducted in order to evaluate the proposed
algorithms and compare them to each other and the NMF algorithm [KP08]. Since NMF
is actually solving a different problem we present its results when both standard and
max-times matrix multiplications are used. For all tests with real data we plot the
results of NMF with max-times multiplication on Figures (a) and (b) and with standard
multiplication on Figures (c) and (d). The error is measured with respect to Frobenius
norm (Figures (a) and (c)) and k · k1 -error (Figures (b) and (d)). In all tests factors
with dimensions 400-by-10 and 10-by-200 were generated and then multiplied to obtain
a 400-by-200 matrix. Factors were obtained in the following way: first matrices of the
corresponding dimensions were drawn from a uniform distribution on the interval (0, 1),
then some randomly chosen elements were turned to 0, so that the resulting matrices
would have a required density. Depending on the type of the test, noise of some level
might have been added to the product. The goal was to reconstruct the original matrix
from the factors obtained by factorization algorithms, and the resulting errors were
measured with respect to the Frobenius and k · k1 norms. The reported results are the
means over 10 instances for each experimental setup, with error bars on the plots having
length of twice the standard deviation.
Inner Dimension. This experimental setup is designed to reveal how well we can
approximate the original matrix using a smaller inner dimension than the one used for
data generation, and how fast the error decreases as it grows. The inner dimension
(the second dimension of the first factor and the first dimension of the second factor)
varied from 2 to 10 with steps of size 2. The factor density was fixed to 0.25, and the
noise level was 10% in all experiments. It is visible on Figure 7.1 that when the inner
dimension k of the factors is close to that used for data generation, BMERA provides the
best approximation with respect to both Frobenius and k · k1 norms, even when the
normal matrix multiplication is used for NMF. On the other hand NMF is comparable to or
even better than BMERA with respect to the Frobenius error when k is small (Figures
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(a) and (c)). This can be explained by the fact that for very small inner dimensions (as
well as low factor densities) max-product becomes close to the standard matrix product.
It is also worth mentioning that NMF performs considerably better when standard matrix
multiplication is used, which is expected, but BMERA is still more effective when k is close
to the actual inner dimension. When k · k1 is used BMERA is better than all the rest of
the algorithms for all k. The MERA algorithm demonstrates poor results in these settings
as the factor density of 0.25 used in the experiments is too low for it. Two SDD-based
algorithms SDDMMF and SDDUNDERFIT do not show any meaningful results as they are
only useful for block matrices.
Density of factors. The density of the factors used for data generation varied from
0.1 to 0.75. The inner dimension was always 10, which is the same as the one used
for data generation, and the level of noise was fixed to 10%. Figure 7.2 demonstrates
that the effectiveness of the MERA algorithm is highly dependent on the factor density.
The correlation is positive, that is the results become better as the density increases.
Both BMERA and NMF (with max-times matrix multiplication) produce worse results as
the factor density grows, however NMF seems to be much more sensitive to it. On the
other hand NMF combined with the normal matrix multiplication can outperform BMERA
for very dense data. The SDDMMF algorithm, although unusable on general data with
moderate densities, obtains somewhat better results when the density is very high.
Noise. The noise level varied from 0% to 40%. The inner dimension was again set to 10
and the factor density was 0.25. Both BMERA and NMF algorithms show a similar degree
of noise tolerance (Figure 7.3). However, BMERA demonstrates better results for all noise
levels and both error measures. The rest of the algorithms produce very high errors
almost irrespective of the noise.

7.2
7.2.1

Real-World Data
The Extended Yale Face Database B

The facial images database1 was used in this experiment [GBK01]. The original data
consists of images of 28 human subjects under 9 poses and 64 lighting conditions, overall
16128 pictures. In our experimental setup we used the cropped images [LHK05], which
were further resized to 32-by-32 format by Xiaofei He, et al. ([CHH+ 07b], [CHH07a],
[CHHZ06], [HYH+ 05])2 . We selected 127 images from the database and ran the MERA
and SDDUNDERFIT algorithms on it. The results were compared to those of the NMF
1
2

http://vision.ucsd.edu/~leekc/ExtYaleDatabase/ExtYaleB.html
http://www.cad.zju.edu.cn/home/dengcai/Data/FaceData.html
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Figure 7.1: Reconstruction error with respect to the Frobenius error (left) and
k · k1 -error (right) when the inner dimension k varies from 2 to 10. Max-times multiplication is used for all max-times methods. For NMF multiplication is with respect to
max-times algebra on plots (a) and (b) and standard on plots (c) and (d). The level
of noise is 10% and the factor density is fixed to 0.25. Markers are mean values over 10
instances, and the error bars have height of twice the standard deviation.

algorithm [KP08], which is known to be a good choice for face recognition and feature
extraction from faces ([LS99], [GV02]). The data was represented as a 1024-by-127
matrix, where each column is a reshaped 32-by-32 image. This matrix was decomposed
into two factors with inner dimension k = 15 , and the resulting recovered images and
features were studied. Since each image is represented as a column, the recovered faces
are linear combinations of the columns in the first factor (features) for NMF and maxlinear combinations for MERA and SDDUNDERFIT. The images obtained after multiplying
the factors are shown on Figure 7.4, and the extracted features (columns of the first
factor matrix) are demonstrated on Figure 7.5. NMF demonstrates better results, which
appears to be due to the fact that it “adds” features, which gives it an upper hand over
MMF-based methods that always take elementwise maximum. In order to get some
intuition as to why this happens, consider the problem of finding the best approximation
of an image with a linear combination of features, where both, the image and the features
are represented as vectors of the same size. Assume that the original image has a
big spike, and in order to obtain a good approximation we need to fit it. For normal
matrix multiplication the approach would be to select those features that have a spike at
the same place as the original data, and add them after multiplying with appropriate
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Figure 7.2: Reconstruction error with respect to the Frobenius error (left) and
k · k1 -error (right) when the factor density varies from 0.1 to 0.75. Max-times multiplication is used for all max-times methods. For NMF multiplication is with respect to
max-times algebra on plots (a) and (b) and standard on plots (c) and (d). Inner
dimension is k = 10 and the level of noise is 10%. Markers are mean values over 10
instances, and the error bars have height of twice the standard deviation.

coefficients. Since the selected vectors and the original image have a spike at the same
place, this spike becomes exaggerated compared to others, since they are unlikely to
be present in all of the selected vectors. However, in case of max-linear combination of
the features, it is harder to obtain a high spike without overcovering the data in other
places. The reason for this is that the spike will be represented by one vector, rather
than a sum of several vectors, and hence all the elements of this vector will be included
with the same coefficient. Faces recovered by the MERA algorithm appear to be similar
to those obtained by the NMF but with a very hilgh level of noise, which is visible as
black dots. When comparing two MMF-based methods MERA and SDDUNDERFIT, it is
remarkable how drastically different their results are. MERA is better in terms of the
data recovery since the image data is not well approximated by blocks, which greatly
restricts SDDUNDERFIT. However, the features produced by MERA can hardly be recognized
as anything meaningful, whereas SDDUNDERFIT extracts some sketchy pictures, which
represent the most prominent parts of faces. This can be explained by the fact that
SDDUNDERFIT looks for the block structure in the data, that is tries to approximate the
original matrix with big flat submatrices. As a result it captures the most prominent
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Figure 7.3: Reconstruction error with respect to the Frobenius error (left) and
k · k1 -error (right) when the level of noise varies from 0% to 40%. Max-times multiplication is used for all max-times methods. For NMF multiplication is with respect
to max-times algebra on plots (a) and (b) and standard on plots (c) and (d). Inner
dimension is 10 and factor density is 0.25. Markers are mean values over 10 instances,
and the error bars have height of twice the standard deviation.

features, and then further simplifies and generalizes them to be represented in a block
form.
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Figure 7.4: Faces recovered by NMF, SDDUNDERFIT and MERA algorithms compared to
the original images from The Extended Yale Face Database B [GBK01, LHK05] resized
to 32-by-32 format [CHH+ 07b]. The total of 127 images were used and the number of
features is 15.
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Figure 7.5: Features extracted by NMF, SDDUNDERFIT and MERA algorithms.

Chapter 8

Conclusions
We introduced a new type of matrix multiplication using maximization operation instead
of addition, which is in some sense a hybrid of the standard and Boolean products. The
thesis focused on finding factorizations with respect to thus defined matrix multiplication (the name of the problem is abbreviated as MMF, which stands for max matrix
factorization).
The main objective of the thesis was to provide effective algorithms for MMF. To the
best of our knowledge there is no published work on this exact problem. However, some
authors worked on a closely related topic of max-times algebra. It is worth mentioning
though, that they considered matrix decompositions over an extension of the max-times
algebra, which is a different problem.
Unfortunately the MMF problem is computationally hard – at least as hard as BMF,
which is known to be NP-hard. This makes finding best solutions in terms of the
reconstruction error intractable for large data sizes and forces us to use heuristics and
approximate algorithms.
We proposed several algorithms for the MMF problem, which can be broadly divided
into two groups: those that solve the original problem – they are called direct, and those
trying to substitute the objective with a function that is easier to handle, but that still
exhibits the most important properties of the original objective – we call them relaxation
methods. The former group includes Greedy, SDDMMF and SDDUNDERFIT algorithms. The
relaxation algorithms are MERA and BMERA. They all show different characteristics and
are suitable for different types of data. In particular the SDD-based algorithms are much
better with block matrices and are almost unusable on general data. Overall BMERA
algorithm is by far the best one in most cases, although MERA can be slightly superior
for very dense data. The Greedy solver is not really an algorithm we propose for actual
49
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solving. Its sole purpose is to illustrate the most naive approach, and obviously it does
not perform well.
The motivation of the relaxation approach (MERA and BMERA algorithms) is that the
maximization function, which is present in the objective, is not differentiable. It was
shown that with exponential relaxation the objective can be approximated as closely as
needed, while still maintaining differentiability.
Even after an appropriate relaxation the problem is still hard due to the objective function
being nonconvex. This results in finding local minima and thus solving the problem
suboptimally. One idea to address this issue is to represent the objective as a difference
of convex functions. This approach was not covered in the thesis as currently it has not
shown better results than other relaxation methods. However, it is certainly a promising
direction for the future research.
Everywhere in this thesis we assume that the rank of the factorization is given. We do
not address the problem of selecting the right rank, which is an interesting question on
its own. It is trivial to see that the error never goes up if the rank is increased, but from
the data mining perspective small error might not necessarily mean a good method since
it could be hard to interpret the results.
It is obvious that the research conducted in this thesis is not exhaustive, rather we
touched a small portion of a new area. Based on the results of the proposed algorithms,
representing the objective as a difference of convex functions seems to be the most
likely direction of the future work, as theoretically it should improve on MERA and BMERA
algorithms. It is also quite possible that better algorithms will be found that use the
direct approach. Only long and thorough research can answer these questions as the
problem is new and requires more experience to make stronger statements.
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